
Caspian Journal of Mathematical Sciences (CJMS)

University of Mazandaran, Iran

http://cjms.journals.umz.ac.ir

ISSN: 1735-0611

CJMS. 8(2)(2019), 120-136

Controlled ∗-G-Frames and their ∗-G-Multipliers in
Hilbert C∗-Modules

Zahra Ahmadi Moosavi 1 and Akbar Nazari 2

1 Department of Pure Mathematics, Faculty of Mathematics and
Computer Shahid Bahonar University of Kerman, 76169-14111,

Kerman, Iran.
2 Department of Pure Mathematics, Faculty of Mathematics and
Computer Shahid Bahonar University of Kerman, 76169-14111,

Kerman, Iran.

Abstract. In this paper we introduce controlled ∗-g-frame and ∗-
g-multipliers in Hilbert C∗-modules and investigate their properties
. We demonstrate that any controlled ∗-g-frame is equivalent to a
∗-g-frame and define multipliers for (C,C′)-controlled ∗-g-frames.

Keywords: ∗-g-frame, ∗-g-multiplier, controlled ∗-g-frame, con-
trolled ∗-g-Bessel sequence, (C,C′)-controlled ∗-g-frame, (C,C′)-
controlled ∗-g-multiplier operator.

2000 Mathematics subject classification: 42C15; Secondary 46L08

1. Introduction

Frank and Larson [14] generalized the definition of frames in Hilbert
spaces to Hilbert C∗-modules and then Khosravi and Khosravi [17] pro-
posed a definition of g-frames in Hilbert C∗-modules. We note that due
to the complexity of the C∗-algebras involved in the Hilbert C∗-modules
and fact that some useful techniques available in Hilbert spaces are ei-
ther absent or unknown in Hilbert C∗-modules, the generalizations of
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frame theory from Hilbert spaces to Hilbert C∗-modules are not triv-
ial. The properties of frames and g-frames in Hilbert C∗-modules were
further studied in [2, 16].

Controlled frames improve the numerical efficiency of iterative algo-
rithms for inverting the frame operator on abstract Hilbert spaces [4];
they have been also used earlier as a tool for spherical wavelets [5]. Gabor
multipliers [10, 13], Gabor filters [19] and other applications of frames
led Peter Balazs to introduce Bessel and frame multipliers for abstract
Hilbert spaces H1 and H2. A. Rahimi and A. Freydooni [21] defined
the concept of controlled g-frames and showed that any controlled g-
frame is equivalent to a g-frame. In this paper we generalize the concept
of controlled frames and Bessel sequences defined [3, 4, 21, 22, 23], to
∗-g-frames and ∗-g-Bessel sequences in Hilbert C∗-modules and extend
the concepts of multipliers from g-frames to ∗-g-Bessel sequences and
∗-g-frames. Moreover we show that a C2-controlled ∗-g-frame is equiv-
alent to a ∗-g-frame. Finally, we define the multiplier for C2-controlled
∗-g-frames in Hilbert C∗-modules.

2. Preliminaries

In the following we briefly recall some definitions and basic properties
of Hilbert C∗-modules.

Throughout this paper J is a finite or countably index set and A is a
unital C∗-algebra with identity 1A, and |a|2 = a∗a for any a ∈ A. The
spectrum sp(a) of a ∈ A is the set {λ ∈ C : λ1A − a is not invertible}.
An element a of A is positive if a is Hermitian and σ(a) ⊆ R+. We write
a ≥ 0 to mean that a is positive, and denote by A+ the set of positive
elements of A.

Definition 2.1. [18] Let H be a left A-module such that the linear
structures of A and H are compatible, H is called a pre-Hilbert A-
module if H is equipped with an A-valued inner product,
⟨·, ·⟩ : H ×H −→ A such that:

(1) ⟨f, f⟩ ≥ 0 for all f ∈ H and ⟨f, f⟩ = 0 if and only if f = 0;
(2) ⟨f, g⟩ = ⟨g, f⟩∗ for all f, g ∈ H;
(3) ⟨af + g, h⟩ = a⟨f, h⟩+ ⟨g, h⟩ for all a ∈ A and f, g, h ∈ H.

For every f ∈ H, we define ∥f∥2 = ∥⟨f, f⟩∥ and |f |2 = ⟨f, f⟩. If H is
complete with respect to the norm, it is called a Hilbert A-module or a
Hilbert C∗-module over A.

From now on, we assume that H and K are finitely or countably
generated HilbertA-modules and {Hj}j∈J is a sequence of closed Hilbert
submodules of H, For each j ∈ J , End∗A(H,Hj) is the collection of all
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adjointable A-linear maps from H to Hj . Let gl(H) be the set of all
bounded operators with a bounded inverse and gl+(H) be the set of
positive operators in gl(H).

We also write⊕
j∈J

Hj = {g = {gj}j∈J : gj ∈ Hj and
∑
j∈J

⟨gj , gj⟩ is norm convegent inA}.

