Caspian Journal of Mathematical Sciences (CJMS)
University of Mazandaran, Iran
http://cjms.journals.umz.ac.ir

ISSN: 1735-0611

CJIMS. 8(2)(2019), 103-119

Adomian Polynomial and Elzaki Transform Method of
Solving Fifth Order Korteweg-De Vries Equations

Olufemi Elijah Ige !, Razaq Adekola Oderinu ? and Tarig M. Elzaki 3
! Department of Mathematics and Physics, Lappeenranta University
of Technology, P.O. Box 20, 53851 Lappeenranta, Finland.

2 Department of Pure and Applied Mathematics, Ladoke Akintola
University of Technology, P.M.B 4000, Oyo state, Nigeria.

3 Mathematics Department, Faculty of Science and Arts -Alkamil,
University of Jeddah, Jeddah, Saudi Arabia.

ABSTRACT. Elzaki transform and Adomian polynomial is used to
obtain the exact solutions of nonlinear fifth order Korteweg-de Vries
(KdV) equations. In order to investigate the effectiveness of the
method, three fifth order KdV equations were considered. Ado-
mian polynomial is introduced as an essential tool to linearize all
the nonlinear terms in any given equation because Elzaki transform
cannot handle nonlinear functions on its own. In all the three prob-
lems considered, the series solutions obtained converges to the exact
solutions. Three dimensional graphs were also plotted to give the
shape of the solutions of some KdV equations considered. Hence,
Elzaki transform and Adomian polynomial together gives a very
powerful and effective method for solving nonlinear partial differ-
ential equations.
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1. INTRODUCTION

In 1895, D.J. Korteweg and G. de Vries derived Korteweg-de Vries
(KdV) equation, they proposed that KdV equation describes the prop-
agation of shallow water wave. Several attempts have been made by
scientists to obtain the solution of KdV equation which is called soliton
after its discovery. The word soliton which is a solution to a nonlinear
partial differential equation was used for the first time by Zabusky and
Kruskal [30]. The KdV equation was categorized as a typical nonlinear
partial differential equation that results to soliton solution.

The Fifth order Korteweg-de Vries (KdV) equation is of the form
[5, 26]:

Ot — APrrazs = F(l‘,t, o, ¢2a Gy Gz, d):r:p:v)a (1'1)

with the initial conditions

¢(x,0) = f(x). (1.2)

where a is a constant, this equation occur in the theory of magnetoa-
coustic waves in plasmas [1] as well as shallow water waves with surface
tension [18]. Over the years, the fifth order KdV equation has been
studied extensively. Previous studies showed that the travelling-wave
solutions of this equation do not vanish at infinity [3, 4].

So many methods have been applied to find the approximate analyti-
cal solutions and numerical solutions of KdV equations and some nonlin-
ear differential equations. These methods are Homotopy Perturbation
method using Elzaki Transform [6], Homotopy Perturbation method [9],
Numerical solutions to a linearized KdV equation on unbounded do-
main [31], the numerical solutions of KdV equation using radial basis
functions [7], numerical solution of separated solitary waves for KdV
equation through finite element technique [23]. Moreover, several other
methods have also been used to solve KdV equations, which are given
in [2, 19, 22, 24, 25, 27, 28, 29].

The solutions of nonlinear KdV equations by Elzaki transform method
(ETM) and Adomian Polynomial is obtained in this paper. This method
gives the solutions as an approximate analytical solutions in series form,
most of the time the series solutions converge to the exact solutions.

This article is structured as follows. Section 2 contain the basic def-
initions and the properties of the proposed method. Section 3 shows
the theoretical approach of the proposed method on KdV equation. In
section 4, we applied the Elzaki transform method and Adomian poly-
nomial to solve three problems in order to show its efficiency.
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2. PROPERTIES OF ELZAKI TRANSFORM

Elzaki transform [8, 10, 11, 12, 13, 14, 15] is defined for function of
exponential order as

