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ABSTRACT. In this paper, the composite order Cayley graph is in-
troduced. It is denoted by Cay(G, S), where G is a group and S is
the set of all composite order elements of G. Some graph parame-
ters such as diameter, girth, clique number, independence number,
vertex chromatic number and domination number are calculated for
the composite order Cayley graph of some certain groups. More-
over, the planarity of composite order Cayley graph is discussed.
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1. INTRODUCTION

Arthur Cayley defined the Cayley graph for the first time which encodes
the abstract structure of a group. Suppose that G is a group and S is
a generating set. The Cayley graph I' = I'(G, S) is a colored directed
graph with the vertex set V(I') which is identified with the elements of
G, for each generator s of S is assigned a color ¢s. Moreover, the vertices
corresponding to the elements g and gs are joined by a directed edge of
color ¢, for any g € G, s € S. Thus the edge set E(I") consists of pairs
of the form (g, gs), with s € S providing the color. The set S is usually
assumed to be finite, symmetric S = S~! and the identity element of
the group is excluded S. In this paper, we consider simple Cayley graph.
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The uncolored Cayley graph is a simple undirected graph. In general,
we can assume S as a subset of non-identity elements G instead of being
a generating set.

The research about the Cayley graph have been done by many authors
for instance see [2, 5]. Recently, the author discussed about the prime
order Cayley graph in [6]. The prime order Cayley graph is associated
to the group G such that S is the set of prime order elements of G. The
prime order Cayley graph is the inspiration of defining of the composite
order Cayley graph. In this new graph consider S as the set of elements
of the group of composite order. This graph is complement of the prime
order Cayley graph. Let us denote the composite order Cayley graph
by Cay(G,S). Under this assumption we may treat Cay(G,S) as an
undirected graph because S = S~!. Moreover as S does not contain the
identity, so that Cay(G, S) does not have any loop.

Apparently the definition of the prime order Cayley graph is similar
to the composite order Cayley graph, but note that these two graphs
are completely different as the set S changed. There are some parame-
ters for a graph, that can not achieve by discussing about them in the
complement of the graph. We discuss about the general properties of
the composite order Cayley graph of cyclic groups of different orders.
We try to find the degree of vertices in this graph. Since the composite
order Cayley graph is |S|-regular, degree of a vertex in this graph shows
the number of elements of composite order. The structure of composite
order Cayley graph of a cyclic group of order p™ is completely clarify,
where p is a prime number. Furthermore, we prove that if the composite
order Cayley graph Cay(G, S) is planar, then |S| = 0,2 or 4. The com-
posite order Cayley graph associated to the group G is planar if and only
if G = Z4,Z¢,S53,Dg, Zo x Dg, Dy, Ay, a group whose cyclic subgroups
are of order 4,6 or p and a group whose elements are of prime order,
where p is a prime number.

Throughout the paper, graphs are simple and all the notations and ter-
minologies about the graphs are found in [1, 4].

2. PRELIMINARY RESULTS

Let us start with the definition of composite order Cayley graph.

Definition 2.1. The composite order Cayley graph which is assigned
to the group G is a graph with vertex set whole elements of the group
G and two distinct vertices x and y are adjacent whenever zy~!' € S,
where S is a subset of G which contains all elements of composite order.
We denote the composite order Cayley graph by Cay(G, S).

It is clear that the composite order Cayley graph of cyclic group of
order t is connected and Hamiltonian, where ¢ is not a prime number.
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Theorem 2.2. Let Z; be a cyclic group of order t, x a vertex and ¢(t)
1s the Eulerian function.
(i) If t is a prime number, then Cay(Zi,S) is an empty graph.
(ii) Ift = p®, then deg(x) = o(t) +3_, 552 o(p*~P) = p®—p, where
B < « is a positive integer.
(iii) If t = pipe, then deg(x) = @(t), where x is a vertex and p;,
1 = 1,2 are distinct prime numbers.
(iv) Ift = Hizlpi, where p;, p; are distinct prime numbers for i # j
andl > 2, then
()
j )

where M is the set of all prime numbers which divides t and the

-1
deg(z) = o(t) +
j=2
notation ( i ) stands for the sum of the Fulerian function of

multiplication of j prime numbers belongs to M which are chosen
randomly.

