Caspian Journal of Mathematical Sciences (CJMS)
University of Mazandaran, Iran
http://cjms.journals.umz.ac.ir

ISSN: 1735-0611

CIMS. 5(2)(2016), 54-67

Special Bertrand Curves in semi-Euclidean space E; and
Their Characterizations

Faik Babadag'
Kirikkale University, Art & Science Faculty (Turkey)

ABSTRACT. In [14]; Matsuda and Yorozu proved that there is no
special Bertrand curves in E™ (n > 3) and they defined a new
kind of Bertrand curves called (N, B2) -type Bertrand curves in
4-dimensional Euclidean space. In this paper , by using the
similar methods of Matsuda and Yorozu , we define a
quaternionic Bertrand curve in semi-Euclidean space Ej
and investigate its properties. Then we prove that the
torsion and bitorsion of the quaternionic curve are not
equal to zero in semi-Euclidean space E5 and then we
obtain (N, Bj) -type quaternionic Bertrand curves by
means of the {x, 7, (0 — eerenk)} functions of curve.
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1. INTRODUCTION

The geometry of curves has long captivated the interests of mathemati-
cians, from the ancient Greeks to the era of Isaac Newton (1643-1727)
and the invention of the calculus. It is a branch of geometry that deals
with smooth curves in the plane and in the space by methods of differen-
tial and integral calculus. The theory of curves is simpler and narrower
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in scope because a regular curve in Euclidean space has no intrinsic ge-
ometry. One of the most important tools used to analyze a curve is
the Frenet frame, a moving frame that provides a coordinate system at
each point of curve that is “best adopted” to the curve near the point.
Bertrand curves discovered by J. Bertrand in 1850 are one of the impor-
tant and interesting topics of classical special curve theory. A Bertrand
curve is defined as a special curve whose principal normal is the principal
normal of another curve. It is characterized as curve whose curvature
and torsion are in linear relation. There are many works related with
Bertrand curves in the Euclidean space and Lorentzian space [1]-[7]. In
1845, Saint Venant [8] proposed the question upon the surface genera-
ted by the principal normal of a curve, a second curve can exist which
has for its principal normal of a curve. This question was answered by
Bertrand in 1850 in a paper [9] in which he solved that a linear relation-
ship with constant coefficients shall exist between the first and second
curvatures of the given original curve. In other words, if we denote first
and second curvatures of a given curve by x and 7 respectively, then
for \,u € R we have Ak+ur = 1. Since the time of Bertrand’s pa-
per, pairs of curves of this kind have been called Conjugate Bertrand
Curves , or more commonly Bertrand Curves [10]. In 1888, C. Bioche
give a new theorem in [11] to obtaining Bertrand curves by using the
given two curves C and Cs in Euclidean 3-space. Later, in 1960, J. F.
Burke in [12] give a theorem related with Bioche’s thorem on Bertrand
curves. In 1987, The Serret-Frenet formulae for a quaternionic curves
in R? are introduced by K. Bharathi and M. Nagaraj. Moreover, they
obtained the Serret-Frenet formulae for the quaternionic curves in R?,
[13]. Then, lots of studies have been published by using this studies.
One of them is A. C. Coken and A. Tuna’s study [14]-[15] which they
gave Serret-Frenet formulas, inclined curves, harmonic curvatures and
some characterizations for a quaternionic curve in the semi- Euclidean
spaces E? and Ej. In this paper , applying a similar method as the
one given by Matsuda and Yorozu [16], we found that bitorsion of the
quaternionic curve is not equal to zero in the semi-Euclidean space E§,
in order to obtain (N, By)-type quaternionic Bertrand curves based on
Kk, T, 0 — eierenk functions of the curve in E§.

