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1. INTRODUCTION

Consider w, x and A denote the classes of all, gai and analytic scalar val-
ued single sequences, respectively.We write w? for the set of all complex
sequences (Zp,y,), where m,n € N, the set of positive integers. Then,
w? is a linear space under the coordinate wise addition and scalar mul-
tiplication. Throughout this article the space of regularly gai multiple
sequence defined over a semi-normed space (X, ¢) , semi-normed by ¢ will
be denoted by x22 (q) and A%2Z (q) For X = C, the field of complex num-
bers, these spaces represent the corresponding scalar sequence spaces.
Some initial works on double sequence spaces is found in Bromwich [1].
Later on, they were investigated by Hardy [2], Moricz [3], Moricz and
Rhoades [4], Basarir and Solankan [5], Tripathy [6], Turkmenoglu [7],

and many others. We procure the following sets of double sequences:
M,y (t) = {(:z:mn) € w? 1 SUPmneN \xmnltm" < oo} ,

Cp(t) :=

{(zmn) € W p = limmnoo [Tmn — I|'m =1 for somel € C},
Cop (1) := {(:Umn) € w? i p—limmnsco |Z | = 1} 7
Lo () = {(@mn) € w? 2 Y07 02 [wmn[ ™" < 00},
Cop () :=Cp (t) Y M (t) and Copp (t) = Cop (£) (1 M (1);

where t = () is the sequence of strictly positive reals t,,, for all
m,n € N and p —limy, n— oo denotes the limit in the Pringsheim’s sense.
In the case ty,, = 1 for all m,n € Ny M, (t),Cp (t),Cop (t), Lo (t),Chp (t)
and Copp (t) reduce to the sets M, Cp, Cop, Lu, Cpp and Copp, respectively.
Now, we may summarize the knowledge given in some document related
to the double sequence spaces. Gdkhan and Colak [8,9] have proved
that M, (t) and C, (t),Cy, (t) are complete paranormed spaces of dou-
ble sequences and gave the a—, —,y— duals of the spaces M, () and
Cip (). Quite recently, in her PhD thesis, Zelter [10] has essentially
studied both the theory of topological double sequence spaces and the
theory of summability of double sequences. Mursaleen and Edely [11]
and Tripathy have independently introduced the statistical convergence
and Cauchy for double sequences and given the relation between statis-
tical convergent and strongly Cesaro summable double sequences. Altay
and Basar [12] have defined the spaces BS,BS (t),CSp,CSp,CS, and
BV of double sequences consisting of all double series whose sequence
of partial sums are in the spaces My, M, (t),Cp,Cpp,C; and L, respec-
tively, and also examined some properties of those sequence spaces and
determined the a— duals of the spaces BS,BYV,CS, and the (V) —
duals of the spaces CSyp, and CS, of double series. Basar and Sever [13]
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have introduced the Banach space £, of double sequences correspond-
ing to the well-known space /¢, of single sequences and examined some
properties of the space £,. Quite recently Subramanian and Misra [14]
have studied the space X?\/l (p,q,u) of double sequences and gave some
inclusion relations.

The class of sequences which are strongly Cesaro summable with re-
spect to a modulus was introduced by Maddox [15] as an extension of
the definition of strongly Cesaro summable sequences. Cannor [16] fur-
ther extended this definition to a definition of strong A— summability
with respect to a modulus where A = (ay, 1) is a nonnegative regular ma-
trix and established some connections between strong A— summability,
strong A— summability with respect to a modulus, and A— statisti-
cal convergence. In [17] the notion of convergence of double sequences
was presented by A. Pringsheim. Also, in [18]-[19], and [20] the four
dimensional matrix transformation (Az), , = >0 1 > 02 af" Tmn Was
studied extensively by Robison and Hamilton.

We need the following inequality in the sequel of the paper. For a,b,> 0
and 0 < p < 1, we have

(a+bYP < aP + P (1.1)

The double series Zﬁinzl Tmn is called convergent if and only if the

szl zij(m,n € N).

double sequence (sy,y) is convergent, where Sy, = >
A sequence x = (Z,y,)is said to be double analytic if,

SUPmn ]a:mn|1/ Mt~ 0. The vector space of all double analytic se-
quences will be denoted by A%2. A sequence x = () is called double
gai sequence if ((m + n)! |[Zmn|)Y ™™ = 0 as m, n — co. The double gai
sequences will be denoted by x2. Let ¢ = { finite sequences} . Consider
a double sequence x = (x;;). The (m,n)™ section 2" of the sequence

is defined by z[™" = 3° ;nj’zoa?ij%ij for all m,n € N; where $j; denotes

the double sequence whose only non zero term is a @ J:j)_ in the (1, j)th
place for each 7,5 € N.