(v) Ift = Hé:l pit, where p;, p; are distinct prime numbers fori # j,
1 < «; for some i and l > 2, then

!
M
deg(a) = > (7 ),
— J
j=2
where M is the set of all power of prime numbers which divides

t and the notation ( ];4 ) stands for the sum of the Eulerian

function of multiplication of j power of prime numbers belongs
to M which are chosen randomly.

Proof. (i) Suppose m and n are distinct adjacent vertices in the graph.
The definition of the composite order Cayley graph implies that the
order of n —m is a composite but it is not possible. Thus m and n are
not adjacent.

(ii) If (p®, n—m) = 1 or p”, then n and m are adjacent, where o — 3 > 2.
Therefore, assume m is a fixed vertex, there are ¢(t) vertex which are
adjacent to m for the first case. Moreover, for the second case as we
have n —m = p°k, there are cp(po‘*ﬁ) vertices join to m, where k is an
integer (k,p*?) = 1.

(iii) Clearly, if the order of n —m is composite if and only if m and n are
adjacent. This will occur whenever (t,n —m) = 1. Hence the number
of vertices which are adjacent to a vertex like m is ¢(t).

(iv) Similar to the second part, two vertices m and n are adjacent if and
only if (t,n —m) = 1 or (t,n —m) = [[[_; pi, where 1 < v < —2.
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Hence the result is clear.
(v) It is enough to count the number of elements of composite order. [

In fact the degree of vertices in this graph shows the number of ele-
ments of the group of composite order. Furthermore, as degree of ver-
tices are even number the composite graph Cay(Zi, S) is Eulerian graph,
where t is a composite number.

Theorem 2.3. Let Z; be a cyclic group of order t, where p, p; are prime
numbers.
(i) If t = T2, pi, then diam(Cay(Z, S)) = 3, where p;’s are dis-
tinct prime numbers 1 < i < n.
(ii) Ift = p®, then diam(Cay(Zi, S)) =2, 1 < a.
(iii) If t = [y p", then diam(Cay(Z:,S)) =2, 1 < a; for some i
and p;’s are distinct prime numbers.

Proof. (i) Suppose z and y is two vertex such that they are not ad-
jacent. Moreover x and y are of prime and composite order respec-
tively. Since z and y does not join |z — y| = p;j, 1 < j < n. Therefore
T =Dp1-Pj—1Pj+1 - Pnk+y, 1 <k < p;j. Consequently |x—1]is a com-
posite number. Thus z,z — 1,0,y form a path which means d(z,y) = 3.
If z,y are two non-adjacent vertices of prime orders, then we deduce
that |z| = |y| = pj, 1 < j < n. Similar to the previous argument
T =Dp1-Pj—1Pj+1 - Pnk +y, 1 < k < p; which implies [x — 1 — y| is a
composite number. Hence z,z — 1,y form a path and d(z,y) = 2.

(ii) Assume z,y are two non-adjacent vertices. Clearly there is an ele-
ment of order p in this group and so x —y = kp®~'. Thus z — 1,y are
adjacent and d(z,y) = 2.

(iii) Suppose z,y are two non-adjacent vertices. Therefore z —y =

pltpg? - ~p?i‘11 . -p?jjlpﬁ"k:, where 1 < k < p;. By an easy computa-
tion we deduce that x and y join to p{'pg? - - -p?i‘llp?_ﬁl cep2rk+a+1.
Hence d(x,y) = 2. O

By computation girth(Cay(Z4,S)) = 4, girth(Cay(Ze,S)) = 6 and
diam(Cay(Zg, S)) = 3.

Theorem 2.4. Suppose Cay(Zy,S) is a composite order Cayley graph
where p and p;’s are prime numbers such that p; # p; fori # j.

(i) If t = p®, then girth(Cay(Z:, S)) = 3, where o > 2.

(ii) Ift = pip2 # 6, then girth(Cay(Z, S)) = 4.

(iii) If t =[], pi, then girth(Cay(Z,S)) = 3, where n > 3.

(iv) Ift =TI, p;", then girth(Cay(Z,S)) =3, 1 < o for some i.

Proof. (i) There are two elements of composite order which are adjacent
with zero we can make a triangle.
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(ii) Assume @(p;) > 2. Since the number of elements of order p; is
©(p1), there are at least 2 elements 1 and x5 of order p;. Moreover, if
y is an element of order po, then x1 ~ y ~ z9. It is clear that z; + 1 is a
vertex distinct from xz9 and y such that it joins to x; and z5. Hence we
have a square.