2. PRELIMINARIES

Let @, be the four-dimensional vector space over a field v whose
characteristic greater than 2. Let e; (1 < ¢ < 4) be a basis for the
vector space. Let the rule of multiplication on @), be defined on e; and
extended to the whole of the vector space distributivity as follows [17]:

*>
A semi-real quaternion is defined with ¢ = agl + bey + 623 +d or



56 Faik Babadag

(Sq=dand V, = aey + bzg + 023). Then a quaternion ¢ can now write
as ¢ = Sq + Vg, where S, and V,, are the scalar part and vectorial part
of g, respectively.) Such that

1. 61'X€i:*€(61'), 1<1<3

IL. e; xej = —c(ei)e(ej)er

where (ijk) is an even permutation of (123) in the semi-Euclidean space
E3. Notice here that we define the set of all semi-real quaternions by

@, where v is an index v = 1, 2.
Qv = {qlq = aey + bea + ces + d;a,b,c,d € R and ej,eq,e3 € R3}.

Using these basic products we can now expand the product of two
quaternions to give

pXq=5pSq+ (Vp, Vg )+ SpVy+ SV + V) ANV for every p,q € Qy

where we have used the quaternionic product contains all the products
of semi-Euclidean space Fj [13]. There is a unique involutory antiau-
tomorphism of the quaternion algebra, denoted by the symbol ~ and
defined as follows
— — —
vqg = —ae; — beg — cggfor every q = azl + bey + 023 +d e Q,

which is called the Hamiltonian conjugation. This defines the symmetric
non-degenerate valued bilinear form h as follows

h(p,q) = ! [—e(p)e(vq)(p x vq) — e(q)e(vp)(q x yp)] for E3.

2
the norm of semi-real quaternion ¢ is denoted by
lal* = [ho(g, @) = le(@)(q x va)| = |—a® = b* + * + d?|

for p,q € Q, where if hy,(p,q) = 0 then p and ¢ are called h -orthogonal.
The concept of a spatial quaternion will be used throughout our work.
q is called a spatial quaternion whenever ¢ + vq = 0 [14]-[15]. The
Serret-Frenet formulae for quaternionic curves in semi- Euclidean space
are given below:

Definition 2.1. Let

a: I CR — @,
4
s — as) :Zai(s)a},l <i<4, ep=1
i=1
be a smooth curve in semi-Euclidean space Ej. Let the parameter
s be chosen such that the tangent T'(s) = o/(s) has unit magnitude.
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Let {T, N, B1, B2} be Frenet apparatus of the differentiable in semi-
Euclidean space E5. Then Frenet formulas are given by

%T(s) — ex K(s)N(s) (2.1)
%N(s) — 07 () Br(s) — ez (s)T(s)
%Bl(s) = e (8)N(s) + en (0 — ererent) (5)Ba(s)

d

7. Ba(s) = —e4,7(s) (0 — everen) (s)Bu(s).

Where k = en||T(s)|| and || N(s)||* = |en].

3. (N, By)-BERTRAND CURVES IN SEMI-EUCLIDEAN SPACE Ej

Definition 3.1. Let E5 be the 4-dimensional semi-Euclidean space
with the inner product h(a,a*). If there exists a corresponding rela-
tionship between the quaternionic space curves « and o such that at
the corresponding points of the quaternionic curves, the principal normal
lines of o and a* are linearly dependent, then « is called a quaternionic
Bertrand curve, and a* a quaternionic Bertrand curve of . The pair
{a, a*} is said to be a quaternionic Bertrand pair.

Let a(s) be a quaternionic Bertrand curve in Ej parameterized by its
arc-length s and o*(s) the quaternionic Bertrand partner curve with an
arc-length parameter s*, respectively, then by

{T(S)7 N(S), Bl(s)a B2(S)}
and
{T7(s%), N*(s), Bi(s"), By(s")}
the Frenet frames field along of o and a*.

