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ApstracT. In this work, we prove the existence of a spec-
tral function for singular ¢—Sturm-Liouville operator. Fur-
ther, we establish a Parseval equality and expansion for-
mula in eigenfunctions by terms of the spectral function.
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1. INTRODUCTION

g—calculus, roughly speaking, is calculus without ordinary limits. It
allows to deal with sets of not differentiable functions if the classical
derivative is replaced with the g—derivative operator. It has a lot of
applications in different mathematical areas, such as number theory,
orthogonal polynomials, fractal geometry, combinatorics, the calculus of
variations, mechanics, orthogonal polynomials, statistic physics, theory
of relativity and quantum theory. For a general introduction to the
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g—calculus we refer the reader to the references [1-2, 5,7-9,12-13,17-18,
21-22, 25, 27].

In mathematics, eigenfunction expansions theorems are important for
solving varies problems. Specially, whenever we seek a solution of a par-
tial differential equation by the Fourier method, we lead to the problem
of expanding an arbitrary function as a series of eigenfunctions. There
are a lot of studies about eigenfunction expanding problems (see [2-9,
14-15, 19-20, 23, 28)]).

It is clear that g—difference equations arise g—analogues of differential
equations. In this paper, we consider g—analogue of the Sturm-Liouville
equations. Recently, in [11], the Titchmarsh-Weyl theory of Sturm-
Liouville equations was extended to the case of ¢g—Sturm-Liouville equa-
tion

_;Dq_lpqy () +u(x)y (z) = My (z),

on an interval [0,a), where 0 < z < a < oo. In [11], Annaby et al.
define ¢—limit point and ¢g—limit circle singularities. Using Titchmarsh’s
technique, they give sufficient conditions that the singular points are in
a limit point case and derive the eigenfunction expansions.

In this paper, we prove the existence of a spectral function for singular
g—Sturm-Liouville operators on semi-unbounded interval. A Parseval
equality and an expansion formula in eigenfunctions are established.

2. PRELIMINARIES

Now, we recall some necessary fundamental concepts of quantum anal-
ysis. Following the standard notations in [22],[10], let ¢ be a positive
number with 0 < ¢ <1, A C R and a € A. A g—difference equation is
an equation that contains g—derivatives of a function defined on A. Let
y be a complex-valued function on A. The g—difference operator Dy, the
Jackson q—derivative is defined by

Dy (z) = W for all z € A\ {0}.

Note that there is a connection between g—deformed Heisenberg un-
certainty relation and the Jackson derivative on g—basic numbers (see
[26]). In the g—derivative, as ¢ — 1, the g—derivative is reduced to the
classical derivative. The g—derivative at zero is defined by

Dy (0) = lim y(¢"z) —y(0)

n—00 q"x

(z € A),
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if the limit exists and does not depend on . A right-inverse to Dy, the
Jackson q—integration is given by

[ rd=ei-0X rr@e) @ea
n=0
provided that the series converges, and

b b a
[ rode=[raai- [ o4 e

The g—integration for a function over [0, 00) defined in [16] by the for-
mula

/Ooofor)dqt: S ).

n=—oo

A function f which is defined on A, 0 € A, is said to be g—regular at
zero if

Jim f (zq") = f(0),

for every x € A. Through the remainder of the paper, we deal only with
functions g—regular at zero.
If f and g are g—regular at zero, then we have

/0 " (8) Dyf (1) dgt + /0 " £ (at) Dag (1) dgt = £ (a) g (a) — £ (0) 9 (0).

Let Lg (0,00) be the space of all complex-valued functions defined on

(0, 00) such that
00 1/2
1]l = ( / !f(x)\2dqx> < .

The space Lg (0, 00) is a separable Hilbert space with the inner product

(f.9) = /0 (@) g@dyr, frg € L2(0,00)

(see [11]).
The ¢g—Wronskian of y (z), z(x) is defined to be

Wy (y,2) (x) := y (x) Dgz (x) — 2 () Dgy (x) , x €[0,a].  (2.1)
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3. MAIN RESULTS

Let us consider the g—Sturm-Liouville equations
1
=P Dy () +u(z)y(z) = Ay (z), (3.1)
with the boundary condition

y(0,\)cos B+ Dy-1y (0,\)sin3 =0, B €R, (3.2)

where A is a complex eigenvalue parameter, u is a real-valued functions

defined on [0, 00) and continuous at zero and u € Lé 1oc. (0,00).

Denote by ¢ (z,\), the solution of the system (3.1) subject to the
initial conditions

¢ (0,\) =sinB, Dy-1¢(0,\) = —cos B. (3.3)
Further, we adjoin to problem (3.1)-(3.2) the boundary condition
D,y (q_”, )\) sina + y (q_”, )\) cosa =0, a€R, neN. (3.4)

It is clear that the problem (3.1), (3.2), (3.4) is a regular problem for a
g—Sturm-Liouville equation.

