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ABSTRACT. In this paper, using a generalized translation opera-
tor, we obtain a generalization of Younis Theorem 5.2 in [3] for the
Cherednik-Opdam transform for functions satisfying the (6,~,p)-
Cherednik-Opdam Lipschitz condition in the space L? s(R).
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1. INTRODUCTION AND PRELIMINARIES

Various investigators such as Mittal and Mishra [6], Mishra et al. [7]-[11]
and Mishra and Mishra [12] have determined the degree of approxima-
tion of 27-periodic signals (functions) belonging to various classes Lipa,
Lip(a,r), Lip(&(t),r) and W (L,,£&(t)), (r > 1), of functions through
trigonometric Fourier approximation using different summability matri-
ces with monotone rows. In this direction, Theorem 5.2 of Younis [3]
characterized the set of functions in L?(R) satisfying the Cauchy Lips-
chitz condition by means of an asymptotic estimate growth of the norm
of their Fourier transforms, namely we have

1Corresponding author: salahwadih@gmail.com
Received: 28 September 2015
Revised: 9 July 2016
Accepted: 9 July 2016
80



Growth Properties of the Cherednik-Opdam Transform 81

Theorem 1.1. [3] Let f € L3(R). Then the following are equivalents

@) lf@+h) - F@) =0 (k). e h—00<0<1y20,
=20

(i) /MZT FO)2dA = O <W> Cas om0,

where f stands for the Fourier transform of f.

In this paper, we prove the generalization of Theorem 1.1 for the
Cherednik-Opdam transform for functions satisfying the Cherednik-Opdam
Lipschitz condition in the space LZ ﬁ(R). For this purpose, we use the
generalized translation operator.

In this section, we develop some results from harmonic analysis related to
the differential-difference operator T(®8) . Further details can be found

in [1] and [2]. In the following we fix parameters «, § subject to the
constraints o > 3 > —% and o > _71

Let p = a4+ pf+1and A € C. The Opdam hypergeometric func-
tions Gg\a’ﬁ) on R are eigenfunctions T(Q’B)G(Aa’m (x) = i/\Gg\a’ﬁ) (x) of
the differential-difference operator

T8 f(z) = f(x)+[(2a+1) cothx—f—(?ﬁ—H)tanhx]W—pf(—a:),
that are normalized such that Gg\a”B )(O) = 1. In the notation of Chered-
nik one would write T(@#) as

2k 4k
Tl k) ) = Fa0H oo + s | (@) (-0)= ( 2k f(2),
with o = ki + ko — 3 and 8 = ko — 5. Here ky is the multiplicity of

a simply positive root and ko the (possibly vanishing) multiplicity of a
(a.B)

multiple of this root. By [1] or [2], the eigenfunction G is given by
(a,) _ap 1 0 a,B _ o ap P : a+1,8+1
Gy (x) =y (2) - = N on P (z) =y (z) + (ot 1) sinh(2z) @) (),

where gpg\”’ﬂ(x) = Fﬂ%; %; o+ 1; —sinh? ) is the classical Jacobi
function.

Lemma 1.2. The following inequalities are valids for Jacobi functions

o3 ()

O K@<t

82) th|elre if)\a c((:fr)z!sinﬁ C(/\> gfuih that
1-o537(@) 2 e,

for |Ax| > 1.
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Proof. (See [4], Lemma 3.1, Lemma 3.2). O

Denote L 5(R), the space of measurable functions f on R such that

1/p
1lpas = ( / \f(x)\pAaﬁ(x)dx) < too, if 1<p< oo,
R

[fllocas = esssup|f(z)| < +oo,
zeR

and L5 (R),p > 1, the space of measurable functions f on R such that

1o = ( [ If(A)Ide(A)>1/p < too,

where A, s(z) = (sinh |z])2%(cosh |z[)?°*! and do is the measure given

» dx
_(1_ P an
dr(3) = (1= 5) 8rlca sV

here .

20D (a4 1)T(3N)
L(3(p+iX)T(5(a — B+ 14iN))
The Cherednik-Opdam transform of f € C.(R) is defined by

Ca,8(A) =

HEO) = / F@) G (—2)An g(z)de  forall AeC.
R
The inverse transform is given as
Hlgo) = [ a6 (@)do ().

The corresponding Plancherel formula was established in [1], to the effect
that

+o0 .
/ @) PAgp(@)de = / (MO + HFV)]?) e 22
R 0

167|ca,p(N)[?

_ /R HINHF(—N)do (M),

where f(z) := f(—z).

Lemma 1.3. Let o > 8 > —% with o # —% and let p € [1,2), ¢ = L.
There exists a constant ¢, < oo such that

[Hfllgo < cpll fllpa,s,
for every f € LZﬂ(R).

Proof. (See [5], Lemma 3.1). O
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According to [2] there exists a family of signed measures u& 28) Such

that the product formula
G ()G Py / G (2)dplP (2),

z,y
holds for all x,y € R and A € C, where
Koa(,y,2) Aag(2)dz i oy # 0,

(Oé B)
Ay (2) =3 g5, (2) if y =0,
ddy(z) ifx =0,
and
Kap(z,y,2) = M,p|sinhz.sinhy. sinhz]%‘/ g(x,y, Z,X)i_ﬁ_l
0
X [L—ox, ., tox,,toX, .+ 5 i 1 cothz. cothy. coth z(sin x)?] x (sin x)*dy
2

if x,y,z € R\{0} satisfy the triangular inequality ||z| — y|| < |2] <
|z| + |y|, and Ko g(z,y, 2) = 0 otherwise. Here

cosh x+coshy—cosh zcosx
sinh « sinh y if Y 7é 0’

anyvz € R?X € [O’ 1]’035,?472 =
0 it zy =0,

and g(z,y,2,x) = 1—cosh? z—cosh? y. cosh? 242 cosh z. cosh y. cosh z. cos x.
The product formula is used to obtain explicit estimates for the gener-
alized translation operators

(aﬂ)f /f d,u(aﬂ (2).