An FK-space(or a metric space) X is said to have AK property if (1)
is a Schauder basis for X. Or equivalently z[™" — z.

t An FDK-space is a double sequence space endowed with a complete
metrizable; locally convex topology under which the coordinate map-
pings z = (z) = (Tmn)(m,n € N) are also continuous.

Let M and ® are mutually complementary modulus functions. Then,
we have:

(i) For all u,y >0,
uy < M (u) + ® (y), (Young'sinequality)[See[21]] (1.2)
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(ii) For all u > 0,
un (u) = M () + & (n (w) (1.3)

(iii) For all w > 0, and 0 < A < 1,
M (M) < AM (u) (1.4)

Lindenstrauss and Tzafriri [22] used the idea of Orlicz function to con-
struct Orlicz sequence space

Uy = {x cw:y o M (%) < 00, forsomep > 0},

The space ¢y with the norm
Joll = inf {p>0: 352, m(20) <1}

becomes a Banach space which is called an Orlicz sequence space. For
M (t) = t? (1 < p < c0), the spaces ¢j; coincide with the classical se-
quence space £p.
A sequence f = (fmn) of modulus function is called a Musielak-modulus
function. A sequence g = (gmy,) defined by

Gmn (V) = sup{|v|u — (frn) (w) :u >0}, myn=1,2,---
is called the complementary function of a Musielak-modulus function

f. For a given Musielak modulus function f, the Musielak-modulus
sequence space ty is defined as follows

ty = {x € w? : My (|Zmn )Y ™" = 0asm,n — oo} ,
where M is a convex modular defined by

My (x) = 301 2onsq fon (|$mn|)1/m+n = (Tymn) € Ly
We consider ¢y equipped with the Luxemburg metric

d(z,y) = supmn {'Lnf (Zﬁ:l > et fmn (\xmnr\;;m“‘”)) < 1}

If X is a sequence space, we give the following definitions:
()X = the continuous dual of X;
(i) X = {a = (amn) : 225 pet [@mnTmn| < 00, foreachz € X} ;

(iii) X# = {a = (amn) : mr.n—10mnTmn s convegent, foreachx € X} :

(iv) X7 = {a = (@mn) : SUPmn>1 ‘Z%é\;l AmnTmn| < 00, foreachx € X} :

(v)let X be an FK — space D ¢; then X/ = {f(%mn) :f € X’};
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Umtn « o, foreachz € X} :

(vi) X = {a = (@mn) : SUPmn | CmnTmn|
X XB X7 are called a— (or Kothe—Toeplitz)dual of X, 5—(or generalized—
Kothe—Toeplitz)dual of X, v—dualof X, 6 — dual of X respectively. X
is defined by Gupta and Kampthan . It is clear that X® c X*? and
X c X7, but X? ¢ X7 does not hold, since the sequence of partial
sums of a double convergent series need not to be bounded.
The notion of difference sequence spaces (for single sequences) was in-
troduced by Kizmaz as follows

Z(A)={z=(ap) ew: (Axy) € Z}
for Z = ¢, cp and l, where Az =z — x4 for all k£ € N.
Here ¢, cy and ¢, denote the classes of convergent,null and bounded
scalar valued single sequences respectively. The difference sequence
space bu,, of the classical space ¢, is introduced and studied in the case
1 < p < oo by Bagar and Altay and in the case 0 < p < 1 by Altay
and Basar. The spaces ¢ (A), ¢y (A), s (A) and bu, are Banach spaces
normed by

lll = 21| + supyz1|Azi] and [lally,, = (372, l2al)' /7, (1 < p < o0).

Later on the notion was further investigated by many others. We now
introduce the following difference double sequence spaces defined by

Z(A) ={z = (mn) € W : (Azpy) € Z}
where Z = A2, x? and AZpn = (Trmn — Tmng1) — (Tmiin — Tmgingl) =
Tmn = Tmnt1l — Tmain + Tmying1 for all m,yn € N.

