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Abstract. In this paper it is argued that a Carter–Penrose diagram can be viewed as a differential space.
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1. Introduction
Carter–Penrose diagrams are a very useful method to depict a spacetime
in General Relativity. Sometimes they are called just Penrose diagrams
or conformal diagrams [5, 26, 11, 18, 12, 2]. We will show that they
can be viewed as Sikorski differential spaces [22, 23, 25, 7, 4]. Such a
hypothesis is given in [9].
We will briefly remind the construction of a Penrose diagram. Let M
be a 4–dimensional manifold and g be a Lorentzian metric. Then, the
pair (M, g) is a spacetime [5, 26, 11, 18, 12, 21].
We assume that the considered spacetime M is spherically symmetric
[20, 16].
Definition 1.1. If the group of isometries G of a spacetime M contains a subgroup, which is isomorphic to the rotation group SO(3) and,
moreover, orbits of the group G are 2–dimensional spheres, then the
spacetime M will be called spherically symmetric.
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Roughly speaking, the above definition means that for a spherically
symmetric spacetime rotations do not change the metric. Indeed, a
Killing vector field is such a vector field V for which LV g = 0 holds,
where L is the Lie derivative. For example, the well–known Birkhoff–
Jebsen theorem [1, 14] states that any spherically symmetric solution of
the vacuum Einstein field equations is static and asymptotically flat. As
a consequence, the exterior solution is just the Schwarzschild metric.
Assumption of a spherical symmetry is important, because every point
on the Penrose diagram corresponds to a 2–dimensional sphere. For
f ∋ p 7→ Sp2 . The construction of a Penrose diagram is done
example, M
in accordance with the below principles.
First, the null geodesics are drawn as 45◦ lines. Any two such lines
intersect on the Penrose diagram, if and only if they correspond to null
geodesics which intersect on the initially considered spacetime. Secondly,
a spacetime is drawn as a half–plane. Then, the spacetime is conformally
f). Notice, that a conformal rescalling does not
rescalled (from M to M
changes the angles. Roughly speaking, the conformal rescalling can be
described as the following change of the metric g 7→ Ω2 g, or of the line
element ds2 7→ Ωds2 , where the function Ω is such that Ω ∼ O(r −1 ) and
it is non–zero everywhere.
Because we restricted to spherically symmetric spacetimes, it is
enough to consider only two directions on the diagram, i.e., the spatial r
and temporal t. Remember, that the space is ”the same” in all directions
due to the assumptions.
For example, the Penrose diagram of the Minkowski spacetime is
sketched on Figure 1. The dashed lines are the paths of photons, i.e.,
null geodesics. The bowed line is the example of a timelike geodesic, i.e.,
a path of a massive particle.
It is easy to notice, that the diagram can be simplified, i.e., like on
the Figure 2, because we can imagine that the rotation is done around
the t axis. (Remember, the assumption of a spherical symmetry.)
On the Fig. 3 B represents the black hole region of the spacetime.
The bowed line is a word line of a matter collapsing to the black hole.
The event horizon is represented by the dashed line.

2. Main result
Let M be a set such that M 6= ∅ and let C be a collection of some
real functions on M . M can be made a topological space (M, τ ). In
particular, τ is the weakest topology such that every function from C is
continuous.
Consider the following operations:

Carter–Penrose diagrams and differential spaces

t

3

timelike infinity
null infinity

spacelike infinity

r
Figure 1. Penrose diagram of the Minkowski spacetime
t

timelike infinity
null infinity

spacelike infinity

r
Figure 2. Penrose diagram of the Minkowski spacetime

(1): Let f be a real function defined on a subset N of M . If for all
x ∈ N there exists an open set U ∈ τ such that there exists a function
g ∈ C such that f |U = g|U , then f will be called a local C–function.
And the collection of all local C–functions on N will be denoted by CN .
(2): Moreover, we define compositions of functions from C with smooth
n–variable real functions for every n ∈ N, i.e.,
scC := {H ◦ (f1 , . . . , fn ) | n ∈ N , H ∈ C ∞ (Rn ) , f1 , . . . , fn ∈ C} .
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t
singularity
null infinity
B
spacelike infinity