A= {f(t) :3M,ci,e0 > 0,[f(2)] < Melcij‘, if t € (—1)7 x [O,oo)},

for any given function in the set A defined above, the constant ¢y, cy
may either be finite or infinite, but M must definitely be infinite.
According to Tarig Elzaki [11], Elzaki transform is defined as:

ft)] =u? /OOO flut)e™tdt = T(u), t >0, u € (cy,ca),

t)] = u/ooo f(t)efidt =T(u), t >0, u € (c1,c2). (2.1)

where » in the above definition is used to factor ¢t in the analysis of
function f.
Let T'(u) be the Elzaki transform of f(t) that is, E[f(t)] = T'(u), then:

@) E[f(t)] =T —uf(0).
(i) B[f"(t)] = T<“ f<> uf'(0).
(iil) BLf0(t)] = T — Spd a2tk £ ().

E[f(t)] = T(u) means that T'(u) is the Elzaki transform of f(t), and
f(t) is the inverse Elzaki transform of T'(u). that is,

f(t) = B~ T (u)).

In order to obtain the Elzaki transform of partial derivative, we used
the integration by part on the definition of Elzaki transform and the
resulting expressions is given by [16]

o[ - e,

B[ M5 0] = T2 - a0y - o250,
. :6féf;, tq _ %[T(x,v)],

. 8225;775)_ _ jZ[T(m,'l})],

. a%(;:;t) _dd;[T(x,v)]
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3. THEORETICAL APPROACH: ELZAKI TRANSFORM ON FIFTH ORDER
KDV EQUATION

The main focus is to solve the fifth order nonlinear KdV equations
considered in this article. According to [20, 21, 33], let us consider;

0"¢(, t)
atw
where w = 1,2, 3, and the initial conditions is given as

0 t(x,t)
otv—1 =0

+ Ro(x,t) + No(z,t) = f(z,1), (3.1)

= gw—l(x>v

The partial derivative of the function ¢(z,t) of w*" order is the one given
as awg;%’t), R represents the linear differential operator, N indicates
the nonlinear term of the differential equation, and f(x,t) is the non-
homogeneous/source term.

By applying the Elzaki transform on equation (3.1) we have;

E [awgii’tq + E[R¢(x,t)] + E[N¢(z,t)] = E[f(x,1)]. (3.2)
where
ov .iL',t w—1 w (9 x, 0
t [ giw )] Z CA (Z;tk ), (33)

Substituting equation (3.3) into equation (3.2) gives;

w—1
Z 2— w+k3 ¢(z,0) + E[Ro(z,t)] + E [Ng(z,t)]

otk
—E[f( z,1)].
This is the same as
Elp(x,t w oF o(x,0
[qfi )] ) +Z’U2 +k ati )
—{E[Ro(z,1)] + E [No(z, )]} (3.4)
Simplifying equation (3.4) yields;
y w—1 a (25 0
Bt 0] = v E (a0 + 3 oSG0

o (B [Ré(a,t)] + F [No(a. 1)} (3.5)
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Applying the inverse Elzaki transform to equation (3.5), we have

w—1
o(z,t) =g ! f(z,t)] + Zv2+ka %;: ,0)

— B~ v {E[Ro(z, t)] + E[N¢(z,t)]}],
this is rewrite as;
¢(x,t) = F(z,t) — E-' v {E[R(z, )] + E[No(z,1)]}],  (3.6)

where F'(z,t) denotes the expression that arises from the given initial
conditions and the source terms after simplification.
The solution is given in the form of infinite series as

)= ¢nla,t). (3.7)
n=0

The nonlinear terms can be decompose as

= i Ay, (3.8)
n=0

where A,, is defined as the Adomian polynomials which can be computed

by using the formula [32]
N(ZX’@)] S n=0,1,---
1=0 A=0

Substituting equations (3.7) and (3.8) into equation (3.6), this gives

_190
T ploan

igﬁn(x,t):F(a:,t)— w{E Rid)n(a:,t) +FE io:An }
n=0 n=0 n=0 39)
Then from equation (3.9), we have

¢o(x,t) = F(x,t), (3.10)

and the recursive relation is given by
Sni1 = —E"! [v {E [Ron(z,1)] + E [A4]}]

here w = 1,2,3 and n > 0. The analytical solution ¢(x,t) can be
approximated by a truncated series:
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4. APPLICATIONS

The effectiveness of the Elzaki transform and Adomian polynomial
are demonstrated by solving the following fifth order Korteweg-De Vries
(KdV) equations.

