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ABSTRACT. In the present paper, some spectral properties of bound-
ary value problems of Sturm-Liouville type on two disjoint bounded
intervals with transmission boundary conditions are investigated.
Uniqueness theorems for the solution of the inverse problem are
proved, then we study the reconstructing of the coefficients of the
Sturm-Liouville problem by the spectrtal mappings method.
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1. INTRODUCTION

In this study, we consider the boundary value problem £ := L(x(z), A11,
Aqg, Agq, Agg) consisting of the Sturm-Liouville differential equation

—2"(z, \) + x(2)z(z, \) = Az(x, N), (1.1)

on two disjoint intervals [a,0) U (0, b], with the boundary conditions
U(z) :== Ap12(a,\) + A2/ (a, \) = 0, (1.2)
V(2) := Ag12(b,\) + A2’ (b, \) = 0, (1.3)
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and the transmission conditions at the interface point = 0 as

a112' (04, X)) + a122(0+, A) + a132"(0—, \) + a142(0—, \) = 0,
(1.4)
aglz’(O—i—, )\) + CLQQZ((H-, )\) + aggzl(o—, )\) + CL24Z(O—, )\) =0,

where A = p? is a spectral parameter, —co < a < 0 < b < o0, Aij,
i,7 = 1,2, are non-zero real numbers, a;;, k = 1,2, are real constants,
x(z) is a real function and continuous on [a, 0)U(0, b], and x(c£0) < co.

Differential equations of the Sturm-Liouville type (1.1) often appear in
mathematics, physics, chemistry, mathematical physics, mathematical
chemistry and other branches of natural sciences (for example, see [4,
5, 7, 12, 14, 15, 16, 17, 21] and references therein). Also, boundary
value problems with transmission conditions can be applied in problems
such as electronics, mechanics and physics [1, 22]. Inverse problems with
discontinuity condition together with separated bondary conditions on
the interval (0,1) or (0,7) were studied in [7, 18, 20]. Further, Sturm-
Liouville boundary value problems with a discontinuity in an interior
point on the interval (0,7), and eigen-parameter dependent boundary
conditions were investigated in [6, 9, 10, 11].

The rest of this paper is organized as follows: In Section 2, we obtain
the spectral properties of £ on [a,0) U (0, ], and investigate the funda-
mental solutions. In Section 3, the asymptotic behavior of the eigen-
values and the eigenfunctions when £ has a discontinuity at x = 0, are
studied. In Section 4, we intruduce the Weyl-Titchmarsh m-function and
solution of £, and using the spectrtal mappings method on (a,0) U (0, b)
we study the recovering of the solution of the inverse problem associated

with L.

2. ASYMPTOTIC SOLUTIONS

In this section, for sufficiently large values of |p|, we provide some
estimates for fundamental solutions of (1.1) under suitable initial con-
ditions, which will be used in studing the asymptotic behavior of the
eigenvalues.

First, for 4,5 = 1,2, we define

d;; = det [ali alj] .
az; a2;
Also, we assume that dio > 0 and dzq > 0.

Now, let zi(x,A),vi(x,\) and z3(x, A),va(x, \) be the solutions of
(1.1) on the intervalse [a,0) and (0,b] respectively, which satisfy the
initial conditions

z1(a, ) = A1, 21(a,\) = —Aq, (2.1)
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ZQ((H-, )\) = d1_21{d23Z1 (0—, )\) + d24zi (0—, )\)},

(04, 0) = —dH {di3z1 (00—, \) + d1az, (0—, A}, 22

v1(0—, \) = —dz; {d14v2(0+, \) + d2gvh (04, N) 1,

V10—, ) = d3 {d1302(0+, \) + dagvh (0, \)}, 2
va(b, \) = —Aga, Vh(b, ) = Aoi. (2.4)

For each fixed z, it is known that the solutions z;(z, A) and va(z, A)
are entire functions of X\. Moreover, by the method used in [2], it can
be shown that the solutions z2(x, \) and vi(x, \) are also entire in A for
each fixed x.

Using the method of variation of parameters [3] and from the initial
conditions (2.1)-(2.4), we can write:

(a) for x € [a,0),

z1(2,A) = Arz cos(p(z — a)) - Ansm(p(xp_a))

+[1) /a " g(t) sin(p(z — 1)z1 (6, A)dt, (2.5)

v (2, A) = {—diadi; v2(0+, A) — dasdi; v5(0+, A)} cos(px)
+H{d1zdg v2(0+, A) + daadyy vs(0+, )\)}Sm:(fx)

0
—i—/l)/z q(t) sin(p(z — t))v1 (¢, N)dt,

(b) for x € (0, 1],
zo(z,\) = {dj5 da321(0—, \) + djy daszf (0—, A) } cos(pz)
_ _ sin(pz
—{dpy di321(0—, A) + diy duaz; (0, A)}(pp)