In [10], the authors prove that the boundary value problem (3.1) with
the boundary conditions (3.2), (3.4) has a compact resolvent, thus it has
a purely discrete spectrum.

Let A, ,— denote the eigenvalues of this problem and by y,,, ;- () =
Ymg—n (a:,/\qufn) the corresponding eigenfunctions which satisfy the
conditions (3.3). If f(.) is areal valued function, f (.) € Lg (0,¢™™) and

q
g = [ Vg @)

then we have

/anfQ(a:)dqu i a21 {/Oq

m=—oco m,q""

—-n

2
F ) Yo g=n () dqw} - (3.9)

which is called the Parseval equality (see [10]).
Now, let us define the nondecreasing step function g,-» on [0, c0) by

1
) - Z/\</\m’q7n<0 oz for A <0
Og—n = moa
q Zog/\m n<AaZ for A > 0.
’ m,qT

Then equality (3.5) can be written as

—n

/ Y P (@) dg = / T P2 (A doyn (M), (3.6)
0 —00



Eigenfunction expansion 95

where

F() = /Oq F @)y (2,0 dye.

We will show that the Parseval equality for the problem (3.1), (3.2) can
be obtained from (3.6) by letting n — oo. For this purpose, we shall
prove a lemma.

Lemma 3.1. For any positive k, there is a positive constant T = Y (k)
not depending on q~™ such that

in {Qq*” ()‘)} = Z % = Qq—n (K/)_qun (—Ii) <7T. (37)

—k<A,, g—n <K m,q— "™

Proof. Let sin 8 # 0. Since ¢ (x, A) is continuous at zero, by condition
¢ (0,\) = sin 3, there is a positive number k and near by 0 such that

k 2
% (/0 ¢ (x, ) dqx> > %sinzﬁ. (3.8)
Let us define fi (x) by

1
f’“(x):{ 0, 2>k

From (3.6) and (3.8), we get
k 1 < /1 rk 2
/0 flx)da = k_/oo<k i qb(x,A)dqx) dog—n (N)
Kk /1 k 2
> /_"i (k ; o (z, ) dqac> dog—n (M)
> 5?8 {on () — 04 (~)},

which proves the inequality (3.7).
If sin 8 = 0, then we define the function fj () by the formula

Lo0o<z<k

={ k¥
Ji (@) { 0, =z>k
So, we obtain the inequality (3.7) by applying the Parseval equality. O

Now, we recall that the following well-known theorems of Helly’s.

Theorem 3.2 ([24]). Let (wn),cy be a uniformly bounded sequence of
real nondecreasing functions on a finite interval a < X\ < b. Then there
ezists a subsequence (W, )cy and a nondecreasing function w such that

im wy, (A) =w(A), a <A <b.
k—o0
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Theorem 3.3 ([24]). Assume (wp),cy @5 a real, uniformly bounded,
sequence of nondecreasing functions on a finite interval a < X\ < b, and
suppose

lim w, (A\) =w(\), a <A <h.

n—oo
If f is any continuous function on a < X\ < b, then

b b
lim / FO) dwy (M) = / FOdw()).

n—oo

Let o be any nondecreasing function on —oco < A < oo. Denote by
L2 (—00,00) the Hilbert space of all functions f : (—o0,00) — R which
are measurable with respect to the Lebesque-Stieltjes measure defined
by o and such that

/°° 2 () do (M) < oo,

with the inner product

(F.9),= [ T de(N).
The main result of this paper is the following theorem.

Theorem 3.4. For the q—Sturm-Liouville problem (3.1)-(3.2), there
exists a nondecreasing function o (\) on —oo < \ < 0o with the following
properties:

(i) If f(.) is a real valued function and f (.) € L2 (0,q™"), then there
exists a function F € Lg (0,00) such that

o

lim {F (A) — /Oq‘ f@)y(z,N\) dqx} do(\) =0, (3.9)

n—oo J_

and the Parseval equality

/OO A (z)dgzr = /OO F2(\)do(\) (3.10)
0 e’}

holds.
(ii) The integral
o
| PN e,
converges to f in L2 (0,00). That is,

—n

lim Oq {f(a:)—/nF()\)y(:p,)\)dg()\)}quxzo.

n—00 _n

We note that the function g is called a spectral function for the bound-
ary value problem (3.1)-(3.2).
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Proof. Assume that the function f¢ () satisfies the following conditions.
1) fe (x) vanishes outside the interval [0, q*5] L g S < g
2) The functions f¢ (x) and Dy fe (x) are g— regular at zero
3) fe (x) satisfies the boundary condition (3.3).