Example 4.1: Consider the homogeneous KdV equation [17]

¢t + ¢ — Sbraw + avras = 0, (4.1)
with the initial condition
o(x,0) = e".
Equation (4.1) can be written as
$r = — (0P — Pbroz + Prazaa) - (4.2)
Applying the Elzaki transform to both sides of equation (4.2) gives
El¢r] = —E [pdz — dPuze + bazaaa] - (4.3)

Since

£ = 22 _(2,0),

So equation (4.3) becomes;

Applying the given initial condition on equation (4.4) and simplifying,
we obtain;

O(z,0) = v*e” —VE [¢p¢r — Gbrar + Prrana) - (4.5)
Applying the inverse Elzaki transform to equation (4.5), we have;
o(z,t) = B {v?e"} — BT {vE [0¢r — Gbaor + Pranaal} -
The resulting expression is
¢(z,t) = €* — B~ {0E (s — ¢Puza + Prawaal} - (4.6)
From equation (4.6), let
¢p = €”.

The recursive relation is given as:

5
b = B {vE [An T aaf;} } , (4.7)
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where A, is the Adomian polynomial to decompose the nonlinear terms
using the relation:

1d" |~
Ay =—— ‘i : -
nl dA" [ZA¢] (4.8)
i=0 A=0
The nonlinear term is represented by
Lo ¢
=20 2% 4.9
F6) =652~ 02 (49)
By using equation (4.9) in equation (4.8), we obtain;
[0 0%¢0]
Ao = ¢o o 0ad |
_ o, [9%0 _ 0Pe0] 991 P
M=o g G | T T s |
_ [0g0 30 Op1 03¢y Opy 03¢
A=t~ | T e e | TP ar )

From Equation (4.7), when n=0, we have

e forfur 53]}

oxd
el i 22]22)
Since ¢g = €, then
¢1 = —EH{vE[e"]}. (4.10)
By simplifying equation (4.10) we have;
by = —te”. (4.11)

When n = 1, we have;

P2 = . {UE [Al + 85¢1:| } .

Oxd
Since ¢1 = —te®, then

. g0 oo Ip1 P 0°(—te”)
02=—E {UE [¢1 [(‘9:3 B 8333} + o [&L‘  Oa3 ” + o

(4.12)

Simplifying equation (4.12) we obtain;
= ﬁel‘
20

b2
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When n = 2:
85
¢3=—E"" {UE [Ag + ajﬁ] } :

2
Since ¢g = g@x , we have
¢3 =

—1 Oy gy op1 ¢ Oy D¢

e ol |50 -G v |5 -G e |5 - )

—E! {65%:96)}. (4.13)

Simplifying equation (4.13) we obtain;
43

_ v =
¢3 = TR

The approximate series solution is given as

d(x,t) =do+ 1+ 2+ P33+ s+ -+,

substituting all the values computed above

12 t3
o(x,t) zez—tew+iex—§eaj+-~ ,
we can rewrite this as;
2 3
gb(l},t):ex 1_t+§—§+"'

Note that from the Taylor’s series expansion of exponential function we
have:

i t2 t3
e :1—t+§_§+"" (414)
Therefore;
p(z,t) = et =", (4.15)

The closed form solution of the equation (4.1) is in agreement with the
one obtained by the Laplace decomposition method [17]

Figure 1 below shows the 3D graph of the solution of equation (4.1).

Example 4.2: Consider the homogeneous KdV equation [17]
d)t + ¢x + ¢2¢:m: + ¢z¢zm - 20¢2¢x:px + ¢zmx:px = 07 (416)
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phi

F1GURE 1. The solution of the first fifth order KAV equa-
tion in (4.1) by ETM.

with the initial condition

b, 0) = .

x
Equation (4.16) could be written as:

Applying the Elzaki transform to both sides of equation (4.17), this gives

E[¢i] + E¢2] = —E [$*bza + 2020 — 200 Graz + Guzzan) ,  (4.18)

where

Bl = 22 h(z,0),
B 6] = - El6).

