Caspian Journal of Mathematical Sciences (CJMS)
University of Mazandaran, Iran
http://cjms.journals.umz.ac.ir

ISSN: 2676-7260

CIMS. 9(1)(2020), 151-158

Starlike Functions Of order a« With Respect To
2(j, k)-Symmetric Conjugate Points

E. Amini !
I Department of Mathematics, Payme Noor University, P. O. Box
19395-4697 Tehran, IRAN.

ABSTRACT. In this paper, we introduced and investigated starlike
and convex functions of order a with respect to 2(j, k)-symmetric
conjugate points and coefficient inequality for function belonging
to these classes are provided. Also, we obtain some convolution
condition for functions belonging to this class.
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1. INTRODUCTION

Let A be the class of functions of the form
f(z) = z—l—Zanz”. (1.1)
n=2

which are analytic in the open unit disc 4 = {z € C;|z| < 1}. Let
S, §*, S*(a), CV, CV(«a) and C(«) denote the familiar subclass of A
consisting of functions which are, respectively, univalent, starlike, a-
starlike, convex, a-convex and close-to-convex functions of order « in U
(See, for details, [2, 3, 5, 10]).
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Lemma 1.1. [4] Let a € [0,1) and f given by (1.1) be a holomorphic

function on U. If
= n—a
<1
Z 1_a’a’n’ 9

n=2

then f € S*(a).

Let two function f,g € A, where f(z) is given by (1.1) and g(z) is
defined by

g(z) =z + anzn7
n=2

the Hadamard product (or convolution) f * g is defined (as usual) by
J* g(z) =z+ Zanbnzn
n=2

H. Silverman, E. M. Silvia and D. Telage in [9] generated a great deal
of intrinsic interest properties of convolution for a-starlike functions,
a-convex functions and A-spirallike functions.

The concept of dual set has proved to be very useful in the study of
properties of analytic functions, (see for example [6, 7]).

Lemma 1.2. [6,7] If ¢ € CV and f € ST, then for any analytic function
F in D, the image of D under (b;ﬂjzg) 1s a subset of the convex hull of
F(D).

Sakaguchi [8] once introduce a class S of function starlike with re-
spect to symmetric points, which consists of functions f(z) € S satisfy-
ing the inequality

2f'(2)
pef O Vg e
f(z) = f(=2)
Al-Amiri, Coman and Mocano [1] once introduce and investigate a
class of functions starlike with respect to 2k-symmetric conjugate points
which satisfy the inequality

Re{;ﬁg} >0 zel,

where k > 2 is a fixed positive integer and for(2) is defined by the
following equality

for(2) = 52 S (€70(€72) + € F(€7)) (e = exp(2ri/k); 2 € U).
(1.2)
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But until now, a new subclass of 2(j, k)-symmetric functions of order
« is defined and some properties for this class are obtained such as
coefficient bounds and convolution condition.

2. DEFINITIONS AND COEFFICIENT BOUNDS

In this chapter we introduce subclass of functions with 2k-symmetric
conjugate points and obtain some properties such as coefficient bounds.

Definition 2.1. Let 0 < a < 1. The class of a-starlike functions with
2(7, k)-symmetric conjugate points of the class of functions in ST de-

noted by STg]C’k)(a) satisfying the condition

Re{m} > a, (2.1)

for all z in U, where fy(;1)(2) is given by

faim (2 %Z( U f(e2) + € f(evz )) (2.2)

The function f(z) € A is in the eVl )( ), a-convex functions with
respect to 2(j, k)-symmetric conjugate points, if and only if zf/(z) €

STUH ().

Remark 2.2. Since f is given by (1.1) and fy(;x) is given by (2.2), we
obtain

Pt (2) Qlkk ;( TI(2) + ()
= v:o
Then
Fau (= 25 Jan—i-an .
where

5.:1I§<6(nj)va +W>: L n=Ik+j (2.3)
R " ")TV0 nAnk

Theorem 2.3. Let f given by (1.1) and f € Sfc(j’k)(oz), then fo(jr) €
ST (a) and Sngj’k)(a) CC(a)CS.
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Proof. Since f € ST s’ (a), Then we have

2f'(2)
Re{w} >«

or equivalently

T{W} > a. (2.4)

fo(j ) (re®?)

In the inequality (2.4) substituting re” by €'re? | we obtain

@f(e”re
00
Hagnre} = 2

Note that fo(; ) (€2) = € fo(j ) (2), the inequality (2.5) can be written

as
evi 2 a9 (e're 6)
1'{ B ]7]6)(7“619) } > a. (2.6)

In the inequality (2.4) substituting re? by ere™
s{gef (ere™) }>a
7y ) =

fagipy(evre=®
the above equation is equivalent to
O £l cvpe—ib
g{aef(”e)} > a (2.7)
fo(j i (evre=?)

Note that fo(; ) (€"2) = G_Uij(j7k)(Z), the inequality (2.7) can be written

as
€1 2 f(evreit)
gy o007 — / . 2.8

{ fo(j ) (re®?) }Za (28)

Note that 2 S f(evreif) = %f(evre—ie), by applying the inequalities
(2.8) and ( 6), we obtain

T{1< (—U]af6T€ ))+6UJ&M))}:S{(W}>

ie)

0 we obtain

fagiw)(2) fogey(z) 1~

(2.9)

that is fo(; k) (2) € ST (). This means that ST ’k)(a) C C(a) C S and
the proof of theorem is complete. O

Theorem 2.4. Let f(z) given by (1.1) and fa(; 1) (2) given by (2.2). Let

[e.9]

oo .
nk+j—a+1 n+1
Z J —— |anktj] + Z T os lan| <1,  (2.10)

1—ad —
n=2 1j n=1,n#lk+j 1y

I
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where ap = 1, 0 < a < 1, k=1,23,..., 7 =01,...k—1, 1 € N
and 6,j is defined by (2.3). Then f is starlike function of order a and

fe ST ().