Definition 3.2. Let a(s) and a*(s*) be quaternionic curves in Ej.
{T(S)v N(S), Bl(s)v BQ(S)} and {T*(S*)> N*(S*)¢ BT(S*)a B;(S*)} are
Frenet frames of a and o* respectively, on this curves. And there exist
a bijection. «a(s) and a*(s*) are Bertrand curves if there exist a bijection
p: I =TI
s — p(s) = sx %7&0
and N(s) , N*(s*) are linearly dependent.

Theorem 3.3. Let o be a quaternionic curve in the 4- dimensonal semi-
Euclidean space . If [0 —ereienk] # 0 and k(s) # 0, then no quater-
nionic curve in E3 is a Bertrand curve.
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Proof. Let a be a quaternionic Bertrand curve in Ej and a* be quater-
nionic Bertrand partner mate of a with an arc-length parameter s and
*

s*, respectively. Let the pair of a(s) and a*(s*) = a*(¢(s)) be corre-
sponding points of o and «*. Then, the curve o* is given by

a’(s) = a*(p(s)) = als) + A(s)N(s) (3.1)
where A is a C* function on I. Differentiating in equation (3.1) with
respect to s and using the Frenet formulas given in (2.1), we get

/()T (p(s)) = [1 = erenA(s)r(s)] T(s) + XN ()N (s) + enA(s)7(5) Ba(s).
@' (s)W(T"(p(s)), N*(9(s)) = [1—ewenA(s)(s)]h(T(s), N"(¢(s)))

+N (s)h(N(s), N*(¢(s)))
+enA(s)T(s)h(Bi(s), N*((s))).
Since
AT (¢(s)), N*(¢(s))) = 0, h(T'(s), N*(¢(s))) = 0
and

h(Bi(s), N*(¢(s))) =0,
N*(¢(s)) = £N(s) and [[N(s)|| = len| =1,
we obtain that X(s) = 0, that is, A is a non -zero constant. Thus,
equation (3.1) can be written as

a’(s) = a™(p(s)) = afs) + AN (s)
and we obtain

O'(8)T*(p(s)) = [1 — eren Ak(8)] T(8) + enAT(8)B1(s) (3.2)
for all s € I. By using equation (3.2), we get
. 1 —eenAk(s)] . EnAT(S) .
7 (p(e) = (o) S )
If we denote
1 = eienAk(s)] o) = EnAT(8)
t a(s) = () , b(s) 05) (3.3)
T*(¢(s)) = a(s)T'(s) + b(s)Bi(s). (3.4)

Differentiating in equation (3.4) with respect to s and using the Frenet
formulas given in equation (2.1), we obtain

¢'(s)en w*(s)N"(s) = d'(s)T(s) + [a(s)en r(s) = b(s)erT(s)] N(s)
+b'(s8)B1(8) + b(8)en [0 — ererenk] (s)Ba(s)
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Since N*(¢(s)) = £N(s), we obtain
b(s)en (0 —ererenk) (s) = 0.

By o —eierenk # 0, we have b(s) = 0. From equation (3.3), we get

%&T)(s) = 0. Since 7(s) # 0, we obtain that A\ = 0. This completes the
proof of theorem. O

Theorem 3.4. Let o be a quaternionic curves in E with curvature
functions k, 7, (0c—eerenk) and (c—ererenk) # 0. Then « is a quater-
nionic (N, Bs) -Bertrand curve if and only if there exist real numbers
A, W, ¥, 6 such that,

(i)  XenT(s) — pep, (0 — ererenk) (s) # 0
(11) ~[AenT(s) — pep, (0 —ererenk) (s)] + Aeenk(s) =1
(117) ven K(s) —e7(s) = dep, (0 — ererenk) ()

(iv) [72 — 1] eienk(s)7(s) + ,Y{ E%(R(S)V —ef(7(s))? } £ 0

—e2 (0 — eierenk) (s))

Proof. Let a be a quaternionic (N, Bs) Bertrand curve with arc-length
parameter s. The (N, By) Bertrand mate o* is given by

a*(s*) = a*(p(s)) = a(s) + M(s)N(s) + u(s)Ba(s) for all s € I. (3.5)

where A(s) and p(s) are C*°-functions on I. Differentiating in equation
(3.5) with respect to s and by using Frenet equations, we obtain