r
Figure 3. Penrose diagram of the black hole
Definition 2.1. If C denotes some collection of real functions on a
non–empty set M and the structure C is closed with respect to both
operations (1) and (2) above, i.e., C = (scC)M , then (M, C) will be
called a differential space [22, 23, 25, 7].
We adapt the notation and symbols used in the Introduction.
Suppose that we study the spacetime (M, g). We can also understand
it as a differential space (M, C ∞ (M )) equipped with the additional metric structure given by g [7].
Next, the conformal rescalling is done. The metric g is mapped to
f, ge), or a differential
ge := Ωg. As a result, we have the spacetime (M
∞
f
f
space (M , C (M )) with the additional metric structure ge.
If the spacetime is spherically symmetric, we can introduce the relation ρ gluing all points equidistant from the certain point. This is,
of course, the equivalence relation. As a result, we obtain the quotient
f/ρ, C ∞ (M
f)/ρ), which is also a differential space [7]. Therefore,
space (M
the below proposition was proved.
Proposition 2.2. A Penrose diagram is a differential space.
We will also prove that any Penrose diagram is also a subcartesian
differential space.
Definition 2.3. If (M, C) is a differential space, which has the Hausdorff
property and for every point x ∈ M there exists a neighbourhood U ∋ τ
diffeomorphic to some V ∈ Rn , then (M, C) will be called a subcartesian
differential space (see [25]).
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A diffeomorphism in the above definition is understood in the following way. Suppose that (M, C) and (N, D) are differential spaces and
F : M → N is a bijecitve (i.e., both injective and surjective) mapping.
If (1) for every f ∈ D it holds f ◦ F ∈ C and (2) for every g ∈ C it holds
g ◦ F −1 ∈ D, then F will be called a differomorphism from (M, C) to
(N, D), or just from M to N .
Proposition 2.4. A Penrose diagram is a subcartesian differential space.
Proof. Let (M, C ∞ (M )) be a differential space equipped with the additional metric structure given by g, as previously.
f ∈ Rn
Let F be the conformal rescalling. In particular, F : M → M
for some n ∈ N. Moreover, the metric g is mapped to e
g := Ωg. Then,
f, C ∞ (M
f)) is a differential space with the additional metric structure ge
(M
f) = F (C ∞ (M )) and F (M ) = M
f ⊂ Rn . Indeed, if C ∞ (M ) =
and C ∞ (M
f) = (sc{f1 ◦ F −1 , . . . , fn ◦ F −1 }) f.
(sc{f1 , . . . , fn })M , then C ∞ (M
M
Because the spacetime is spherically symmetric, we can, as previously,
introduce the relation ρ gluing all points equidistant from the certain
point. This is, of course, the equivalence relation. As a result, we obtain
f/ρ, C ∞ (M
f)/ρ), which is also a differential space
the quotient space (M
[7].
f ⊂ Rn and (Rn , C ∞ (Rn )) is a differential space. Moreover,
Finally, M
f) = (sc{π1 | f, . . . , πn | f}) f, where πi , i = 1, . . . , n are canonical
C ∞ (M
M
M M
projections πi : Rn ∋ (x1 , . . . , xi , . . . , xn ) 7→ xi ∈ R.

3. Conclusions
Detailed calculations of conformal rescalling functions for Minkowski
spacetime and Roberston–Walker universe are, for example, in [3]. Much
more thorough description of subcartesian differential spaces is, for example, in [24] and [27]. Some modification of differential spaces is described by Heller and Sasin [13]. A description of cosmological and other
applications of differential spaces is present in [8] and [6].
Indeed, differential spaces are conceptually very useful in studying
spacetime singularities. For example, the reasoning presented herein
can be easily repeated for quasi–regular singularities [10, 15, 17], as they
can be described in certain sense as quotient differential spaces, within
a similar methodology as the one presented in this paper. Indeed, a
spacetime with quasi–regular singularities is the orbit space of the action
of a discrete isometry group, i.e., M/G. The set of singular points S
is a subset of the space M , whose isometry group is non–trivial. If M
is strongly causal, then S is a boundary set (i.e., each point of S is a
boundary point of M ) if and only if the isometry group (if discrete) is
finite. On the other hand, if M is strongly causal and its isometry group
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is discrete, then S is a boundary set if and only if the isometry group is
finite [19]. Indeed, in [19] more details are presented.
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Žilina, 2012.
K. Drachal, Introduction to d–spaces, Math. Aeterna 3(2013), 753-770.
K. Drachal, Differential spaces and cosmological models, In S. Badura, M.
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