It is known from [2] that

Hrl@D FO) = G @)HFN), (1.1)
for f € C.(R).

2. MAIN RESULT

In this section we give the main result of this paper. We need first to
define (9, , p)-Cherednik-Opdam Lipschitz class.

Definition 2.1. Let §,7 > 0. A function f € Lgﬁ(R) is said to be in
the (4,7, p)-Cherednik-Opdam Lipschitz class, denoted by Lip(d,~, p), if

o a ho
I ’”B’fm)+r<,;ﬁ>f<w>—2f<x>||p,a,ﬁ:o(W> s hoso.
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Lemma 2.2. For f € L], 4(R), then

/R 57 (=111 do () < (2)" 17 f)+r 50 F@)=2f @) 12 o
1
q

where p € [1,2) and q such that %
Proof. From formula 1.1, we have

U 0T+ 757 = 2000 = (G577 (0) + G (1) = 2N,
Since

«, a, 14 . a+1,
G\ (h)y = 5P (h) + T 1) e # (),

and gpi"ﬁ is even, then

H 475D —20)(0) = 20057 () - M.
By Lemma 1.3, we have the result. O
Theorem 2.3. Let f(x) belong to Lip(d,~,p) . Then

P40
/A|2r |Hf(N)|%do(N) = O ((log r)q’Y> , as T — 00,

where p € [1,2) and q such that % + % =1.
Proof. Let f € Lip(6,7,p). Then we have

a « h5
I *ﬁ’f@)+T£,;ﬁ)f<x>—2f<x>||p,a,ﬁ=0(W> as h =0,

From Lemma 2.2, we have
a C q a, o,
/R 58 (=1 N 2 () < ()" 1707 F@) 757 F@) =2 @) 15 o
If [\| € [+, 2], then |[Ah| > 1 and (i) of Lemma 1.2 implies that
1 Y q
1< g|1 — )" (h)]1.

fopey PO O) < 11— 8 (W) o ()

c Jr<?
1 (07
= Cq/ 11— 3P (R)|7[H f(N)|9do(N)
R

< (%)q 17 f (@) + 752 f(@) — 2 @)II2 5

0
- <<1og,£>w> '
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We obtain
[ ey <ot
o <C———, r—o0.
r<|A<2r = (logr)v
where C' is a positive constant. Now,
[y = [ sl
[A|>r i—o Y 2ir<|A|L2it Ly
p—ad (27’)_‘1‘s (47’)_25
< C -
- <(log 7)Y * (log 2r)a7 * (log 47)27 +
< i <1 4270 (27115)2 + (2*115)3 4. )
~ (logr)
ra0
< Ksg—
- 5(log r)a’
where K5 = C(1 —27%9°)~! since 279 < 1.
Consequently
[ v =o ()
o(\) = —— ], as r— oo.
A|>r (logr)ar

O

Definition 2.4. Let v > 0. A function f € L 5(R) is said to be in the
(1,7, p)-Cherednik-Opdam Lipschitz class, denoted by Lip(t), v, p), if

o a h
I mf(w)+T<f;5)f<:c>—2f<x>up,a,ﬁ_o( (lf;;w) as b0,

where 1 is a continuous increasing function on [0,00),1(0) = 0 and

P(ts) = P(t)y(s) for all t, s € [0, 00).
Theorem 2.5. Let f(x) belong to Lip(v,~,p). Then

[ pusoasy =0 (200
[Al=r

(logr)a
where p € [1,2) and q such that % + % =1.

>, as 1 — 00,

Proof. Let f € Lip(y,p). Then we have

@ o h
I ’B)f(l‘)+T£h’6)f($)—2f(x)l|p,a,/3=O< <1fg(i)>”> w b

From Lemma 2.2, we have

LI m-1pmr o) < (2)" 102 @5 1) =21 @) 1
R 2
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If [\| € [£, %] , then [Ah| > 1 and (iii) of Lemma 1.2 implies that

1 a:ﬁ q
1< g|1 — )" (h)]9.

Then
/ HINdo(N) < = 1= 5P (W) (V)] 9do ()
»<IA<E CIL<INLE
< o [ @)
< ()10 5@ + 750 f@) = 20 @) g
N O A NN AR ()
O(@gpw>0<mgpw)
We obtain
. (1)
/r<|>\<2r HINIdo(h) < C(logr)‘”’ >
where C' is a positive constant. Now,
Mdo(N) = M|9do (A
/M HIa) = 3 / N VY
BT ()Y |, ((Er)7)
gc(mwm+a%%m+a%mm+”>
—q
< O (b )+ () + () +
()
= gy
where K5 = C(1 —1(279))~! since ¥(279) < 1.

Consequently

[ pusoasy =0 (20
[A|>r

(logr)?

), as r — Q.

3. Conclusions

In this work we have succeded to generalise the theorem in [3] for the
Cherednik-Opdam transform in the space L? B(R)‘ We proved that f(z)
belong to Lip(,,p). Then

—q
/ |7-£f()\)\qda()\)—0< v ), as 1 — 00,
IA[=r

(logr)?
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where p € [1,2) and ¢ such that 113 + é = 1.
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