[1— A(s)eenk(s)] T(s) + N (s)N(s)
P ((5) = { +Nent(s) — p()em [0 — ererenn] ()] Bi(s)
14(3) B (5)

(3.6)
for all s € I. Since span{N*(p(s), B3(¢(s)}, span{N(s), Ba(s)}, we
can put

N*(p(s)) = m(s)N(s) + n(s)Ba(s), (3.7)

By (¢(s)) = p(s)N(s) + q(s) Ba(s), (3.8)
and by using equations (3.7) and (3.8) we get

h(N*(p(s)), &' (s)T"((s))) = N(s)m(s) + p'(s)n(s) =0
h(Bs(p(s)), @' ()T (p(s))) = N(s)p(s) + 1 (s)q(s) =0

m(s) n(s)
p(s) qls)
fieds must be linear independent. We obtain X (s) = 0, p/(s) = 0 that
is , A and p are constant function on I . So, we can rewrite equation
(3.5) , respectively as

a’(s%) = a*(p(s)) = als) + AN(s) + uBa(s)

where is non-zero because {N*(p(s), Bj(¢(s)} vector
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¢'(s)T"(p(s) = { b 1= Acienn(s)] T(s) } (3.9)

XenT(8) — pep, (0 — ererenk) (s)] Bi(s)
where
(go’(s))2 = [1 = Aeenn(s)]? + Nent(s) — pep, (0 — eierenk) (s)]2 £ 0
(3.10)
If we denote

o) — [1 — Aeenk(s)]
) =00

It easy to obtain

[AenT(s) — pepy, (0 — ererenk) ()]
¢'(s)

b(s) =
(3.11)

T ((s)) = als)T(s) + b(s) B (s) (3.12)

where a(s) and b(s) are C*°- functions on /. Differentiating in equation
(3.12) with respect to s and using the Frenet equations, we obtain

¢/ (s)en K™ (s)N*(s) =
a'(s)T'(s) + b'(s)Bi(s)
+ [b(s)en (0 — ererenk) (s)] Ba(s)

Since N*(¢(s) is expressed by linear combination of N(s) and Ba(s),
we have a/(s) = 0, b/(s) = 0, that is, @ and b are constant function on
I. Thus we can rewrite equation (3.6) as

O'(s)eny K*(s)N*(s) = laen k(s) — be7(s)] N(s) (3.14)
+ be, (0 — ererenk) (s)Ba(s)
for all s € I. By using equation (3.11) we can easily show that

(3.13)

a[AenT(s) — pey, (0 —eerenk) (s)] = b1 — Aeenk(s)] (3.15)
where b must be a non-zero constant. If we take b(s) = 0, from equation
(3.12) we get

¢'(s)en 1 ((s))N"(¢(s)) = en K(s)N(s)
So we obtain N*(p(s)) = £N(s) for all s € I, and this is a contradiction.
According to theorem 1, we obtain

¢'(s)en 17 (0(s))N™((s)) = en K(s)N(s)
that is N*(¢(s)) = £N(s) for all s € I. By theorem 1, this fact is a
contradiction according to the theorem 1. Thus we must consider only
the case of b(s) # 0. Then it can be easily seen that

AenT(s) — pey, (0 —eerenk) (s) # 0.

that is, we obtain the relation (7). If we denote the constant by v = ¢
and by using equation (3.15) we have

v [AenT(s) — pep, (0 — ererenk) (s)] + Aener(s) =1 for all s € 1.
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Thus we obtain the relation (7). From equation (3.14), we have
h(@'(s)en K7 (s)N*(s), @' (s)en K7 (s)N*(s)) =
[a(s)en K(s) — b(s)esr(s)]? + [b(s)en (0 — ererenk) (s))
and then,
[ s)en w3)])° = {bew wls) = 27(s)) + [en (0 = eieren) ()]}