(iii) Since there are three elements of order p;, p2 and ps we can form a
triangle by these three elements.

(iv) Suppose i = 2 and z,y are adjacent vertices. Therefore z —y =
k:pflng, 0< 5z’/</041', 1<k< p?l_ﬂlp;rﬁz. By co/mputa/tion, y is
adjacent to k’pflpgz +y,0< Bl <, 1 <K < p?lfﬂlpg‘rﬁ?. Now if
we choose suitable k and %/, then z joins &’ pfipgé + y and we have a
triangle. Moreover, if i > 3, then the assertion is similar to the third

part. O

In a graph a 3-cycle is called a triangle. For the vertices a,b,c in a
graph I' the triangle formed by the distinct vertices a, b, c is denoted
by (a,b,c). The triangle (0,a,b) is called a fundamental triangle and
it is denoted by Ag,. T. Chalapati et al. enumerate the number of
fundamental triangles in a divisor Cayley graph (see [2] for more details).
By Theorem 2.4 we observe that the composite Cayley graph of class of
some cyclic groups has triangle. Similar to the Lemma 3.6 and Theorem
3.7 in [2] we conclude that the number of fundamental triangles and all
triangles in the composite Cayley graph Cay(Z, S) is

;(Z\Sﬂ(ﬁ'—l—@\) and @(Z’SQ(S"‘“)’)’

acesS a€sS
respectively.

A subset X of the vertices of the graph I' is called a clique if the
induced subgraph on X is a complete graph. The maximum size of a
clique in a graph I' is called the clique number of I and denoted by w(I").
A subset X of the vertices of I is called an independent set if the induced
subgraph on X has no edges. The maximum size of an independent set
in a graph I' is called the independence number of I' and denoted by
a(I"). Let k£ > 0 be an integer. A k-vertex coloring of a graph I' is an
assignment of k£ colors to the vertices of I' such that no two adjacent
vertices have the same color. The vertex chromatic number x(I') of a
graph I, is the minimum k& for which I' has a k-vertex coloring.

Theorem 2.5. If G is a cyclic group of order p"™, then Cay(G, S) is com-
plete p"~L-partite graph. Moreover, w(Cay(G,S)) = x(Cay(G,S)) =
p" 1 and o(Cay(G,S)) = p. Furthermore, Cay(G,S) is not planar
whenever p > 3 and n > 2.
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Proof. Consider the complement of the composite order Cayley graph,
then we have p"~! complete components which contain p vertices (See
[6, Proposition 3.3]). Therefore the assertion follows. O

For a graph I' and a subset S of the vertex set V(I'), denote by Np[S]
the set of vertices in I' which are in S or adjacent to a vertex in S. If
Nr[S] = V(T'), then S is said to be a dominating set of vertices in I.
The domination number of a graph I', denoted by v(I'), is the minimum
size of a dominating set of the vertices in I'.

Proposition 2.6. Consider the composite order Cayley graph of cyclic
group of order t. Then
(i) If t = p®, then v(Cay(Zy, S)) = p.
(i) Ift =TI, p, then v(Cay(Zt, S)) = pi, where p; is the smallest
prime number which divides t.

Proof. (i) In this case the vertices of Cay(Z, S) are identity element
of the group, elements of order of power of p and the elements of
order p. All the elements of composite order join the identity ele-
ment. Moreover, the elements of order p are non-adjacent. Hence
{0,p — 1 elements of order p} is a dominating set.

(ii) The vertices are the identity element, elements of composite order
and elements of order p;, 1 < ¢ < n. Since the elements of order p;
and p; are adjacent, {0, p; — 1 elements of order p;} is a dominating set,
where p; is the smallest prime number which divides t. O

By the above argument we become familiar with the structure of the
composite order Cayley graph of a cyclic group. This knowledge will
be useful to discuss about the composite order Cayley graph of other
groups by their cyclic subgroups.

Example 2.7. Let Dy, = (a,bla™ = b> = 1,a® = a~') be dihedral group
of order 2n and p, p; are prime numbers 1 < i < n. By the presentation
of Da,, and considering the cyclic subgroup (a) we deduce the following
results.

(i) If n = p a prime number, then Cay(Da,, S) is made of 2p isolated
vertices.

(ii) If n = p®, then the powers of a, a’ and a’ are adjacent whenever
j # kp® 1 44,1 <k < p. Moreover, 1 joins to all powers of a
except ak?* ™" and ab’ are isolated vertices, 1 < j < p* — 1.