For any f = {fj}j∈J and g = {gj}j∈J , if the A-valued inner product is
defined by ⟨f, g⟩ =

∑
j∈J⟨fj , gj⟩ and the norm is defined by

∥f∥2 =∥⟨f, f⟩∥, then
⊕

j∈J Hj is a Hilbert A-module (see [18]).

A bounded operator T : H −→ H is called positive, if ⟨Tf, f⟩ ≥ 0 for
all f ∈ H. The nonzero element a is called strictly nonzero if zero does
not belong to σ(a), and a is said to be strictly positive if it is strictly
nonzero and positive. The relation “ ≤ ” given by:

a ≤ b if and only if b− a is positive;

define a partial ordering on A. Some elementary facts about “ ≤ ” are
given in the following statements for a, b, c ∈ A;

(1) a ≤ ∥a∥;
(2) 0 ≤ a ≤ b implies ∥a∥ ≤ ∥b∥, ab ≥ 0, a+ b ≥ 0, and at ≤ bt for

t ∈ (0, 1);
(3) if a ≤ b, then cac∗ ≤ cbc∗. Moreover, if c commutes with a and

b, then ca ≤ cb for c ≥ 0;
(4) If a and b are positive invertible elements and a ≤ b, then

0 ≤ b−1 ≤ a−1.

2.1. Some equivalencies of ∗-g-frames in Hilbert C∗-modules.
In this section, we will study equivalencies of ∗-g-frames in Hilbert C∗-
modules from several aspects.

Definition 2.2. A sequence Λ = {Λj ∈ End∗A(H,Hj) : j ∈ J} is called
a generalized ∗-frame, or simply, a ∗-g-frame, for H with respect to
{Hj : j ∈ J} if there exist two strictly nonzero elements A and B in A
such that

A⟨f, f⟩A∗ ≤
∑
j∈J

⟨Λjf,Λjf⟩ ≤ B⟨f, f⟩B∗, (∀f ∈ H). (2.1)

The elements A and B are called the lower and upper ∗-g-frame
bounds, respectively. If λ = A = B then the ∗-g-frame {Λj}j∈J is
said to be a λ-tight ∗-g-frame. In the special case A = B = 1A, it is
called a Parseval ∗-g-frame or normalized ∗-g-frame.
If {Λj}j∈J possesses an upper ∗-g-frame bound, but not necessarily a
lower ∗-g-frame bound, we called it a ∗-g-Bessel sequence for H with
∗-g-Bessel bound B.
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The bounded linear operator TΛ defined by:

TΛ :
⊕
j∈J

Hj → H, TΛ({gj}j∈J) =
∑
j∈J

Λ∗
jgj , (2.2)

is called the pre-∗-g-frame operator of {Λj}j∈J . Also, the linear operator
SΛ defined by:

SΛ : H → H, SΛ(f) =
∑
j∈J

Λ∗
jΛjf,

is called ∗-g-frame operator of {Λj}j∈J .
We mentioned that the set of all of g-frames in Hilbert A-modules can

be considered as a subset of the family of ∗-g-frames. To illustrate this,
let {Λj ∈ End∗A(H,Hj) : j ∈ J} be a g-frame for the Hilbert A-module
H with respect to {Hj : j ∈ J}with real bounds A and B. Note that for
f ∈ H,

(
√
A)1A⟨f, f⟩(

√
A)1A ≤

∑
j∈J

⟨Λjf,Λjf⟩ ≤ (
√
B)1A⟨f, f⟩(

√
B)1A.

Therefore, every g-frame for H with real bounds A and B is a ∗-g-frame
for H with A-valued ∗-g-frame bounds (

√
A)1A and (

√
B)1A.

Example 2.3 ([1]). Let A = ℓ∞ and let H = C0, the Hilbert A-module
of the set of all null sequences equipped with the A-inner product

⟨(xi)i∈N , (yi)i∈N ⟩ = (xiyi)i∈N .

The action of each sequence (ai)i∈N ∈ A on a sequence (xi)i∈N ∈ H
is implemented as (ai)i∈N (xi)i∈N = (aixi)i∈N . Let j ∈ J = N and

(1 +
1

i
)i∈N ∈ ℓ∞. Define Λj ∈ End∗A(H) by

Λj(xi)i∈N = (δijajxj)i∈N , ∀(xi)i∈N ∈ H.

We observe that∑
j∈N

⟨Λjx,Λjx⟩ = ((1 +
1

i
)2xixi)i∈N = (1 +

1

i
)i∈N ⟨x, x⟩(1 + 1

i
)i∈N ,

for all x = (xi)i∈N ∈ H.

Thus{Λj}j∈J is a ∗-g-frame with bounds (1 + 1
i )i∈N .

Lemma 2.4 ([2]). Let T ∈ End∗A(H) and T = T ∗. Then the following
assertions are true.