2. DEFINITION AND PRELIMINARIES

Throughout this article a multiple sequence is denoted by;

A = (amymy-myning-ns) » & multiple infinite array of elements
Gmyma-mening-nes € X for all myms---myning---ns € N.

Let n € N and X be a real vector space of dimension m, where n < m.
A real valued function dp(z1,...,z,) = |[(di(x1),...,dn(xn))|lp on X
satisfying the following four conditions:

(i) [(di(z1),--.,dn(zn))|lp = 0 if and and only if di(x1),...,dn(xy) are
linearly dependent,

(ii) ||(di(z1), ..., dn(xn))|p is invariant under permutation,
(iii) [[(mymy-mening-nd1(1),s -, O‘m1m2~~mrn1n2-~nsdn(xn))”p =
|mymy-menyng-ns | [|(d1(z1), . - - >dn($n))”pv

Omymag-mpning-—ns € R

(iv) dp ((x1, 1), (22,92) - - (T, yn)) = (dx (w1, 22, - - 2p)P

+dy (y1, 2, - yn)P) /P forl < p < oo; (or)

(V) d((x17y1)7 (.%'2, 92), T (xna yn)) ‘= Ssup {dX(xlv L2, - l’n), dY(ylvaa e yn)} 5
for x1, 20, - Ty € X, y1,y2, - yn € Y is called the p product metric of
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the Cartesian product of n metric spaces is the p norm of the n-vector
of the norms of the n subspaces.

A trivial example of p product metric of n metric space is the p norm
space is X = R equipped with the following Euclidean metric in the
product space is the p norm:

[(di(21), - - - s dn(zn))||E = sup (|det(dmn (Tmn))]) =

dii (z11) di2 (z12) ... dip(21n)

doi (z21) doz (x22) ... dop (21n)
sup '

dn1 (xnl) dp2 ($n2) B . (xnn)

where x; = (21, i) € R™ for each i = 1,2,---n.

If every Cauchy sequence in X converges to some L € X, then X is said
to be complete with respect to the p— metric. Any complete p— metric
space is said to be p— Banach metric space.

2.1. Definition. Let X be a linear metric space. A function p: X — R
is called paranorm, if

(1) p(x) >0, for all z € X;

2) p(—z) =p(x), for all x € X;

3)pl@+y) <p(x)+p(y), foralzyeX;

4) If (omn) is a sequence of scalars with oy, — o as m,n — oo and
(Zmn) is a sequence of vectors with p (2, — ) — 0 as m,n — oo, then
P (OmnTmn —ox) = 0 as m,n — oo.

A paranorm w for which p(x) = 0 implies x = 0 is called total para-
norm and the pair (X, w) is called a total paranormed space. It is well
known that the metric of any linear metric space is given by some total
paranorm (see [23], Theorem 10.4.2, p.183).

2.2. Definition. A multiple sequence space E is said to be solid if
(Qmymag-mening--ns Gmims--mening--ns) € £ Whenever (Gm,ms-myning--ns)
€ E for all multiple sequences (m,mg--m,ning--ns) Of scalars with
|Vmyma-mpning-ns| < 1 for all mymg -+ -myning---ng € N.

2.3. Definition. A multiple sequence space F is said to be symmetric if

(@mymy-mynins--ns Gmymymyning-ns) € By IMPLES (@r(mymy.myning.ny)) €
E7

where 7 (mimg - --myning - --ng) € E are permutations of (M x N)---
(M xN).

2.4. Definition. A multiple sequence space E is said to be monotone if
it contains the canonical pre-images of all its step spaces.
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2.5. Defintion. A multiple sequence space F is said to be convergence
free if (bpm,my--myning-ms) € E, whenever (am,my--m,mins-n,) € E and

bimims-meming--ns = 0 Whenver am,ms-..m, ning--ns = 0.