(iii) If n = [[i.,p{", then o' and o/ are adjacent whenever j #
kptps? - -p?i‘llp?ﬂl oopn’ ' 41, where 1 < k < pj. Moreover,
1 joins to all powers of a of composite order and ab’ are isolated
vertices, 1 < j <[, pi" — 1.
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3. MAIN RESULTS

In this section we discuss about the planarity of the composite or-
der Cayley graph. K. Kuratowski provided a characterization of planar
graphs in terms of forbidden graphs, now known as Kuratowski’s Theo-
rem,

A finite graph is planar if and only if it does not contain a subgraph
that is a subdivision of K5 or K3 3.

In practice, it is difficult to use Kuratowski’s criterion to quickly de-
cide whether a given graph is planar.
If I is a simple, connected, planar graph with v > 3 vertices and e edges,
then e < 3v — 6.

Lemma 3.1. If the connected composite order Cayley graph Cay(G,.S)
is planar, then |S| =0,2 or 4.

Proof. Since Cay(G, S) is planar, |E(Cay(G, S))| < 3|V (Cay(G, S))|—6.
Therefore, |G||S| < 6|G| — 12 which implies |S| < 5. The number of
elements of composite order is clearly even, because each such element
can be paired with its inverse. Hence the assertion follows. O

A finite group having all (non-trivial) elements of prime order if it is
a p-group of exponent p or a non-nilpotent group of order p”q or it is
isomorphic to the simple group As, where n is a non-negative integer
and p,q are prime numbers (see [3]). Therefore the composite order
Cayley graphs of such groups are an empty graph which is planar. In
the following theorem we present all the groups whose composite Cayley
graphs are planar.

Theorem 3.2. The composite order Cayley graph associated to the
group G s planar if and only if G = Z4,Z¢,S3, Dg, Zo x Dg, Day,, Ay,
a group whose cyclic subgroups are of order 4,6 or p and a group of
prime order, where p is a prime number.

Proof. If the order of the group G is a prime number, then Cay(G,S)
is an empty graph and clearly is planar. Assume |G| is a composite
number. If G is a cyclic group, then |[S| > ¢(|G|) by Theorem 2.2. Since
Cay(G, S) is planar the Lemma 3.1 implies 4 > ¢(|G|). Therefore it is
enough to consider cyclic groups of order 1,2,3,4,5,6,8,10,12. In the
sequel, we check the planarity of the composite order Cayley graph of all
the groups of order less than 12. If G & Zs X Zy or S3, then G does not
have any element of composite order and so its Cayley composite graph
is formed by 4 or 6 isolated vertices, respectively. Suppose G = Zg.
Then Cay(Zg, S) is a cycle of length 6. There are 5 groups of order 8.
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The composite order Cayley graph of Dg = (a,bla* = b* = 1,a® = a™1)
is made of a path a ~ 1 ~ a® and five isolated vertices a2, b, ab, a®b, a3b
while Zo X Zg X Zo X Zo is an empty graph. But the composite order
Cayley graph of Qg = {+i,+j, £k, £1}, Zg and Z4 x Zy contain K33
as induced subgraph and are not planar. The composite order Cayley
graph Zig, Z12, %o X Zo x Z3, D12, T = (z,y|z* = y® = 1, yzy = 2) have
the induced subgraph K33 so they are not planar. Since the order of
elements of Ay is 1,2, 3 so its composite order Cayley graph is an empty
graph with 12 isolated vertices. For the groups of greater order, it is
easy to see that if all of their elements are of prime order, then their
composite order Cayley graphs are planar. Thus we consider the groups
which contains an element of composite order. If Do, is a dihedral group
of order 2n, then the composite order Cayley graph of this group is not
planar, where n > 6 and n is not a prime number. Because its cyclic
subgroup of order n has at least 3 generators so there exists K33 as its
induced subgraph.

Let G be a group. Consequently every cyclic subgroup of G has at
most 4 elements of composite order. Consider the cyclic subgroup
(). If |z| = m, then m < 6 because otherwise we have K33 by ver-
tices 1, x, zt, 2%, 2+ 2571 as the induced subgraph of Cay(G, S), where
x,zt, 2% are the generators of (z). This means elements of composite or-
der for this group are of order 4 or 6. This group contains cyclic groups
of order 4,6 or p, where p is a prime number. O
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