(1) If T is injective and has a closed range, then T ∗T is an invertible,
self-adjoint operator satisfying,

∥(T ∗T )−1∥−1 ≤ T ∗T ≤ ∥T∥2; (2.3)
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(2) If T is surjective, then T ∗T is an invertible, self-adjoint operator
satisfying,

∥(TT ∗)−1∥−1 ≤ TT ∗ ≤ ∥T∥2. (2.4)

Theorem 2.5. Let A be a unital C∗-algebra, T ∈ End∗A(H) and T =
T ∗. Then the following are equivalent:

(1) T is surjective;
(2) T ∗ is bounded with respect to norm, i.e ∃ m ∈ A+ such that

∥T ∗x∥ ≥ ∥m∥∥x∥;
(3) T ∗ is bounded with respect to inner product i.e ∃ m′ ∈ A+ such

that ⟨T ∗x, T ∗x⟩ ≥ (m′)⟨x, x⟩(m′)∗.

Proof. (1)=⇒(3) Let T be surjective, by Lemma 2.4, T ∗T is an
invertible and positive operator and

∥(TT ∗)−1∥−1 ≤ TT ∗ ≤ ∥T∥2.
Write,

∥(TT ∗)−1∥−11A = m′(m′)∗.

Then by Lemma 4.1 [18], TT ∗−m′(m′)∗ ≥ 0. This is equivalent
to

⟨(TT ∗ −m′(m′)∗)x, x⟩ ≥ 0. (2.5)

for all x ∈ H, i.e ⟨T ∗x, T ∗x⟩ ≥ (m′)⟨x, x⟩(m′)∗ for all x ∈ H.
The implication (3)=⇒ (2) is trivial.

(2)=⇒(1) Suppose that T ∗ is bounded below with respect to
the norm then T ∗ is clearly injective. Since T = T ∗ therefore
T is injective, and KerT = {0}. We now show ImgT is closed.
Let {un} ⊆ H be a sequence in ImgT such that un −→ u as
n −→ ∞.
Then we can find {vn} ⊆ H such that T (vn) = un. By (2),
we have ∥(vn − vm)∥∥m∥ ≤ ∥T (vn − vm)∥. Since T (vn) is a
Cauchy sequence, ∥T (vn − vm)∥ −→ 0 as m,n −→ ∞. There-
fore the sequence {vn} is a Cauchy sequence in H and hence
there exists v ∈ H such that vn −→ v as n −→ ∞ implies that
un = T (vn) −→ Tv = u. It concludes that ImgT is closed. By
Theorem 3.2 of [18], ImgT ∗ is closed and

H = KerT ∗⊕ Img = ImgT.

�

Lemma 2.6 ([20]). For self-adjoint f ∈ C(X), the following are equiv-
alent:

(1) f ≥ 0;
(2) For all t ≥ ∥f∥, we have ∥f − t∥ ≤ t;
(3) For at least one t ≥ ∥f∥, we have ∥f − t∥ ≤ t.
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It is immediate from Lemma 2.6 that A+ is closed in A.

Proposition 2.7 ([18]). Let T ∈ End∗A(H,Hj), then for all x ∈ H we
have:

⟨Tx, Tx⟩ ≤ ∥T∥2⟨x, x⟩. (2.6)

Theorem 2.8. Let {Λj}j∈J ∈ End∗A(H,Hj), and
∑

j∈J⟨Λjf,Λjf⟩ con-
verge in norm A. Then {Λj}j∈J is a ∗-g-frame for H with respect to
{Hj}j∈J if and only if

∥ A−1 ∥−2∥ ⟨f, f⟩∥ ≤∥
∑
j∈J

⟨Λjf,Λjf⟩∥ ≤∥ B ∥2∥ ⟨f, f⟩∥ (2.7)

for all f ∈ H and strictly nonzero elements A,B ∈ A.

Proof. By the definition of ∗-g-frame we have ⟨f, f⟩ ≤ A−1⟨Sf, f⟩(A∗)−1

and ⟨Sf, f⟩ ≤ B⟨f, f⟩B∗. Hence

∥ A−1 ∥−2∥ ⟨f, f⟩∥ ≤∥
∑
j∈J

⟨Λjf,Λjf⟩∥ ≤∥ B ∥2∥ ⟨f, f⟩∥,∀f ∈ H. (2.8)

For the converse, assume that (2.7) holds. For any f ∈ H, we define
Tf :=

∑
j∈J Λ

∗
jΛjf then

∥Tf∥4 = ∥⟨Tf, Tf⟩∥2 = ∥⟨Tf,
∑
j∈J

Λ∗
jΛjf⟩∥2

= ∥
∑
J∈j

⟨ΛjTf,Λjf⟩∥2

≤ ∥
∑
j∈J

⟨ΛjTf,ΛjTf⟩∥∥
∑
j∈J

⟨Λjf,Λjf⟩∥

≤ ∥B∥2∥Tf∥2∥B∥2∥f∥2.