+fl7 /Ox q(t) sin(p(z — t))2a(t, \)dt,

va(xz, A) = —Agg cos(p(b—x)) — A2lw

1 /b
-l—p/ q(t) sin(p(x — t))va(t, N)dt.
Multiplying (2.5) by exp(—|Sp|(z — a)), we obtain
max |21 (z, A) exp(=|Sp|(z — a))| = O(1)
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as |A\| = oo. This gives us z1(z,A) = O(exp(|Sp|(z — a))) as |A| = oc.
This together with (2.5) yields

exp(3pl(x — a)),

21(z, N) = Ajacos(p(x —a)) + O( )

Similarly, we can obtain the asymptotic form of the solutions zs(x, \),
v1(z, A) and vo(x, \) as the following lemma.

Lemma 2.1. As |\| — oo, the following asymptotic formulas hold:

21(z, \) = Ajg cos(p(x —a)) + O(exp(|%/‘)|p(x —9) )s (2.6)

252, \) = Avadyy daupsin(ph) cos(pr) + Olexp(Sp|(z — a))),  (2.7)

01(2,0) = — Az dyad psin(pb) cos(pz) + O(exp([Spl(b — ). (2:8)
exp([Spl(b ) 29)

va(x, ) = Agg cos(p(b— z)) + O )

3. THE EIGENVALUES AND THE EIGENFUNCTIONS

First, we denote the characteristic function
AN == W (z1(z, \),v1(x,\)) = 21 (2, vy (2, ) — 21 (2, Moy (x, \),

since we know from [13] that the Wronskian z; and v is independent of
x. Hence,

AN) = 21(0—, M) (0—, N) — 21 (0—, N1 (0—, N). (3.1)

Theorem 3.1. The eigenvalues of the boundary value problem L are
real and simple.

Proof. Let X be any eigenvalue of £, and z(z,\) be the eigenfunction
corresponding to A. Then,

0 b
d34/ Az(z, AN)z(x, N)dx + d12/ Az(x, N)z(x, N)de =
a 0

0 _
dss / (= (2, \) + x(2) 2z, \) 2z Ndae

b
+d12/0 (=2" (2, \) + x(2)2(x, \) 2 (2, N)da.
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Thus, using Lagrange’s identity [23], we have
0 b
d34/ Az(z, AN)z(x, N)dx + d12/ Az(x, N)z(x, N)dx =
a 0

0 b
d34/ z2(z, \)Az(z, N)dx + d12/0 z(x, N Az(z, N)dz
+d34W(z,%2)(0—) — d3aW (z,%)(a)
+d12W(z,Z)(b) — duW(Z,E)(O—i—). (32)

On the other hand, since the eigenfunction z(z, A) is satisfied (1.1)-(1.4),
therefore W (z,%)(a) = 0 = W(z,Z)(b), moreover,

W(z2)(0—) = 2(0_, )\)az(g; N 20, /\)az(?); N
= 20, 0 G 5, 0200,

Consequently, we get

W (z,%)(a) = W(z,2)(b) =0,
(3.3)
dsqW (2,2)(0—) = d12W (2, 7)(0+).

Substituting (3.3) into (3.2), we get

b
(A — A){d34 /0 22(x,\)dx + d12/0 22(x,\)dz} = 0.

This together with djs > 0 and dg4 > 0 yields A = X, and consequently,
the eigenvalues of £ are real.

Now, let z(z, A) and z(z, \) be the eigenfunctions corresponding to the
eigenvalue \. According to (1.2), we have z(a, \)Z'(a, \)—2'(a, \)Z(a, \) =
0, i.e. for some 0 # n € R,

2(a,\) = nz(a, ), 2'(a,\) =nz(a,N).

Hence, it follows from the uniqueness theorem for the solution of (1.1)
that there exist the non-zero constants 7; and 7o such that

z(z,\) = mz(z,\), z € [a,0), 2(x, \) = noz(x, N), € (0,0].

These together with substituting z(z,A) and Z(z,A) into (1.4) yield
m = n2. Consequently, z(z,\) and Z(x, \) are linearly dependent. This
completes the proof. O

In the next theorem, we present the asymptotic forms of the eigen-
values and the eigenfunctions of L.
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Theorem 3.2. If a = —b. Then:
(a) the asymptotic form of the eigenvalues of the boundary value problem
L is as follow:

pn = An = (n;bZL)Tr + O(%) as n — oo; (3.4)
(b) the eigenfunctions of L have the following forms as n — 0o:
21(z, Ap) = Aja cos(pp(z + b)) + O(%), x € [=b,0),
zo(, \) = A1adyy daspy sin(pnd) cos(pnx) + O(1), x € (0,D).
Proof. Tt is well-known from [13] that the eigenvalues of £ coincide with

the zeros of the characteristic function A(X). Substituting (2.6) and
(2.8) into (3.1), we calculate