{Aent(s) — piey, (0 — eerens) (s)}
for all s € I. From (i), in equations (3.10) and (3.11)

[#(s)ew(5))” = g { e #(6) = (o) + [ (o = cverene) ()1
Since ¢'(s)en £*(s) # 0 by using equation (3.14), we have

N*(p(s)) = m(s)N(s) + n(s)Ba(s) (3.16)
where

m(s) = [a(s)en K(s) — bls)eiT(s)] 7

¢'(s)en K*(s)
b nl(o—
n(s) = [b(s)e Ea f-:tf-:q;aN/@) (s)]
@' (s)en K*(s)
m(s) = [ven K(s) — e (s)] [NenT(s) — pep, (0 — ererenk) (s)] (
¢'(s)en K*(s)
n(s) = [AenT(8) — pep, (0 — 5/t5T5N/<a) (8)en (0 — ererenk) ()] (3.18)
@' (s)en K*(s)
we can rewrite by using equations (3.11), (3.13) and (i) as
m(s) _ EN k(s) — e (s)
n(s)  ep(0—eerenk) (s)
for all s € I. if we differentiate in equation (3.16) and using the Frenet
equations, we have

3.17)

eng'(s)77(0(s)) Bi (0(s)) =
eien@' ()K" (@(s))T*(0(s)) — meenki(s)T(s) (3.19)
+ (mep7(s) — ney, (0 — ererenk) (s)) Bi(s)

for all s € I. From equation (3.19), it holds
m/(s) =0, n'(s)=0.
If we denote 7 = 4, it is obvious that
ven k(s) —erT(s) = dep (0 — ererenk) (8)

Thus we prove (4i). Now, by using equations (3.9),(3.17),(3.18) and
(3.19)

eieny' ()7 ((s)) B (#(s)) # 0
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for all s € I. We have

[v? — 1] esenr(s)T(s)+ 40

7 [(enh(9)? = (@m()7 = (enllo —arens) ()] [ 75
Thus we prove (iv). Conversely, Let o be a quaternionic curve with
curvature k, 7, (0 —eiepenk) satisfaying the relation (i), (ii), (ii1)
and (iv) for constant numbers A, u, d, v and «*(s) be a quaternionic
mate of o curve such as

a’(s%) = a(s) + A(s)N(s) + p(s) Ba(s) (3.20)

for all s € I. Differentiating in equation (3.20) with respect to s and
using the Frenet equations, we obtain

da*(s*)
ds*
for all s € I. Thus, by the relation (i), we have
da*(s*)
ds*
for all s € I. Also we get
‘ da*(s*)

ds*
where n = F1. Then we can write

s*zso(s):/s\
0

where ¢ : I — I* is a regular C'°°-function, and we obtain

©'(s) = n[AenT(s) — pep, (0 —ererenk) (8)] V2 +1
for all s € I. Thus o* can be writen as
o’ (s") = a™(¢(s)) = als) + A(s)N(s) + u(s)Ba(s) (3.21)

for all s € I. Differentiating in equation (3.21) with respect to s and
using the Frenet equations, we obtain
da*(s*
©'(s) ds(* ) = [Aen7(s) — pepy, (0 — ererenk) (s)] YT(s) + Bi(s)].
(3.22)

= [1 — Xeeenk(9)] T (s)+[AenT(s) — pep, (0 — ererenk) (s)] Bi(s)

= [AenT(s) — pep, (0 — ererenk) (s)] (VT (s) + Bi(s)],

=n[AenT(s) — pep, (0 —ererenk) (s)] V2 + 1

da*(t)
dt

Hdt, (Vs eI)

T*(¢(s)) = n(7? + 1)"2(¥T(s) + Bi(s)) (3.23)
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for all s € I. Differentiating in equation (3.23) with repect to s and
using the Frenet frame equations, we obtain