Hence ∥Tf∥2 ≤ ∥B∥4∥f∥2.
It is easy to check that ⟨Tf, g⟩ = ⟨f, Tg⟩ for all f, g ∈ H, so T is
bounded and T = T ∗. From ⟨Tf, f⟩ =

∑
j∈J⟨Λjf,Λjf⟩ ≥ 0 for all

f ∈ H, it follows that T ≥ 0. Now ⟨T
1
2 f, T

1
2 f⟩ ≤ ∥T

1
2 ∥2⟨f, f⟩. On the

other hand we have, ∥(T
1
2 )∗(T

1
2 )∥⟨f, f⟩ = ∥T∥⟨f, f⟩, therefore we get

⟨T
1
2 f, T

1
2 f⟩ ≤ ∥T∥⟨f, f⟩ ≤ ∥B∥21A⟨f, f⟩. Therefore

⟨Tf, f⟩ = ⟨T
1
2 f, T

1
2 f⟩ ≤ (∥B∥1A)⟨f, f⟩(∥B∥1A)∗. (2.9)

However ∥⟨Tf, f⟩∥ = ∥⟨T
1
2 f, T

1
2 ⟩∥ = ∥T

1
2 f∥2 and by inequality (2.7),

∥A−1∥−2∥⟨f, f⟩∥ ≤ ∥T
1
2 ∥2. We conclude that

∥A−1∥−1∥f∥ ≤ ∥T
1
2 f∥.

So by Theorem 2.5, we obtain lower bound for {Λj}j∈J . This shows that
{Λj}j∈J is ∗-g-frame for H with respect to {Hj}j∈J . �
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2.2. Multipliers of ∗-g-Bessel sequences. In the following, the con-
cept of mutipliers for g-Bessel sequences will be extended to ∗-g-Bessel
sequences and some of their properties will be shown.

Proposition 2.9. Let

Λ = {Λj ∈ End∗A(H,Hj) : j ∈ J}
and

Θ = {Θj ∈ End∗A(H,Hj) : j ∈ J}
be ∗-g-Bessel sequences with bounds BΛ, BΘ and m = {mj}j∈J ∈ ℓ∞(R)
then the operator

Mm,Λ,Θ : H −→ H, Mm,Λ,Θf :=
∑
j∈J

mjΛ
∗
jΘjf, (2.10)

for all f ∈ H is a well-defined bounded operator.

Proof. Let Λ and Θ be ∗-g-Bessel sequences for H with bounds BΛ, BΘ,
respectively. For any f, g ∈ H and finite subset I ⊆ J ,

∥
∑
j∈I

mjΛ
∗
jΘjf∥2 = sup

g∈H,∥g∥=1
∥⟨
∑
j∈I

mjΛ
∗
jΘjf, g⟩∥2

= sup
g∈H,∥g∥=1

∥
∑
j∈I

⟨mjΘjf,Λjg⟩∥2

≤ sup
g∈H,∥g∥=1

∥
∑
j∈I

⟨mjΘjf,mjΘjf⟩∥∥
∑
j∈I

⟨Λjg,Λjg⟩∥,

since∑
j∈I

⟨mjΘjf,mjΘjf⟩ =
∑
j∈I

| mj |2 ⟨Θjf,Θjf⟩

≤ ∥m∥2∞
∑
j∈I

⟨Θjf,Θjf⟩ ≤ ∥m∥2∞BΘ⟨f, f⟩B∗
Θ.

Hence

∥
∑
j∈I

mjΛ
∗
jΘjf∥2 ≤ sup

g∈H,∥g∥=1
∥m∥2∞∥BΘ∥2∥f∥2∥BΛ∥2∥g∥2

= ∥m∥2∞∥BΘ∥2∥f∥2∥BΛ∥2.
This shows that Mm,Λ,Θ is well-defined and

∥Mm,Λ,Θ∥ ≤ ∥m∥∞∥BΛ∥∥BΘ∥. �
Now, the map M in the above proposition is called a ∗-g-multiplier

of Λ,Θ and m.

Lemma 2.10. Let

Λ = {Λj ∈ End∗A(H,Hj) : j ∈ J}
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and

θ = {Θj ∈ End∗A(H,Hj) : j ∈ J}
be ∗-g-Bessel sequences with respect to {Hj : j ∈ J} with bounds BΛ, BΘ

respectively. Let m = {mj}j∈J ∈ ℓ∞(R) then the operator,
M = Mm,Λ,Θ : H −→ H defined by ⟨Mf, g⟩ =

∑
j∈J mj⟨Θjf,Λjg⟩, is

well-defined and (Mm,Λ,Θ)
∗ = Mm,Θ,Λ.

Proof. By Proposition 2.9, M is well-defined. We claim that

(Mm,Λ,Θ)
∗ = Mm,Θ,Λ.

Let f, g ∈ H, then

⟨f, (Mm,Λ,Θ)
∗g⟩ = ⟨(Mm,Λ,Θf), g⟩

=
∑
j∈J

mj⟨Θjf,Λjg⟩

=
∑
j∈J

⟨Θjf,mjΛjg⟩

=
∑
j∈J

⟨f,Θ∗
jmjΛjg⟩

=
∑
j∈J

⟨f,mjΘ
∗
jΛjg⟩

= ⟨f,Mm,Θ,Λ⟩. �

3. Controlled ∗-g-frames

Weighted and controlled frames have been introduced recently to im-
prove the numerical efficiency of iterative algorithms for inverting the
frame operator. In [4], it was shown that controlled frames are equivalent
to standard frames. In this section, the concepts of controlled g-frames
and controlled g-Bessel sequences will be extended to controlled ∗-g-
frames and we will show that controlled ∗-g-frames are equivalent to
∗-g-frames.