2.6. Remark. A sequence space F is solid implies E is monotone.
Let f be an Musielak modulus function. Now we introduce the fol-
lowing multiple sequence spaces:

A?,{fl], I(d(x1),d(z2), - ,d(xn-1))l } = (@myma--mrning-ns) € w%]n :

sup
m1m2 MMMy - M

£ (4 (o @)l (xli,dmw-- d@a-)l,))] < oo

- 1/ mima---my)+ning--n
where 7, (7) = |am1m2---mrmn2---ns|( / ) °

[ 2 2
Xl d (@1),d @), d @n-1))ll, | = @opmgeomningeon) € Wit

(4 (1t @) (@ (@) d w2) - d @), ) )| =0

1STIMY - MpN N9 -+ - Ng —> OO.

where i, (z) ((mimeg -+ -m, + 7}%1712 ) Oy ma-menyng -
2 . ..

A = (@mymy-mening-ns) € il (q), (i.e)., regularly gai if (am,my-moning-ns) €

x%{n (¢) and the following limit hold:

£ (a (o @) I (@) d (22) - d @a-)]l,) )| = Osasmimy — o0

and mo -+ my,ng---ng €N

£ (¢ (1w (@), 1@ (@) d (w2) - d o)) )] = 0

asmong — oo and mg---my,ng---ns €N

|)(1/m1mg~~~m¢«)+n1n2~~ns

[f <q (Mw (@), (d (z1),d (x2) - ,d (zn_1))| ))} — Dasmyng — o0

and mq - -mp_q1,n1---Ng_1 €N

2.7. Remark. The space an%f (¢) has the following definition too

DG @1) 1 d @2) -+ o d @) | = (@nmamomnon,) € Wit
1 (7 (o @) 1 (1) e )] =0
asmaz {mims -+ myning - -ng} — 00. X (q) = an( )N AT (a) -

3. MAIN RESULT

2Rf() 2Bf

Theorem 3.1. x 2B (q) and A%, () of multiple sequences are

linear spaces.
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Proof: We have to use linearity condition and then prove to the state-
ment. Hence it is trivial. Therefore omit the proof.

Theorem 3.2. Let f = (fmn) be a multiple sequence of Musielak-

modulus functions. Then then space
[an%f( ), 1(d(z1),d(z2),- - ,d(xn_l))Hp} is a paranormed space with

respect to the paranorm defined by

g(x) =inf

L7 (o (i (@) (@ (1) 2 d ) ])) < 1

Proof: Clearly g (x) > 0 for = (@mimy--mrming--ns) €

[ (@), 1 (@0) d (2) - (aa)], ] - Sinee f (0) = 0, we get 9 (0) =
0.
Conversely, suppose that g (x) = 0, then

inf { (|7 (a (I @), (@@ d(@2) - d@am))l,)])) | < 1=0,

Suppose that i, () # 0 for each u,v € N. Then
|t (2) 5 (d (21) ,d (22) -+, d (Tn—1))]l, = co. It follows that

([7 (4 (10 (@) . (@ (1) d 22) .-~ i), ) )] ) o0 which s a

contradiction. Therefore piy, () = 0. Let

(7 ( (I @) (@ @2) cd(@2) - @), ) ) |) < 1 and
([£ (a (I @) @ (@) d@2) - sd @)l )] ) < 1

Then by using Minkowski’s inequality, we have

([f(Q<||:uuv(l‘+y)a( ( )7d(x2)"“7d(mn—1))”p> }) S
([f (q (H:uuv (l')7(d( ) d(l‘g), (‘T”_l))”p))}> T
([f (q (H:uuv (y),(d(z1),d(x2), - ,d(zn_1))l ))D

So we have g (x +y) =inf

(17 (s (i o+ o) ) - )
inf {([# (¢ (I @), @ (@), <x2>,--»d<wn—1>>”pm
i {([7 (4 (b 00 (@000 a(02) ) )

Therefore,

gx+y) <g@)+g().

Finally, to prove that the scalar multiplication is continuous. Let Ay my-mpning--ns
be any complex number. By definition,

9 (Amyma-mongng--nsX) = inf
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{([ ( (Hﬂuv Amyma-mpning-neT) 5 (d (21) ,d (22) 5+ - 7d(37n—1))Hp>>]> < 1}

hen
9 ()\mlm?“mrnlnzmns x) =inf
{((|>\m1m2...m7-n1n2..-ns | t) : ([f (q (”Nuy (CU) 5 (d (.561) ,d (xQ) RN (‘Tn 1))” ))])
where t = ﬁ Since |A| < maz (1, |A]**PP*) | we have
9 ()‘mrrnz~~-mrnlng-..nS a;) < mazx (17 ’)\"guppuv)
lnf {t : ([f (q (Hﬂuv ()\m1m2...mrn1n2...ns$) s (d (.%1) ,d (332) o ’d (x”—l))Hp>>]>
This completes the proof.