Proof. Since

n= n=2 n=
nk+j—a+1 > n+1
n=2 1 n=1,n#,lk+j 1j

where 6, defined in (2.3). Hence by applying Lemma 1.1, f is starlike
function of order a.
To prove f € STk (a), we need to show that

Sfre?) \ 2f'(2) \ _ 5 [A[Z)
(Z{ fjgk)(rew)} B Re{ f2(j,k)(z))} a Re{ B } =

where z =re??, 0<0 <21, 0<a<1,k=1,2,3,...,j=0,1,...,k—1,
oo
Az) = 2f'(2) = 2 + Z napz",
n=1

and B(z) = fo(r)(2) is given by (2.2).
Using the fact that Re{w} > « if and only if [1 —a+w| > |[1+a—w|,
it suffices to show that

A(z) + (1 - a)B(z)‘ — ’A(z) —(1+a)B(2)| >0
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Hence, we have

|4(2) + (1= a) B (—‘A (1+0)B(2)
= ‘(1 + (1 — a)dlj)z + Z (TL + :l_iaénj)anz" + Z (1_Ta(5nj)c_lnzn
n=2 n=2
> 1 =1
_’(1 -1+ a)élj)z + Z (n It aénj)anz” - Z ( —gaénj)&nz"
n=2 n=2
> 11—« . 1-a
> (14 (1= a)dy;) 2] = D (0t =50 lanl 2] = D (<) anll2I"
n=2 n=2
s 1+ I .
+(1 = 1+ a)dy)lzl =) (n— T%nj) ENIEEESY (T%ﬂj)mnp
n=2 n=2
= 2(1 = ady;)2[ =2 (n— adny)|an||2[* =2 |an||2]"
n=2 n=2

= ady . = 1 e
=201 —adi)lel{1 = 3 F P anlla = 3 s aalls 2 0
2

n+1- ”J n—1
2(1 - adyy) 2| {1 - }23 o, lanllz 20

n—

From the definition of 5nj in (2.3), we get

A(z)+ (1 - a)B ‘A 1—04)B(z)‘
nk+j+1— > n+1
= 2(1 — ady; {1 R A e P T
(-asel{- ML Y
n=2 n=2,n#lk+j
we note that in (2.10). This conclude the proof of the theorem. O

The Starlike function of order o with respect to 2(j, k)-symmetric
conjugate points

o0 o0

1—ady i 1 —ady;
PETE S L. PRSI o . R
S rkti—atl netmgibry ML

where > |z, = 1, shows that the coefficient bounds in (2.10) is
sharp.
3. CONVOLUTION CONDITION

Theorem 3.1. Let ¢ € CV and f(z) € STEH (). Then (¢ = f)(z) €
ST ().
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Proof. Let Q) is a convex domain and fy(;x)(2) is given by (2.2). Since

f(z) € STEH () by Theorem 2.4, we conclude that fy(;1)(2) € ST.
Hence by applying Lemma 1.2, we obtain

zf'(2)
zw*fyu>_,w*zfx@__¢*ﬁwwdﬁ“““)ca(’”“@)caw

G foim(2)  Ox famy(2) b * fagim fagiy(2)
Since €, is a convex domain and f € ST%F(a). This prove that (¢ x
£)(z) € STE (@) O

Theorem 3.2. Let 0 < o <1, k=1,23,..,j=0,1,....k—1 and
f(z) € A. Then the function f(z) € STg]C’k)(a) if and only if

1 z x4+ 2a—1 4200 — 1—>v-—
;[f*((l—z)Q_ 20 +1) h<z))_mf*h<z)}%o’ (3-1)

for all z € U and |x| =1 where h(z) is given by

152 e,
k = 1—¢vz

h(z) (e = exp(2mi/k)). (3.2)

Proof. Let f(2) € STE (), from the definition 2.1, f satisfies the in-
equality (2.1). Since Z}C(S) = 1 at z = 0, the inequality (2.1) is equivalent

to

2f'(z)
fa(i,1) (%) a ) r—1
1l -« z+1

for all |z] < R < 1, || =1 and = # 1. Which simplifies to
2f'(2) — afopy(2) | -1
(1 =) fogm(2) z+1

for all |[z2]| < R < 1, |z| =1 and = # 1. By condition on the inequality
(3.3), we obtain

(3.3)

1 z+2a—1

> 2f'(z) - sz(j,k)(z)} # 0. (3.4)
On the other hand, it is well known that
z

S = @) oo (3.5)

By the definition of fy(;x)(2), we know

1 .

fogiey(2) = 3 fxh(z)+ fxh(z)], (3.6)

where h(z) is given by (3.2). Substituting (3.5) and (3.6) in (3.4), we
can get (3.1). This complete the proof of theorem. O
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Corollary 3.3. Let 0 < a < 1 and f(z) € A. Then the function
f(z) e eGP () if and only if

1 2z z+2a—-1 , r+2a—-1
*[f*((l—z)s_ oty (MR () 2w+ 1)

for all z € U and |x| =1 where h(z) is given by

T )| #0,

z

1521 eo(-4),

h(z) = z ZO T, (e = exp(Qm'/k:)),

Proof. By definition 2.1 we have, f € A is in the Cvgi’k)(a) if and only

if 2f/(2) € Sngc"k)(a). Now applying Theorem 3.2. This complete the
proof of corollary. O
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