Definition 3.1. [21] Let C,C ′ ∈ gl+(H). The family

Λ = {Λj ∈ End∗A(H,Hj) : j ∈ J},
will be called a (C,C ′)-controlled g-frame forH with respect to {Hj}j∈J ,
if Λ = {Λj}j∈J is a g-Bessel sequence and there exist constants A > 0
and B < ∞ such that

A∥f∥2 ≤
∑
j∈J

⟨ΛjCf,ΛjC
′f⟩ ≤ B∥f∥2, ∀f ∈ H. (3.1)
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A and B will be called (C,C ′)-controlled g-frame bounds. If C ′ = I,
(or, C = C ′), we call Λ = {Λj}j∈J a C-controlled g-frame. (respectively,
C2- controlled g-frame) for H with bounds A,B. If the second part of
the above inequality holds, it will be called (C,C ′)-controlled g-Bessel
sequence with bound B.

Definition 3.2. Let C,C ′ ∈ gl+(H). The family

Λ = {Λj ∈ End∗A(H,Hj) : j ∈ J}
will be called a (C,C ′)-controlled ∗-g-frame forH with respect to {Hj}j∈J ,
if Λ = {Λj}j∈J is a ∗-g-Bessel sequence and

A⟨f, f⟩A∗ ≤
∑
j∈J

⟨ΛjCf,ΛjC
′f⟩ ≤ B⟨f, f⟩B∗ (3.2)

for all f ∈ H and strictly nonzero elements A,B ∈ A.

A and B will be called (C,C ′)-controlled ∗-g-frame bounds. If C ′ = I,
(or, C = C ′), we call Λ = {Λj}j∈J a C-controlled ∗-g-frame. (respec-
tively, C2- controlled ∗-g-frame) for H with bounds A,B. If the second
part of the above inequality holds, it will be called (C,C ′)-controlled
∗-g-Bessel sequence with bound B.

The proof of the following lemmas is straightforward.

Lemma 3.3. Let C ∈ gl+(H). The ∗-g-Bessel sequence and

Λ = {Λj ∈ End∗A(H,Hj) : j ∈ J},
is a C2-controlled ∗-g-Bessel sequence (or, C2-controlled ∗-g-frame) if
and only if ∑

j∈J
⟨ΛjCf,ΛjCf⟩ ≤ B⟨f, f⟩B∗, ∀f ∈ H (3.3)

(or A⟨f, f⟩A∗ ≤
∑

j∈J⟨ΛjCf,ΛjCf⟩ ≤ B⟨f, f⟩B∗, ∀f ∈ H).

Example 3.4. Let A = ℓ∞ and let H = C0, the Hilbert A-module of
the set of all null sequences equipped with the A-inner product

⟨(xi)i∈N , (yi)i∈N ⟩ = (xiyi)i∈N .

The action of each sequence (ai)i∈N ∈ A on a sequence (xi)i∈N ∈ H
is implemented as (ai)i∈N (xi)i∈N = (aixi)i∈N . Let j ∈ J = N and

(1 +
1

i
)i∈N ∈ ℓ∞. Define Λj ∈ End∗A(H) by

Λj(xi)i∈N = (δijajxj)i∈N , ∀(xi)i∈N ∈ H.

Now define Cx = 2x and C ′x =
1

2
x. Then for any x ∈ H, we can

estimate∑
j∈N

⟨ΛjCx,ΛjC
′x⟩ = ((1 +

1

i
)2xixi)i∈N = (1 +

1

i
)i∈N ⟨x, x⟩(1 + 1

i
)i∈N ,
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for all x = (xi)i∈N ∈ H. This shows that Λ = {Λj ∈ End∗A(H) : j ∈ N}
is a (C,C ′)-controlled tight ∗-g-frame for H .

Suppose that {Λj ∈ End∗A(H,Hj) : j ∈ J} be a (C,C ′)-controlled ∗-g-
frame for the Hilbert C∗-module H with respect {Hj}j∈J . The bounded
linear operator T(C,C′) :

⊕
j∈J Hj → H defined by:

T(C,C′)({gj}j∈J) =
∑
j∈J

(CC ′)

1

2
Λ∗
j gj ,∀{gj}j∈J∈

⊕
j∈J Hj(3.4)

is called the synthesis operator for the (C,C ′)-controlled ∗-g-frame {Λj}j∈J .
The adjoint operator T ∗

(C,C′) : H →
⊕

j∈J Hj given by

T ∗
(C,C′)(f) = {Λj(C

′C)

1

2
f}j∈J(3.5)

is called the analysis operator for the (C,C ′)-controlled ∗-g-frame {Λj}j∈J .
When C and C ′ commute with each other, and also commute with the
operator Λ∗

jΛj for each j, then the (C,C ′)-controlled ∗-g-frame operator
S(C,C′) : H → H is defined as:

S(C,C′)f = T(C,C′)T
∗
(C,C′)f =

∑
j∈j

C ′Λ∗
jΛjCf. (3.6)

For the above result one is referred to Hua and Huang [15].
From now on we assume that C and C ′ commute with each other, and
commute with the operator Λ∗

jΛj for all j.