A() = A1 Azady) dsap® sin(pa) sin(pb) + O(|pl exp(pl (b — a))). (3.5)

On the other hand, it follows from Rouche’s theorem [19] that A()) has
the same number of zeros inside the appropriate large contours as the
term A Asod,, dssp? sin(pa)sin(pb). So, the zeros of A(\) are count-

able, can be numbered as A\; < Ay < ..., and from the hypothesis
a=—b, pp = % ~+ Tn, where 7, < Z—Z for sufficiently large n. From

this and (3.5) we conclude 7, = O(2), and we arrive at (3.4). Moreover,
since the eigenfunctions of £ are

B z1(z, An)
Z(xaAn) - { 22(‘T,)\n) bl

substituting (3.4) into (2.6)-(2.7) we arrive at (b). O

4. RECONSTRUCTION OF DIFFERENTIAL OPERATOR

In this section, we study two uniqueness theorems for the solution of
the inverse problem associated with L, first by the Weyl-Titchmarsh m-
function, and second by nodes of £. Then, we solve the inverse problem
using the spectral mappings method. Here, we denote

—’1)2(@, /\)
m(\) = ———. 4.1
()= oS (4.1)
m(A) is called the Weyl-Titchmarsh m-function of £. According to (2.9)
and (3.5),

d 1
= i T Ol epSVAIG - )
12

m(\) B
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as |p| — oo. Now, let F/(z,\) be the solution of (1.1) satisfies (1.4) and
the following initial conditions

Fla,)) =0, Fl(a,\) = —.
A12
We define
L 'U2(x7 )‘>
o) = R (4.2)

which is called Weyl-solution of £. Hence, it follows from (2.1), (4.1)
and (4.2) that

O(x,\) = —F(x,\) —m(N)z1(x, N). (4.3)
Now, let £ be the boundary value problem consisting of (1.1)-(1.4)
but with coefficients X(x), A;; and a;; = a;, 1,5 = 1,2, k =1,2,3,4.

Theorem 4.1. (Uniqueness Theorem 1) If m(\) = m(A), then L = C,
i.e. x(z) = X(z) and Ay = Ayj, 4,5 =1,2.

Proof. We define the matrix M(z, ) = [M;;(x, )] i j=12 Dy the formula
2z, N) Oz, ) 1(z,A)  @(z,])
] o i R e A

)
Therefore, since W (Z(z, \), ®(z, )

{ My (2, A) = 21 (2, N (2, \) — 2| (x, A)@(z, A),
Mia(x, N) = Z1(z, )P (2, A) — 21 (2, \)P(z, A),

=1, we have

(4.4)

{ Mo (2, A) = 2 (2, N (2, \) — Z, (2, \) D/ (z, \),
M22($7 A) - zl(xa )\)(I’/(.’L', A) - zll(xa )‘)(I)(x7 )‘)
These together with (4.1) and (4.3) conclude that for fixed z, the func-
tions M;;(x, A) are meromorphic functions in A, and have simple poles

in the eigenvalues An, An Of L, L, respectively. Substituting (4.3) and
O(x,\) = F(x,\) —m(A\)z1(z, A) into (4.4) we have

My (z,\) = —21(z, ) F' (2, \) + 21 (2, \) F(z, \)
+(m(A) - T?L()\))Zl (1‘, /\)Ei (l’, )‘)7
(4.5)
Mig(z,A) = =z1(x, ) F (2, A) + z1(z, \) F (x, A)
+(m(A) — m(A)z1(z, N)z1 (2, N).

Therefore, since m(A) = m(\), Mi1(z, A) and Mia(x, \) are entire in A
for fixed z. Moreover, from (2.9), (3.5) and (4.2), for p € B, := {\:
IA—=Ap| >r, n=1,2,3,...} we have

B0 (2, V)] < a2 exp(~[Spl (@ — @), m=0,1,
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and for p€ By :={A:|[A= Ay >7 n=1,23,...},
(207 (@, )| < &lp|™* exp(~[Spl(x — @), m=0,1,

where «, and «, are positive constants. Thus, for p € B, U Er, as
|p| = oo we obtain the following approximations:

My (2, A)] < a, Mgz, A)| < anlp| 2

These together with (4.5) yield My (z,A\) = p(z) and Mia(z,A) = 0
So,

21 (ZL‘, )‘) = p(x)zl (SL’, )‘)a (I)({L‘, )‘) = p($)<$(m, )‘)
Since W(z1,®) = Wz, ®) =1, p(z) = 1. Hence, z1(z,A) = z1(z, /\)
and ®(z,\) = ®(z,A), and consequently, £ = L, i.e. x(z) = X(z) an
Aij = Al] D

Remark 4.2. If a = —b. Then, the nodal points {x%}, n=123,...,
j=1,2,...,n—1, of the boundary value problem £ have the form

. —b+ BT L 0L, 2 e [-b,0),
xht =

B 4 o(), z € (0,b).