If we apply to f¢ (z) the Parseval equality (3.6), we obtain

q¢ 00
| #@aa= [ P (3.11)
0 —00

where
g€
FO)= [T g @y dge (3.12)

Since y (x, \) satisfies the system (3.1), we see that

y(x,\) = % [—;Dq—quy (2, ) +u(x)y (z, )\)} )

By (3.12), we get

—-n

1

Fa) = /0 " k@) {_;Dqlpqy (2, 2) + u () y (=, )\)] dyz.

Since f¢ (¢) vanishes in a neighborhood of the point ¢™" and f¢ (z) and
y (x, \) satisfy the boundary condition (3.3), we obtain

—n

1

£y () :A/Oq Y (@A) {—;Dq_lqug (@) + u(2) fe (x)] dyz,

by g—integration by parts.
For any finite x > 0, using (3.6), we have

/ F2 (\) gy ()
[A|>K

s[oAL
IR

1 (901 2
) 0 [_qu‘quff(m)+U(1‘)f§($)} dg.

—-n

IN

5@ [0y Dyfe (@) 400 e 0| dqx}2 Aoy (V)

IN

5@ [0y Dyfe (@) 4 u 0 e 0)] | d} Aoy (V)

From (3.11), we see that
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qa ¢ K
‘/0 12 () dgx — /H Fy (A) dog—n ()

< 2 /q_5 |:—(1]Dq—1qu§(:E)+u(a:) fg(x)rdqx. (3.13)

12 Jo
By Lemma 3.1, the set{ g, (A)} is bounded. Using Theorems 3.2 and

3.3, we can find a sequence {¢~ "} such that the function 04— (A)

converges to a monotone function g (\) . Passing to the limit with respect
to {¢"™} in (3.13), we get

q ¢ K
/0 @ [ RACTTY

1
K2

q*E 2
O [_;Dql fe (@) +y () fe (x)} dye.

Hence, letting x — 0o, we obtain

q ¢ oo
| @da= [ o0,

Now, let f be an arbitrary real valued function on L2 (0,00). It is
known that there exists a sequence of function {f¢ (z)} satisfying the

condition 1-3 and such that
o0

lim [ (f(x) = fe () dgz =0,

§—>OO 0

<

Let -
Fe(\) = /0 fe (@) y (@, N) dye.

Then, we have

/0 12 (2) dqx:/ng () do(A) .

Since
/0 (fer (2) — ey (2))2 gz — 0 a5 &1, — o,
we have
/_ (Fe, (\) — Fe, (V)2 do () = /0 (fer (2) — fey (2))2 gz — 0

as &1, & — oo. Consequently, there is a limit function F which satisfies

| P@de= [~ FPnan.
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by the completeness of the space Lg (—00,00) .
Our next goal is to show that the function

¢
Ke (V) = /0 F (2)y (@,0) dgz

converges as £ — 0o to F' in the metric of space Lg (—00,00). Let g be
another function in Lg (0,00) . By a similar arguments, G (\) be defined
by g. It is clear that

/ T g e = [ FN) - GO e

Set

[ f(z), ze€[0,q¢
9“)—{ 0, xeé—?,oj)

Then we have

[ E0 -k P = [ Pade -0 6o,

q

which proves that K¢ converges to F' in Lg (—00,00) as & — oo. This
proves (i).

Now, we will prove (ii). Suppose that the functions f(.), g(.) €
L2(0,¢q7"), and F(X) and G (X) are their Fourier transforms. Then
F F G are transforms of f F g. Consequently, by (3.10), we have

/Ooo[f<x>+g<x>12dqx - [ rwEcmraw.
[ u@-g@Pde = [0 -cnPdem.
0 —00

Subtracting the second relation from the first, we get
| r@s@aa= [T Foewden e

which is called the generalized Parseval equality.
Set

fr@ = [ POy do,

-7
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where F' is the function defined in (3.9). Let g (.) be a vector-function
which equals zero outside the finite interval [0, ¢™#]. Thus, we obtain

qiuf}(x)g(x)dqﬁ - (qu{ T'F(A)y($’A)dQ(A)}g(x)dqx

—T

- /Tm){/oq y(a:,ng(x)dqx}dg(x)

0

= /T FA)G\)do(N). (3.15)
From (3.14), we get
/ f(x dx—/OOF()\)G()\)dQ()\). (3.16)

Subtracting (3.15) and (3.16), we have
[ v@-fa@e@de= [ FOGM QM.
0 A>T

Using Cauchy-Schwarz inequality, we obtain

o) 2
/0 (f (@) — fr (2)) g (&) dge

< / F2(\)do(N) [ G2\ do()
A>T A>T

/ ) do (A / GZ(N)do(N).
(A>T
Apply this inequality to the function
— —u
sy = { FE Izl

IA

0, ze (gt o0)

we get

[ @ sr@res [ Pad.
0 [A|>T

Letting 7 — oo yields the desired result since the right side does not
depend on u. O
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