Theorem 3.3. The space [X%f?@f( ), (d(x1),d(z2), - d(zn-1))|l }
18 mot symmetric.

Proof: Let (apmms-mumna-n.) € (X (@), 14 (21),d (@) -+ d ()],
Then for a given € > 0 there exists a positive integers g1, g2, - - - gg+1 hl, ho---hpyp
such that

[ (4 (e () 1@ 1) d 2+ d )] ) )] < e for al

miny > gihy for all mg---m,,no---ng € N

[ (4 (st @) 1@ (1) (2) - dwaa))],))] < e for al

mang > goho for all msg---m,,ng---ng € N

[ ( (a0 @), (@ @1) A 2) -+ - ol )] <

for all myng > grhs for all my---my_1,n1---ns_1 €N

17 ( (a0 @), 1@ @1) A w2) -+ d @a-1)],) )| < e for al

M1 > Gr1,M2 > Grgly My > Gri1, N1 > Nsp1,m2 > hga, o ng >
h5+1 € N.

Let gOhO = mazr {gla g2, Gry Gr+1, hla h2 T hr: h’?“-‘rl} .

Let (bmyma--my ning--ns) be arearrangement of (@m,mo-m, ning--ns) - Lhen
we have Ajrig-ip, jrjo js — bmilmiQ“‘mir7nj1nj2"‘njs for all 1179 - - - ir,jljg s js S
N. Let

gr42hry2 = max

M1,y = My, Myp4-14, m(ro)lnll N2y =+ Mgy y Mg 1y~ v mi,ma,. My, Myi1,,

NN, - Mgy Ng41,-
Then we have

M (7o),
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[f (q <uuv (), |[(d(x1),d(x2), - ,d(xn-1))| ))] < € for all miny >
gr+2h5+2 e MypNg > gr+2hs+2-

TRUS (B sy s, ) € [xfé?f (a). d (1) d(w2) -+ sd (@a-1),] -
Hence

[X%ﬁf (q),||(d(z1),d(z2),- - ,d(mn_l))Hp} is a symmetric space.

Theorem 3.4. The spaces [an (q),|[(d(x1),d(x2),- - ,d(xn_l))Hp}

and

i (@), 1 (1) d (@) - s d (1)) are solid
Proof: The spaces |yt (1), [(d(x1),d (22), -+ d (z0-1))]], ] and
X%n%f (@), |1(d(z1),d(x2) -+ ,d(zn_1))]l ] are solid follows the follow-

i_ng inequality.
f (q <am1m2~-mr,n1n2~~nsﬂuv (@),[[(d(21),d(z2),--- ,d (xn—l))Hp>>} <

7 (g (o @), 1@ (1) d @2) -+ d(@p-1))ll,) )| for all mymy -y, mans -+ €
N and scalars (Qm,my-myming--ns) WIth |Qmymy-my ning-ns| < 1 for all
mimeo -+ My, NiNo -+ Ng € N.

Theorem 3.5. The spaces [an (@), ||(d(x1),d(z2), - ,d(xpn-1))| }
and
[ngflf (q), I(d(x1),d(x2),- - ,d (xn_l))Hp] are monotone.

Proof:The proof follows from the Remark 2.6 and Theorem 3.4.

Theorem 3.6. Let f1 and fo be multiple sequence of Musielak modulus
functions. Then we have

()il M@ @1) yd (w2) s d @)l S G @) d(@2) - d (@)
(2) R (d (1) d (@2) -+ d @), | N ERE (d (1) d (@2) -+ d @), | €

DRI (d (21) d (@) -+ yd (e mn}
(3) [T (q 0. Ide2) dGe2) o ) o] NG (@2) 1@ (@) d (22) -+ d @), | €

anlflfl (1 +q2), [(d(x1),d(z2), -+ ,d(zn-1))] } where g1 and g2 are two semi

norms.

4) If q1 is stronger than qs, then

DRI (@) I (1) d (@2) -+ d @), € PERT (@) I(d (1) d (22) -+ d a1,

Proof: We have to take one condition and then easily prove to other
condition. Hence it is trivial. Therefore omit the proof.
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