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ABSTRACT. In this article we introduce the sequence spaces

[ ) d () - da)l,)

I(F) . .
and [A;‘Zﬁ I(d(z1),d(z2), - ,d ($n71))\|p] , associated with the
differential operator of sequence space defined by Musielak. We
study some basic topological and algebraic properties of these spaces.

We also investigate some inclusion relations related to these spaces.
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46A45; 03ET2.
A triple sequence (real or complex) can be defined as a function z :
NxNxN — R (C), where N, R and C denote the set of natural numbers,
real numbers and complex numbers respectively. The different types of
notions of triple sequence was introduced and investigated at the initial
by ”Duden et al [3], Sahiner et al. [15], Esi et al. [4-7], Datta et al. [1],
Debnath et al. [2]” and many others.
A triple sequence x = (Z;,nk) is said to be triple analytic if

1
SUPm,n,k ’xmnk‘ mtntk < 00.
The space of all triple analytic sequences are usually denoted by A3.
A triple sequence x = (Z,k) is called triple entire sequence if
1
|Trmnk| ™ FF — 0 as m,n, k — 0.
The space of all triple entire sequences are usually denoted by I'3.
A triple sequence x = (X,k) is called triple chi sequence if
1
((m+n+ k) zmnk|) ™ % — 0 as m,n, k — oo.

The space of all triple chi sequences are usually denoted by x3.
The space A® and I'® is a metric space with the metric

1
d(z,y) = Supmnk {]mmnk — Ynk| ™ TF cmyn k1,23, } , (0.1)

for allz = {@ kY and y = {Ymnk } in T3.
The notion of difference sequence spaces (for single sequences) was
introduced by Kizmaz [10] as follows

Z(A)={x=(z) ew: (Axy) € Z}
for Z = ¢, cp and loo, where Axy = xp, — x4 for all k € N.

Let w3, x® (Apnk) , A2 (Ank) be denote the spaces of all, triple gai
difference sequence space and triple analytic difference sequence space
respectively. The difference triple sequence space was introduced by
Debnath et al. (see [2]) and is defined as
Axmnkz = xmnk_xm,n—l—l,k_xm,n,k—i—l+xm,n+1,k+l_xm—‘rl,n,k"’_xm—&-l,n—l—l,k"_
Tm+1n,k+1 — Tm4-1,n+1,k+1 and onmnk = <=Tmnk> .

1. DEFINITIONS AND PRELIMINARIES

Throughout the article w?, x® (A), A% (A) denote the spaces of all,
triple gai difference sequence spaces and triple analytic difference se-
quence spaces respectively.

For a triple sequence z € w?®, Murugesan et al. introduced by ([13]),
the spaces I'* (A), A3 (A) as follows:
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I3 (A) = {:U € w3 1 [ Az | /™ = 0asm,n, k — oo}
A3 (A) = {x € w1 supmnk ]Ammnk|1/m+n+k < oo} .

The spaces I'* (A), A3 (A) are metric spaces with the metric
d (l’, y) = Supm,n,k {‘Axmnk - Aymnk‘l/m+n+k -m,n, k= 17 27 e }
for all # = (Tpni) and y = (Ymne) in T3 (A), A3 (A).

1.1. Definition. An Orlicz function ([see [9]) is a function M : [0, c0) —
[0,00) which is continuous, non-decreasing and convex with M (0) =
0, M (z) > 0, for z > 0 and M (z) — oo as x — oo. If convexity of
Orlicz function M is replaced by M (x +y) < M (z) + M (y) , then this
function is called modulus function.

”Linden-strauss and Tzafriri ([11])” used the idea of Orlicz function
to construct Orlicz sequence space.