Proposition 3.5. Let {Λj : j ∈ J} be a (C,C ′)-controlled ∗-g-frame
for the Hilbert C∗-module H with respect to {Hj}j∈J . Then the (C,C ′)-
controlled ∗-g-frame operator S(C,C′) is positive, self adjoint and invert-
ible.

Proof. The frame operator S(C,C′) for the (C,C ′)-controlled ∗-g-frame
is S(C,C′)f =

∑
j∈j C

′Λ∗
jΛjCf . As {Λj : j ∈ J} is a (C,C ′)-controlled

∗-g-frame, from the identity,

∑
j∈J⟨ΛjCf,ΛjC

′f⟩ = ⟨
∑

j∈J C
′Λ∗

jΛjCf⟩ = ⟨S(C,C′)f, f⟩,
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we clearly see that S(C,C′) is a positive operator. It is clearly boundded
and linear.

⟨S(C,C′)f, g⟩ = ⟨
∑
j∈J

C ′Λ∗
jΛjCf, g⟩

=
∑
j∈J

⟨C ′Λ∗
jΛjCf, g⟩

=
∑
j∈J

⟨f, CΛ∗
jΛjC

′g⟩

=
∑
j∈J

⟨f, S(C′,C)g⟩.

Hence S∗
(C,C′) = S(C′,C) is positive and hence self adjoint. Also as C

and C ′ commute with each other and commute with Λ∗
jΛj , we have

S(C,C′) = S(C′,C). From the controlled ∗-g-frame identity we have

A⟨f, f⟩A∗ ≤ ⟨S(C,C′)f, f⟩ ≤ B⟨f, f⟩B∗.

So

A IdH A∗ ≤ ⟨S(C,C′)f, f⟩ ≤ B IdH B∗,

where IdH is the identity operator in H. Thus the controlled ∗-g-frame
operator S(C,C′) is invertible.

�

Theorem 3.6. Let {Λj}j∈J ∈ End∗A(H,Hj), and
∑

j∈J⟨ΛjCf,ΛjC
′f⟩

converge in norm A. Then {Λj}j∈J is a (C,C ′)-controlled ∗-g-frame for
H with respect to {Hj}j∈J if and only if

∥ A−1 ∥−2∥ ⟨f, f⟩∥ ≤∥
∑
j∈J

⟨ΛjCf,ΛjC
′f⟩∥ ≤∥ B ∥2∥ ⟨f, f⟩∥ (3.7)

for all f ∈ H and strictly nonzero elements A,B ∈ A.

Proof. By the definition of (C,C ′)-controlled∗-g-frame we conclude that

⟨f, f⟩ ≤ A−1⟨S(C,C′)f, f⟩(A∗)−1 and ⟨S(C,C′)f, f⟩ ≤ B⟨f, f⟩B∗.

Hence

∥ A−1 ∥−2∥ ⟨f, f⟩∥ ≤∥
∑
j∈J

⟨ΛjCf,ΛjC
′f⟩∥ ≤∥ B ∥2∥ ⟨f, f⟩∥ (3.8)

for all f ∈ H. Conversely, suppose that

∥ A−1 ∥−2∥ ⟨f, f⟩∥ ≤∥
∑
j∈J

⟨ΛjCf,ΛjC
′f⟩∥ ≤∥ B ∥2∥ ⟨f, f⟩∥, (3.9)
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From Proposition 3.5, the (C,C ′)-controlled ∗-g-frame operator is posi-
tive, self adjoint and invertible. Hence

⟨(S(C,C′))

1

2
f,(S(C,C′))

1

2
f⟩=⟨S(C,C′)f,f⟩=

∑
j∈j⟨ΛjCf,ΛjC

′f⟩.(3.10)

Using inequality (3.10) in inequality (3.9), we get

∥ A−1 ∥∥ f ∥≤∥ (S(C,C′))

1

2
∥≤∥B∥∥f∥,(3.11)

According to Theorem 2.5 and inequality (3.11), {Λj : j ∈ J} is a
(C,C ′)-controlled ∗-g-frame for H with respect to {Hj}j∈J .

�

The following theorem shows that any ∗-g-frame is a C2-controlled
∗-g-frame and vice versa.

Theorem 3.7. Let C ∈ gl+(H). The family {Λj}j∈J ∈ End∗A(H,Hj),
is a ∗-g-frame if and only if Λ = {Λj}j∈J is a C2-controlled ∗-g-frame.

Proof. Let Λ is a C2-controlled ∗-g-frame with bounds A,B. Then∑
j∈J

⟨ΛjCf,ΛjCf⟩ ≤ B⟨f, f⟩B∗, ∀f ∈ H.