Using Remark 4.2 and by the method used in the proof of Theorem
3 in [17], we can prove the following theorem.

Theorem 4.3. (Uniqueness Theorem 2) Let x(x) and X(x) be the po-
tentials in (1.1) for L and L, respectively, a = —b, and {zh}, {7} be

the nodal points of L, L, respectively. If x}, = T}, then x(z) = X(x) a.e.
n (—=b,0) U (0,b).

Now, we denote

D AC) m Wiz, ), z1(2,6) /w (), z1(t, O)dt. (4.6)

A=¢
Let A\, = p2 and (, = o2. Tt follows from Lemma 2.1 that
fax 21(t, pn)21(t, op)dt, z € [a,0),
D(xz, \n, ) =

I 21 (t, )2 (8, o) dt+
fox z1(t, pn)z1(t, op)dt, x € (0,b].

Similarly, we can obtain for 5(:6, A, €). Further, using the method used
in the proof of Theorem 3 in [8], it can be shown that for A = p? and
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¢ = 02 >0, the following relations hold:

() = (2, A) — % /A T, \, O, O)dC, (4.7)
7@ 00 =T@ A -5 [ T@AOT@ b, (@)

where

T(xv )‘7 g) = D(xv )‘7 C)(m()‘) - ﬁ/L(A))a

A = Aj UAy, A is a bounded closed contour encircling the set {\, =
0% 1 pn # 0,Sp, > 0}, and Ay is the two-sided cutting along the {\ :
A > 0, € C\A1}. We denote by B(A) the Banach space containing
bounded functions f(A), A € A, with the norm || f|| := supyea |f(N)]-

Now, for constructing the solution of the inverse problem, we need to
prove the following uniqueness theorem for the solution of the equation
(4.7) which playes the central role in studing the inverse problem.

Theorem 4.4. For each fived x € (a,0) U (0,b), the equation (4.7) has
a unique solution z; € B(A).

(4.9)

Proof. For fixed x € (a,0), consider the linear bounded operators H and
H in B(A) as follows:

HE(N) = f(N) - = [ T 0rc

211

) = F0) + 5 [ T A Qs

Therefore,

HHO) = f) ~ 5 /A (T, 7, ¢) = T(x,A,€)

by [ T2 OT (0,8 (Q)dc.
™ JA

This together with (4.8) yields that for f(¢) € B(A), HHf(\) = f()).
Similarly, we can obtain Hﬁf()\) = f(A). Thus, HH = HH = I,
where [ is the identity operator. So, H has a bounded inverse operator.
Consequently, for each fixed x € (a,0), the equation (4.7) has a unique
solution. For z € (0,b), the claim is proved, analogously. O

In the next theorem, we construct the solution of the inverse problem.

Theorem 4.5. The following relations hold:
x(@) = X(x) — 2¢'(2), (4.10)
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{ Ay = Ay +e(a)Arp, Ag = Ay —e(a), (4.11)
Agy = Agy + £(b)Aga, Agy = Ao, .
where
= 1 z d 4.12
(@) = g [ (OB Om(OdC (112)

Proof. According to (4.6), (4.9) and (4.12) we have
(o) = 21(e ) + E1(e Ve(o) + 5 [ Tl A QR (@, 0)dc, (413)
) = 200 + 5 [ Tl O .0

3 [ 2@ VA O @ Om(OdC

+2%- | 2 )7, Q) z (@, Om(Qdd (4.14)

Since

substituting these and the relation (4.7) into (4.14) give us

(x(@) — T(@)E (0, \) = — = /A Wz (2 ), 21 (2 )21 2, () dC

211

_ Z1 (.’E, A)
271

~L (i )3, Om(O)dc

/A 221 (x, ()2, (z, O)m(¢)dC

21

and hence (4.10) is obtained after cancelling the terms with z{(z, A).
Also, taking x = a and = b in (4.7) and (4.13), we arrive at (4.11).
The proof is complete. O

5. CONCLUSIONS

In this paper, we investigated a boundary value problem of Sturm-
Liouville type on two disjoint bounded intervals [a, 0) U (0, b], with trans-
mission conditions at the interface point = 0. Using two methods, first
by the Weyl-Titchmarsh m-function, and second by the nodal points (the
zeros of the eigenfunctions) of the Sturm-Liouville problem, we proved
that the coefficients of the boundary value problem can be uniquely de-
termined by spectral data. Then, by the spectral mappings method, we
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determined the continuous potential function y(z) and the nonzero real
coefficients A;;, i,7 = 1,2, of the boundary conditions (1.2)-(1.3).
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