S0/(3) T*,(;gagS))

= (72 +1)72 [(venn(s) — &7 (s))N(s) + en (0 — eerens) () Ba(s)]

and
entt(p(s) = |
_ /Cenr@) @) Hen o —eeren M) ) (3.25)
¢ (5)v/ 72 +1

By the fact that (o — eierenk) (s) ;é 0 for all s € I, we obtain

From Frenet equations for the curve o ( , we have

T*Siis)) = enk"(p(s))N"(p(s))

enr’(p(s)) =

Then we can write

N*(p(s))
I L0)
enk*(p(s)) ds*

_ 02 41) % (yenh(s) —eer(s) N(s) ten(o—crerenn)(s) Ba(s)
V (venk(s)—er7(s))2+(en(0—crerenk)(s))?

for all s € I. If we denote

venk(s) — erT(8)
VvV (venk(s) — &1m(s))2 + (en (0 — ererenk) (s))?
en (0 —eerenk) (s)
V(vEnk(s) — e (s))? + (en (0 — ereens) (5))2

m(s) =

we obtain
N*(p(s)) = m(s)N(s) + n(s)Ba(s). (3.26)
and we can easily show that m(s) and n(s) are constant functions. So

differentiating in equation (3.26) with respect to s and by using the
Frenet equations, we have

N*(p(s))

() — uN(5) + mBY(s)
S
or
N*(gw*(S)) -
(venk(s)—erT(s))etenk(s) ( )

\/(WEnn(s —et7(8))2+(en(o—eterenk)(s))?
EnT(S)('YEN”(S) et7(s))—enep [(0—eterenn)(s))”

\/ (venk(s)—et(8))2+(en(oc—cterenk)(s))?
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for all s € I. Also by using equations (3.23) and (3.25) we can write
)

( (s) ( ));:N(H*((SD(S)) *<3£2(39>)2 (3.27)

Yenk(S)—erT(8))“+(en(oc—cterenr)(s .
T(s)+ B .

n¢' (s)y/ (vent(s)—e:7(s))2+en (0 —erere N ) (5)2 (OYT(s) 1(s))

and, then from the Frenet Equations for the curve a*and in equation
(3.27), respectively we have

NUCED | vn (o) T ((5)) = n (o(5)) Ba(i()

where we can easily show

k(S tT\S 2
P(s) = — [W — 1] eienn(s)7(s) +7 [ ((;V [((E z)eteT(eezvn() zl)D ”

- - (enki(s))? = (ee7(s))”
Qs) =~ [[’Yz 1 erenr(s)7(s) + [ (en (0 — ererenk) (s)])° ”

R(s) =n¢'(s) (V2 + 1) /(venr(s) — etk(s))? + e, (0 — ererenk) (s)2 # 0
Thus we obtain

]\wﬂLéNﬂ*(w(s))T*w(s))’ = llen7(2(5)) Br(sp(s))
1
= R Ve Q).

Then

7 ((s))
= Ené(s) \% P2 S + Q2
[72—1]steNﬁ(s)T(s)—l—'y[s?Vn(s)Q—szZ—(sn[(o—etsTeNH)(s)])2]
nen! () (2 +1)y/(venr(s)—eet(s))>+en(o—ereren r)(s)?

for all s € I. Thus we can define a unit vector fieds Bj(s*) along a* by

Bi(s*) = Bi(#(s)) =

N*(o(s
6nT*(lw(s)),, 172+1 c(zf*( ))(_T(S) +vBi(s))