For f ∈ H we have

A⟨f, f⟩A∗ = A⟨CC−1f, CC−1f⟩A∗ ≤ A∥C∥2⟨C−1f, C−1f⟩A∗

≤ ∥C∥2
∑
j∈J

⟨ΛjCC−1f,ΛjCC−1f⟩ = ∥C∥2
∑
j∈J

⟨Λjf,Λjf⟩.

Hence

A∥C∥−1⟨f, f⟩A∗∥C∥−1 ≤
∑
j∈J

⟨Λjf,Λjf⟩.

On the other hand for every f ∈ H,∑
j∈J

⟨Λjf,Λjf⟩ =
∑
j∈J

⟨ΛjCC−1f,ΛjCC−1f⟩ ≤ B⟨C−1f, C−1f⟩B∗

≤ B∥C−1∥2⟨f, f⟩B∗ = B∥C−1∥⟨f, f⟩B∗∥C−1∥.

These inequalities yield that Λ is a ∗-g-frame with boundsA∥C∥−1, B∥C∥−1.
For the converse, assume that Λ is a ∗-g-frame with bounds A′, B′. Then
for all f ∈ H,

A′⟨f, f⟩(A′)∗ ≤
∑
j∈J

⟨Λjf,Λjf⟩ ≤ B′⟨f, f⟩(B′)∗.
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So for all f ∈ H,∑
j∈J

⟨ΛjCf,ΛjCf⟩ ≤ B′∥C∥2⟨f, f⟩(B′)∗.

For lower bound, since Λ is a ∗-g-frame for any f ∈ H,

A′⟨f, f⟩(A′)∗ = A′⟨C−1Cf,C−1Cf⟩(A′)∗ ≤ ∥C−1∥2
∑
j∈J

⟨ΛjCf,ΛjCf⟩.

Therefore Λ is a C2-controlled ∗-g-frame with boundsA′∥C−1∥−1, B′∥C∥.
�

Proposition 3.8. Assume that {Λj : j ∈ J} is a ∗-g-frame for the
Hilbert C∗-module H with respect to {Hj}j∈J . Let SΛ be the ∗-g-frame
operator with the ∗-g-frame {Λj : j ∈ J}. Let C,C ′ ∈ gl+(H). Then
{Λj : j ∈ J} is a (C,C ′)-controlled ∗-g-frame.

Proof. {Λj : j ∈ J} is a ∗-g-frame for the Hilbert C∗-module H with
respect to {Hj}j∈J with bounds A and B . By inequality (2.7), we have:

∥ A−1 ∥−2∥ ⟨f, f⟩∥ ≤∥
∑
j∈J

⟨Λjf,Λjf⟩∥ ≤∥ B ∥2∥ ⟨f, f⟩∥, (3.12)

Again we have

∥
∑

j∈J⟨ΛjCf,ΛjC
′f⟩ ∥=∥ ⟨S(C,C′)f, f⟩ ∥ ,

and
∥
∑
j∈J

⟨ΛjCf,ΛjC
′f⟩ ∥=∥ C ∥∥ C ′ ∥∥ ⟨SΛf, f⟩ ∥ . (3.13)

From (3.12) and (3.13), we have

∥ A−1 ∥−2∥ C ∥∥ C ′ ∥∥ f ∥2 ≤
∑
j∈J

⟨ΛjCf,ΛjC
′f⟩ ∥

≤∥ B ∥2∥ C ∥∥ C ′ ∥∥ f ∥2,
for all f ∈ H. So {Λj : j ∈ J} is a (C,C ′)-controlled ∗-g-frame with
bounds ∥ A−1 ∥−1∥ C ∥∥ C ′ ∥, ∥ B ∥∥ C ∥∥ C ′ ∥. �
Theorem 3.9. Suppose that C,C ′ ∈ gl+(H), {Λj : j ∈ J} ⊂ End∗(H,Hj)
and C,C ′ commute with each other and commute with Λ∗

jΛj for all j ∈ J .

If the operator T :
⊕

j∈J Hj → H given by

T(C,C′)({gj}j∈J) =
∑
j∈J

(CC ′)

1

2
Λ∗
j gj ,∀{gj}j∈J∈

⊕
j∈J Hj(3.14)

is well defined and bounded operator with ∥ T(C,C′) ∥≤∥ B ∥, then the
sequence {Λj : j ∈ J} is a (C,C ′)-controlled ∗-g-Bessel sequence for H
with respect to {Hj}j∈J with bound ∥ B ∥.
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Proof. Let {Λj : j ∈ J} be a (C,C ′)-controlled ∗-g-Bessel sequence for
H with respect to {Hj}j∈J with bound B. As a result of Theorem 3.6,

∥
∑
j∈J

⟨ΛjCf,ΛjC
′f⟩∥ ≤∥ B ∥2∥ ⟨f, f⟩∥. (3.15)

For any sequence {gj}j∈J ∈
⊕

j∈J Hj ,

∥ T(C,C′)({gj}j∈J) ∥2 = sup
f∈H,∥f∥=1

∥ ⟨T(C,C′)({gj}j∈J), f⟩ ∥2

= sup
f∈H,∥f∥=1

∥ ⟨
∑
j∈J

(CC ′)