A sequence g = (gmnk) defined by

Imnk (’U) = Sup{”l)’ L (fmnk) (u> tu > 0} sm,n,k=1,2,.--
is called the complementary function of a Musielak-Orlicz function f.
For a given Musielak-Orlicz function f, (see [12] ) the Musielak-Orlicz
sequence space ts is defined as follows

)1/m+n+k

tf:{xewgzlfﬂxmnk\ —>0a5m,n,k—>oo},

where Iy is a convex modular defined by

k
If (SL’) = 22:1 Zzozl 220:1 Jmnk (|:‘Cmnk‘)1/m+n+ y L = (xmnk) € tf'
We consider ¢y equipped with the Luxemburg metric
1/m+n+k )

A (@,y) = Yoy Y02y SRy S (el

is an exteneded real number.

1.2. Definition. Let X, Y be a real vector space of dimension m, where

n < m. A real valued function dy,(z1, ..., zy,) = ||(di(21,0), ..., dn(2n,0))|l,

on X satisfying the following four conditions:

(i) I(d1(x1,0),...,dn(zn,0))||, = 0 if and only if di(x1,0),...,dn(zn,0)

are linearly dependent,

(i) [[(d1(z1,0),...,dn(zn,0))|p is invariant under permutation,

}gﬁ) H(adl (1‘1, 0)7 R dn(xm 0))”17 = ‘O‘| ”(d1<x17 0)7 S 7dn($n7 0))”]77 Q€

(iv) dp ((z1,91), (22, 92) - - (T, yn)) = (dx (21, 22, @n)? + dy (Y1, y2, - Yn)?)
forl < p < oo; (or)

(V) d ((1‘1, yl)? (.%'2, y2)7 T (.%'n, yn)) = {dX(xlv L2, ‘rn)v dY(yla Y2, yn)} >

1/p
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for x1,x9, -z, € X, y1,y2, - yn € Y is called the p product metric of
the Cartesian product of n metric spaces (see [13]) .

1.3. Definition. Let X be a linear metric space. A function p: X — R
is called paranorm, if

(1) p(x) >0, for all x € X

(2) p(—z) =p(x), for all z € X

(3) p ($+y)<P( )+ p(y), forall z,y € X;

(4) If (oymnk) is a sequence of scalars with oy, — o as m,n,k — oo and
(Zmnk) is a sequence of vectors with p (e —x) — 0 as m,n — oo,
then p (0pmnkTmnk — ox) — 0 as m,n, k — oo.

A paranorm w for which p(x) = 0 implies x = 0 is called total para-
norm and the pair (X, w) is called a total paranormed space. It is well
known that the metric of any linear metric space is given by some total
paranorm.

The notion of ideal convergence was introduced first by Kostyrko et
al. [14]. as a generalization of statistical convergence which was fur-
ther studied in topological spaces by Gunawan et al. [8] and also more
applications of ideals can be deals with various authors by B.Hazarika.

1.4. Definition. A family I C 2Y*Y*Y of subsets of a non empty set
Y is said to be an ideal in Y if
()pel
(2) A,Beimply AUBel
(3 AeI,BC Aimply B € I.
while an admissible ideal I of Y further satisfies {x} € I for each = €
Y. Given I C 2 be a non trivial ideal in N3. A sequence (xmnk)m,n,keN?’
in X is said to be I— convergent to 0 € X, if for each € > 0 the set
€) = {m,n,k € N*: ||(di(x1),...,dn(zn)) — 0|, > €} belongs to I.

2XXXXX g a filter

1.5. Definition. A non-empty family of sets F' C
on X if and only if

()per

(2) for each A, B € F, we have imply A(\B € F

(3) each A € F and each A C B, we have B € F.

1.6. Definition. An ideal I is called non-trivial ideal if I # ¢ and
X ¢ I. Clearly I C 2X*X*X is a non-trivial ideal if and only if F' =
F(I)={X —-A:Aec}is afilter on X.

1.7. Definition. A non-trivial ideal I C 2¥*X*X i called (i) admissi-
ble if and only if {{z}: 2 € X} C I. (ii) maximal if there cannot exists
any non-trivial ideal J # I containing I as a subset.