T o y g cte N ()T (9 (8)(=T(s) + 7 Bi(5))

for all s € I. Also we can define a unit vector fieds Bj(s*) along a* by

B3(s*) = B3(p(s)) =
{(en(o—eterenr)(s)) }N(s)
n\/('yan(s)fstT(s)V«ksn(afstsTan)(s)Q
_ (yenr(s)—er7(s)) Ba(s)
7]\/(’761\[&(8)76tT(S))2+6n(O’*EtETSNI{)(8)2
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that is
B3(¢(s)) = —n(s)N(s) + m(s)Bi(s)
for all s € I. Now we obtain by (24), (27), (29) and (30),

det(T"(¢(s)), N*(¢(s)), Bi(p(s)), Ba(¢(s))) = 1,

and {T*(¢(s)), N*(¢(s)), Bi(¢(s)), B5(¢(s))} is orthonormal for all
s e I. Thus {T*(¢(s)), N*(v(s)), Bi(¢(s)), B5(¢(s))} the Frenet frame
along o* in B3 is of orthonormal . And And we have

Span{N, Bs} = Span{N*, B3}

where (N, By) normal plane of @ and {N*, B3} normal plane of a*.
Consequently, « is a quaternionic { N, By} Bertrand curve in Eé.

Theorem 3.5. Let a be a quaternionic {N, By} Bertrand curve , o

be a quaternionic {N, By} Bertrand mate of o in E3. And

p: I — I* s* = p(s) is a reqgular C*°-function such that each points
a(s) of a correspond to the points o*(s*) = a*(p(s)) of o for all s € I.
Then the distance between the points a(s) and o*(s*) is constant for all
sel.

O

Proof. Let a be a quaternionic {N, By} Bertrand curve in Ej.and o*
be a quaternionic {N, Bs} Bertrand mate of . We assume that o* is
distinct from «. Let the pair of a(s),and o*(s*) = a*(p(s)),Then we
can write,

a*(s%) = a*(p(s)) = als) + A(s)N(s) + pu(s) Ba(s)

where A and p are non-zero constants. Thus, we can rewrite

o*(s%) = a(s) = A(s)N(s) + ju(s) Ba(s)
and

la™(s™) — a(s)l] = VA* + p?.
Since, d(a*(s*) — a(s)) = constant. O
Corollary 3.6. Let a be a quaternionic {N, Bs} -Bertrand curve in
E3 with curvature functions r(s), 7(s), (0 —eerenk)(s) and o be
a quaternionic {N, Bs} Bertrand mate of o with curvature functions

k*(s), 7%(s), (0 —eerenr)” (s). Then the relations between these cur-
vature functions are

V(venti(s) —eet(s))? + (en (0 — ererens) (s))?

eng'(s)v/V2 +1

R (p(s)) =
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T ((s)) =
[72—1]6161\7&(5)7'(5)

e (5)(V2+1)y/ (ven ki(s)—ee7(s)) 2 +en(0—creren k) (s)2
v[(enw ()2 (etk(s))2—(enl(o—creTenk)(s)])?]

en! (8)(V2+1)\/(venr(s)—ee(s))24en (0 —cteren k) (s)?

en (0 — ererenk) (s)]enyv/72 +1
VvV (venk(s) — ei7(s))2 + &n (0 — crerenk) (s)
Proof. 1t is obvious the proof of theorem 2. O

(0 —ererenr)” (p(s)) =

R

Example 3.7. Consider a quaternionic curve in Ej defined by
a(s): I C R — E3,
afs) = %(sinhQs, coshs, cosh2s, sinhs)

for all s € I. « is regular curve and s is the arc-length parameter of «
and its curvature functions are given as

2 2
K(s) =en Ho/’(s)H =5, 7 =cien—= and 0 — giETENK = EN—.
V5 V5
where
1
)\:\/g,luz—ﬁ,fy:——andéz— !
ENEt En En EnEN

constants are for all s € I. The curvature of quaternionic curve « satis-
fies the relations (i), (i1), (%), (iv). So « is a quaternionic {N, Ba}-
Bertrand curve and we obtain its quaternionic {/N, Bs} Bertrand mate
curve of a* as follows

1
a*(s*) = —=(4sinh2s, 2coshs, 4 cosh2s, 2sinhs).

V3
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