So equation (4.18) becomes;

O(x,v d

(4.19)
Applying the given initial condition to equation (4.19) and simplifying,
we obtain;

B(2,0) =07 — 00 B[6] — 0B [6bus + Gubr — 2067 b+ Drares]

! (4.20)
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Applying the inverse Elzaki transform to equation (4.20), we have;

p(x,t) = B~ {v21}

x
d
— E‘_1 {’deE[Cb] +vE [¢2¢:m3 + ¢x¢zz - 20¢2¢xw:v + ¢zzxw:p] } .

The resulting expression is

1
t) ==
oo t) = =
d
— E_l {Ude[d)] +oFE [¢2¢zm + ¢:p¢:px - 20¢2¢x11 + gb:p:mcacz] }
(4.21)
From equation (4.21), let
1
¢0 =
z
and the recursive relation is given as:
d D¢
i1 = —E1{v—E[¢,] + vE | A, Ly 4.22
oo =7 {0 Elonl 408 |4, + 5%} (4.22)

A, is the Adomian polynomial to decompose the nonlinear terms by
using the relation:

Ld" =
_ iy
Ap =~ Z)\ b . (4.23)
=0 A=0
The nonlinear term is represented by
o 09 o
2 2
=" —5 + — =5 — 200" —. 4.24
By using equation (4.24) in equation (4.23), we obtain;
o | Dby 8o o
42 s _ 27 7
Ao = o9 Ox2 + Or Oz 2060 ox3’
B %o 20?1 Op1 0%¢g Do 0291 Do 2 0%y
A1 = 20001 Ox? o0 Ox? + Oz Oa2 + Ox 012 409061 ox3 2099 O3’
8o 9P DPpa | 0 ¢ | 01 9*¢n
— (2 2 ] 7L
Az = (914 20002) 0x? 2001 Ox? 0 0x? + Ox 0Ox? + Ox 0x?
Do 8o & ¢o P ¢
t o 9 20(¢7 + 2¢0¢2)W — 40001 9 209 950

From equation (4.22), when n=0, we have

5
¢ = —FE~1 {UCZCE[QSO] +vE [Ao + 6(150] } .

ozd
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1
Since ¢g = —, then
x

_ d 1 o’ I1
o= {uge ] vee s 5[]

And Ag is computed as

120
Ag = —
0 $6 y
so that
3 120 9° [1
__p1)_v b _ 4.2
R e e 15
By simplifying equation (4.25), we have;
t
1= (4.26)
When n=1,
d ¢
=_—E{v—E E|A+—|¢.
®2 {de [P1] + v [ 1+8x5]}
t
Since ¢1 = —, then
T
d t o [t
=-—FE Y v—F|— ElA+— =]
o= {og ] o [ [}
Aq is computed as:
720t
A= —
1 LE‘? )
so that
20 20t O [t
_ -1
Simplifying equation (4.27) yields;
2
P2 = 3 (4.28)
When n = 2,
d 0° ¢
=-Ev—F E A .
s {ogmtod + o5 |42+ 522 |1
2
Since ¢ = —, we have
x

d 12 9° |2
_ -1 il v I
o= o g v o [ g [ ]
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And A, is computed as

2520t2
A2 = ]
T
so that,
60° 2520t 05 [t2
_ —1
Simplifying equation (4.29), we get;
t3
= —. 4.30
¢3 a (4.30)

The approximate series solution is given by
p(x,t) =0+ P1+ P2+ Ps+Pat+ -,
substituting the values of ¢g, @1, ¢2, b3, @4

1ttt
t) = — _ — i
¢(z,1) Sttt gt gt

()0

Therefore, the closed form solution is

and can be written as;

qb(x’ t) = l

X

1

o(z,t) = 3 (4.31)

The closed form solution of the equation (4.16) is in agreement with the
one obtained by the Laplace decomposition method [17]

Figure 2 below shows the 3D graph of the solution of equation (4.16).