If we take I = Iy = {A C N3 : Aisa finite subset } Then Iy is a
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non-trivial admissible ideal of N and the corresponding convergence coin-

cides with the usual convergence. If we take I = Is = {A C N x N® : §(A) = 0}
where § (A) denote the asyptotic density of the set A. Then Is is a non-
trivial admissible ideal of N3 and the corresponding convergence coin-

cides with the statistical convergence.

Let D denote the set of all closed and bounded intervals X = [z1, 23]
on the real line R x N. For X,Y € D, we define X <Y if and only
if 1 < y1 and x2 < yo, d(X,Y) = max {|z1 — y1|, |xr2 — y2|}, where
X = [z1,22] and Y = [y1, y2].

Then it can be easily seen that d defines a metric on D and (D, d) is
a complete metric space. Also the relation < is a partial order on D. A
fuzzy number X is a fuzzy subset of the real line R x R i.e. a mapping
X : R — J(=[0,1]) associating each real number ¢ with its grade of
membership X ().

1.8. Definition. A fuzzy number X is said to be (i) convex if X (¢) >
X (s)AX (r) =min{X (s),X (r)}, where s < t < r. (ii) normal if there
exists tg € R x R such that X (tp) = 1. (iii) upper semi-continuous if for
each € > 0, X1 ([0,a + ¢]) for all @ € [0,1] is open in the usual topology
of R3.

Let R (J) denote the set of all fuzzy numbers which are upper semi-
continuous and have compact support, i.e. if X € R(J )3 the for any o €
[0,1], [X]® is compact, where [X]* = {t e R3: X (¢) > «, if a € [0,1]},
(X1 =closure of ({teR®: X (t) > a,ifa=0}).

The set R of real numbers can be embedded R(J)3 if we define

€ R3(J) by
1, ift=r:
r =4 o
0, ift#r
The absolute value, | X| of X € R(J) is defined by
maz{X (t),X (-t)}, ift>0;
[ X1 (8) = .
0, ift<0
Define a mapping d : R? (J) — RT U {0}by
d(X,Y) = supo<a<1d ([X]*, [Y]").
It is known that (R (J) ,d) is a complete metric space.

1.9. Definition. A metric on R3 (J) is said to be translation invariant
ifd(X+2,Y+2)=d(X,Y), for X,Y,Z e R3(J).

1.10. Definition. A sequence X = (X,,,x) of fuzzy numbers is said to
be convergent to a fuzzy number Xj if for every € > 0, there exists a
positive integer ng such that d (X,nk, Xo) < € for all m,n, k > ny.
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1.11. Definition. A sequence X = (X,,,,,x) of fuzzy numbers is said to
be (i) I-convergent to a fuzzy number Xj if for each € > 0 such that

A={m,n k€N d(Xpnk, Xo) > €} €1.
The fuzzy number X is called I-limit of the sequence (X,,x) of fuzzy
numbers and we write I — lim X, = Xo. (ii) I-bounded if there exists
M > 0 such that
{m,n,k‘ € N3 : d(Xmn,0) > M} el

1.12. Definition. A sequence space Er of fuzzy numbers is said to
be (i) solid ( or normal) if (Y,,nkx) € Ep whenever (X,,.x) € Er and
d (Yonk, 0) < d (Xpnk,0) for all m,n, k € N3. (i) symmetric if (X,nx) €
Er implies (Xﬁ(mnk)) € Er where 7 is a permutation of N3,

Let K = {k1 < ko < ...} C N and E be a sequence space. A K-step
space of E is a sequence space

/\Elnk = {(menpkp) €wd: (mpnpk?p) € E} .
A canonical preimage of a sequence {(Zm,n,k,)} € AE is a sequence

{Ymnk} € w3 defined as

Tk, fmonkeE
Ymnk 0, otherwise.

A canonical preimage of a step space )\ﬁ is a set of canonical preimages
of all elements in AZ, i.e. y is in canonical preimage of /\f( if and only if
y is canonical preimage of some x € )\f(.