1

2
Λ∗
j gj ,f⟩∥2

= sup
f∈H,∥f∥=1

∥
∑
j∈J

⟨(CC ′)

1

2
Λ∗
j gj ,f⟩∥2

= sup
f∈H,∥f∥=1

∥
∑
j∈J

⟨⟨gj ,Λj(CC ′)

1

2
f⟩∥2

≤ sup
f∈H,∥f∥=1

∥
∑
j∈J

⟨gj , gj⟩ ∥

∥
∑
j∈J

⟨Λj(CC ′)

1

2
f,Λj(CC′)

1

2
f⟩∥

= sup
f∈H,∥f∥=1

∥
∑
j∈J

⟨gj , gj⟩ ∥

∥
∑
j∈J

⟨ΛjCf,ΛjC
′f⟩ ∥

≤ sup
f∈H,∥f∥=1

∥
∑
j∈J

⟨gj , gj⟩ ∥∥ B ∥2∥ f ∥2

=∥ B ∥2∥ {gj} ∥2

Therefore, the sum
∑

j∈J(CC ′)

1

2
Λ∗
j gj

is convergent and we have

∥ T(C,C′)({gj}j∈J) ∥2≤∥ B ∥2∥ {gj} ∥2.

So

∥ T(C,C′) ∥2≤∥ B ∥2.

Hence the operator T(C,C′) is well defined, bounded and

∥ T(C,C′) ∥≤∥ B ∥.
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�

4. Multipliers of Controlled ∗-g-frames

In this section, we define the multiplier of a controlled ∗-g-frame for C-
controlled ∗-g-frames in Hilbert C∗- modules. The definition of general
case (C,C ′)-controlled ∗-g-frames is similar.

Lemma 4.1. Let C,C ′ ∈ gl+(H) and

Λ = {Λj ∈ End∗A(H,Hj) : j ∈ J} ,Θ = {Θj ∈ End∗A(H,Hj) : j ∈ J}
be C ′2 and C2-controlled ∗-g-Bessel sequences for H, respectively. Let
m = {mj}j∈J ∈ ℓ∞(R).The operator

Mm,C,Θ,Λ,C′ : H −→ H,

defined by

Mm,C,Θ,Λ,C′f :=
∑
j∈J

mjCΘ∗
jΛjC

′f,

is a well-defined bounded operator.

Proof. Let Λ,Θ be C ′2 and C2-controlled ∗-g-Bessel sequences with
bounds B,B′, respectively. For any f, g ∈ H and finite subset I ⊆ J ,∥∥∥∥∥∥
∑
j∈I

mjCΘ∗
jΛjC

′f

∥∥∥∥∥∥
2

= sup
g∈H,∥g∥=1

∥
∑
j∈I

⟨mjΛjC
′f,ΘjCg⟩∥2

≤ sup
g∈H,∥g∥=1

∥
∑
j∈I

⟨mjΛjC
′f,mjΛjC

′f⟩∥∥
∑
j∈I

⟨ΘjCg,ΘjCg⟩∥,

since∑
j∈I

⟨mjΛjC
′f,mjΛjC

′f⟩ =
∑
j∈I

| mj |2 ⟨ΛjC
′f,ΛjC

′f⟩

≤ ∥m∥2∞
∑
j∈I

⟨ΛjC
′f,ΛjC

′f⟩ ≤ ∥m∥2∞B⟨f, f⟩B∗.

Hence

∥
∑
j∈I

mjCΘ∗
jΛjC

′f∥2 ≤ sup
g∈H,∥g∥=1

∥m∥2∞∥B∥2∥f∥2∥B′∥2∥g∥2

≤ ∥m∥2∞∥B∥2∥f∥2∥B′∥2.
This shows that Mm,C,Θ,Λ,C′ is well-defined and

∥Mm,C,Θ,Λ,C′∥ ≤ ∥m∥∞∥B∥∥B′∥. �
Definition 4.2. Let C,C ′ ∈ gl+(H) and
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Λ = {Λj ∈ End∗A(H,Hj) : j ∈ J}
and

Θ = {Θj ∈ End∗A(H,Hj) : j ∈ J}
be C ′2 and C2-controlled ∗-g-Bessel sequences for H, respectively. Let
m = {mj}j∈J ∈ ℓ∞(R). The operator

Mm,C,Θ,Λ,C′ : H −→ H,

defined by

Mm,C,Θ,Λ,C′f :=
∑
j∈J

mjCΘ∗
jΛjC

′f,

is called the (C,C ′)-controlled multiplier operator with symbol m.

5. Conclusions

In this article, the concept of multipliers from g-frames to ∗-g-Bessel
sequences and ∗-g-frames is extended. Controlled frames and controlled
Bessel sequences are extended to controlled ∗-g-frames and controlled ∗-
g-Bessel sequences. At the end of this paper, the concept of a multiplier
for C2- controlled and C ′2-controlled ∗-g-Bessel sequences is defined.
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