Example 4.3: Consider the homogeneous KdV equation [17]
(z)t + ¢¢x - d’xacx + ¢xmmxw = 07 (4-32)

with the initial condition

105 1
““sech? N )
$(z,0) = Jggsec [2 B 960)}
Equation (4.32) could be written as:

Applying Elzaki transform to both sides of equation (4.33), this gives
E[¢t] =—F [¢¢I — Quaz + be:r:p:m] ) (4.34)
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13
= 0.2
E-

FIGURE 2. The solution of the second fifth order KdV
equation in (4.16) by ETM

where

2o = 20 _vg(a,0),

so equation (4.34) becomes;

O(x,v)

- vqb(x, O) =-FK [¢¢x - (;Smx:z: + ¢mcmx:c]

(4.35)
Applying the given initial condition to equation (4.35) and simplifying,
to obtain;

Do) = Vool | o= )| = 0B [0~ G+ by

(4.36)
Applying the inverse Elzaki transform to equation (4.36), we have;

(1) —E~! {v2£gsech4[ L (x—xo)}}

2v/13
— Ei1 {UE [¢¢x - (Z)xz’x + ¢xmxzx]} :

The resulting expression is

105 1
,t) = ——sech?
@1 = 155 [2\/13

(.CU - 350):| - Eil {UE [¢¢x - ¢xa}x + ¢xa::ca:x]} .

(4.37)
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From equation (4.37), let

1 1
b 05(:4[

= ——sech
169 2¢/13

The recursive relation is given by

(z — xo)] .

oz3 ozd

A, is the Adomian polynomial to decompose the nonlinear terms by
using the relation:

3
9 n (95%} } (4.38)

¢n+1 = _E_l {UE |:An +

— (P
A, = A E Ao . (4.39)
1=0 A=0
The nonlinear term is represented by

£(6) = 652 (4.40)

By substituting equation (4.40) into equation (4.39), we obtain;

_, 9%
AO - ¢0 o ’

09 Op1
A = ¢1% + ¢ogv

. Odo 0y O
Ay = ¢2% +¢1g + ¢0%»

From equation (4.38), when n=0, we have

N Boy ¢
¢ =—E 1{UE|:A0+8w30—8$50:|}.

105 1
Since ¢g = @sech4 [Qm(x - xo)], we obtain

_ 7560 4[ 1
285611/13 213

When n = 1, we have;

$1

(z — :z:o)} tanh? [ (z — ;1:0)] . (4.41)

1
2v/13

oz3 0z®

¢2:E_1{UE |:A1+83¢1 85¢1:|},

which gives,

4
" 68040 6[

1
6274851713 24/13

[—3 + 2cosh [2\%@ - xg)” .

(o= )|
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When n = 2

oz3 0z®

¢3=—E~ {vE [Az + ik N 8%2} } .

Therefore,
gy SIGB0 g o [ 1
7 10604499373v/13 2v13

2;ﬁ(33 - xo)] :

The approximate series solution is given by

p(x,t) =0+ P1+ P2+ P3+Pat+ -,
substituting ¢g, ¢1, @2, and ¢3 into ¢(x,t) gives the solution in a series
form. However, the closed form solution is
105 4 [ 1 36t

£ = 2 (g
1) = Tggsech” | o= (T = 159

The closed form solution of the equation (4.32) is in agreement with the
one obtained by the Laplace decomposition method [17]

(@ — xo)] [—13sinh [2\}@@ - xO)H

+ 2sinh [

o) - (4.42)

5. CONCLUSION

In this paper, Elzaki transform and Adomian polynomial have been
effectively used to solve nonlinear fifth order Korteweg-de Vries (KdV)
equations. The solutions obtained were presented in series form and
converges to the exact solutions in all the three problems considered.
These solutions also agree with the solutions obtained when Laplace
decomposition method is used as provided in the reference. Three di-
mensional graphs were also plotted to give the shape of the solutions to
KdV equations considered. Furthermore, the combination of the Elzaki
transform and Adomian polynomial has overcome the hurdle of nonlin-
earity which Elzaki transform cannot handle independently as well as
other linear transforms like Sumudu transforms and Laplace transforms.
However, it is not in all cases the series solutions converges directly to
the exact solution and so the solution obtained in this scenario would
be approximate analytical solution.
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