1.13. Definition. A sequence space Er is said to be monotone if Fp
contains the canonical pre-images of all its step spaces.

1.14. Lemma. A sequence space Er is normal implies Er is monotone.
(For the crisp set case, one may refer to Kamthan and Gupta [9], page
53).

1.15. Lemma. If I ¢ 2% is a maximal ideal, then for each A C N3 we
have either A € I or N> — A € I.

2. SOME NEW INTEGRATED SEQUENCE SPACES OF FUZZY NUMBERS

The main aim of this article to introduce the following sequence spaces
and examine topological and algebraic properties of the resulting se-
quence spaces. Let p = (pmnk) be a sequence of positive real num-
bers for all m,n,k € N3. f = (funr) be a Musielak-Orlicz function,
(X, 1d (@1) d(w2)+-+ d(@n-1))],) be a p-metric space, and (M)
be a sequence of non-zero scalars,

e (X) = d (At (14 7+ B)IA™ X074 0) and
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Nonk (X) = d ()\mnk (Amenk)l/ mtntk ,0) are sequence spaces of fuzzy

numbers, we define the following sequence spaces as follows:

[l @) d @), da)l]

{(r,s,t) S [fmnk (||Nmnk (x),(d(x1),d(x2), - ,d(xn_1))| )}qm"’“ e} c
L

A% @) d (@) daD)l,]

{(T’S’t) S [fmnk: <||77mnk: (z),(d(z1),d(x2), - ,d(zn_1))| )}qm"’“ K} c
L

2.1. Theorem. Let f = (fink) be a Musielak-Orlicz function, ¢ =
(¢mnk) be a triple analytic sequence of strictly positive real numbers,
the sequence spaces

[l @) d @), d )] and A2 @) d(2a) o d (),

are linear spaces.

I(F)
Proof: We prove the result only for the space {X?CZ, |(d(z1),d(z2), - ,d(zn-1)) Hp} )
The other spaces can be treated, similarly. Let X = (X,nk) and Y =
(Yymnt) be three elements [X;’zz, 1(d (21) ,d (z2) - d (zn_1)]| }
have
Ae =
2

(r5,8) € N | ot ([t () (4 @1) d(z2) -+ d ), | 2 5 €

N

and
B; =
{50 €N [Fona (et @), (@(@1) A (a2) - d (@a-a)l,) | 2 5 €
L
Let a and 8 be two scalars. By the Musielak continuity of the function
f = (fimnk) the following inequality holds:
dmnk

e (o2, ) ) ,dm_l))H I <
D _|a||i“5|fmnk (H:umnk ($) 3 (d ($1) 7d (:‘U2) s (xn 1))” ):| qm"k

L o
D :|a|‘f_|‘5|fmnk (H,umnk (y),(d ($1),d(-1‘2),"' (l’n 1)q)|| >:| S
D _fmnk (Hﬂmnk (.’E),(d(.%’l),d(l'g)," ( ))H )] o
D _fmnk (Hank (y), (d(z1),d(z2), -, (:cn_l))Hpﬂ . From the above
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relation we obtain the following:

{0 €m0 [ ([ Etien® @) den) o aen)]))] 7 2 e} e

(r,5,6) € N* s DK [ fru, (It (&), (d (1) () , - ,d(xn_mup)}q’””’“ >

|
N

{(:5.6) €N DK | fonnt (It (9) (@ (21) 1 d (w2) .-+ d (@a-1)],)|
1. This completes the proof.

2.2. Remark. It is easy to verify {Ai’c‘f‘, [(d(z1),d(x2), - ,d(zn-1))l,

is a linear space

2.3. Theorem. The classes of sequences [X?i, (d(x1),d(x2), - ,d(zp—1))|l ]

F
and {A?fi, I(d(z1),d(x2),---,d (xn_l))Hp} are paranormed spaces para-
normed by g, defined by
9(X) =
an{qmnk SUPmnk frank (H:UJmnk (l‘),(d(ﬂj‘l),d(l‘Q), (wn 1))” ) }
where H = max {1, SupmnkGmnk } -
Proof: Clearly g(X) > 0,9(—X) = g(X) and g(X+Y) < g(X) +

g (Y). Next we show the continuity of the product. Let « be fixed and
g (X) — 0. Then it is obvious that g («X) — 0. Next let & — 0 and X be

fixed. Since fy,ni are continuous, we have fink (a |tk (z), (d (z1) ,d(x2),- - ,d(Xn-1)) Hp) —
0, as a — 0. Thus we have

inf {25+ supmuk front ([l1mnn (@), (@ (1) d (22) -+ d (@ao))l,) <1} =

0, as a — 0.

Hence g (aX) — 0 as a — 0. Therefore g is a paranorm.

2.4. Proposition. |x{, [(d (1), d(acg) o d (@ 1))”}

[fu,n( (z1),d (22) - d (0 1))||] and the inclusion is proper

Proof: Let 1(F) = 1, fyu o (2), (d(21) d (22) -+ d (2 )], ) =

(=)™ Nk = o = .7,k = 1 then s () = [, (d (1) d (22) -+ d (2 0)]],

bt (i) ¢ [0 (1), (22 d G|
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2.5. Theorem. The spaces [Xiz,]](d(xl),d(xg),--- d(za-1)),
and
[ % ||(d (1) d(22),- - d (@ae 1))|y] are neither solid nor mono-

tone in general
Proof: Let (z,,k) be a given sequence and (au,,k) be a sequence of
scalars such that |a,,| < 1, for all m,n, k € N3, Then we have

[t (s (o) (@ (1) d (2) -+ d (@) ﬂqm

[t (Wi (2), (@ (21) A 2) -+ d w1, )| for allm,m, ks €
N3,

If A, = 1 then solidness follows above inequality. The monotonicity
follows by lemma 2.12.

The first part of the proof follows from the following example:

Example: Let I (F) = I, [fmnk (”Nmnk: (2),(d(z1),d (x2) -, d(zn1))| )}qmnk

[ (It (@) . (d ) ) )] ) | =

[ (e (2) (@ @1) 1 (22) -+ d ), )] sk =1, A =

1 for all m,n,k € N, gynr. = 1 for m,n, k odd, gnr = 3 for m, n, k even,

(Zomk) = (mnk)™ " for all m, n, k € N3 belongs to [Af’ﬁ, I(d(z1),d(x2), - ,d(xn-1))] }
For E, a sequence space, consider its step space E; defined by (ymnk) €

E; implies ymne = 0 for all m,n,k odd and ympk = Tymnk for m,n, k

even. Then ,

(Ymnk) € [Aiq, I(d(z1),d(xz2),--,d (:):n_l))Hp]J . Hence the spaces are

not monotone. Hence are not solid.

2.6. Theroem. The spaces [X/Sian( (x1),d(x2), - ,d(xn_1))| ] and

[Aiq, I(d(z1),d(xz2), - ,d(zp—1))]l } are not convergence free

Example: Let I (F) =1, [fmnk (Mt (@), (@ 1) s (2) - d )], )| =
[ (Wt () @ (22) () C))],) ] =

dmnk

(e (2) (@ @1) 1 (2) -+ d )l )] sk =1, A =
1 for all m,n, k € N, gyunr. = 1 for m,n, k odd, gumnr = 2 for m,n, k even,
consider the sequence (Zyni) = (mnk)~ ™) for all m,n, k € N? be-

longs to each of [Xiq,u(d(xl),d(@),--- d(zn_1))]| } .and [Af’ﬁ,”(d(x ),d(x2),- - d(za1))l,

Consider the sequence (ymnk) defined by (ymnk)l/ mAntk — 3p3E3, for

all m,n, k € N3. Then (y,nx) neither belongs to
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[, 1) d (@), d )] mor [A0, (1) d (@) d )]

Hence the spaces are not convergenceffee.
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