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1. Introduction

Let A be the class of functions of the form

f(z) = z +
∞∑
n=2

anz
n. (1.1)

which are analytic in the open unit disc U = {z ∈ C; |z| < 1}. Let
S, S∗, S∗(α), CV, CV(α) and C(α) denote the familiar subclass of A
consisting of functions which are, respectively, univalent, starlike, α-
starlike, convex, α-convex and close-to-convex functions of order α in U
(See, for details, [2, 3, 5, 10]).

1Corresponding author: eb.amini.s@pnu.ac.ir
Received: 04 September 2017
Accepted: 14 October 2019

151



152 First Author , First Author

Lemma 1.1. [4] Let α ∈ [0, 1) and f given by (1.1) be a holomorphic
function on U . If

∞∑
n=2

n− α

1− α
|an| < 1,

then f ∈ S∗(α).

Let two function f, g ∈ A, where f(z) is given by (1.1) and g(z) is
defined by

g(z) = z +

∞∑
n=2

bnz
n,

the Hadamard product (or convolution) f ∗ g is defined (as usual) by

f ∗ g(z) = z +
∞∑
n=2

anbnz
n

H. Silverman, E. M. Silvia and D. Telage in [9] generated a great deal
of intrinsic interest properties of convolution for α-starlike functions,
α-convex functions and λ-spirallike functions.

The concept of dual set has proved to be very useful in the study of
properties of analytic functions, (see for example [6, 7]).

Lemma 1.2. [6, 7] If ϕ ∈ CV and f ∈ ST , then for any analytic function

F in D, the image of D under ϕ∗Ff(z)
ϕ∗f(z) is a subset of the convex hull of

F (D).

Sakaguchi [8] once introduce a class S∗
s of function starlike with re-

spect to symmetric points, which consists of functions f(z) ∈ S satisfy-
ing the inequality

Re
{ zf ′(z)

f(z)− f(−z)

}
> 0 (z ∈ U).

Al-Amiri, Coman and Mocano [1] once introduce and investigate a
class of functions starlike with respect to 2k-symmetric conjugate points
which satisfy the inequality

Re
{zf ′(z)

f2k(z)

}
> 0 z ∈ U ,

where k ≥ 2 is a fixed positive integer and f2k(z) is defined by the
following equality

f2k(z) =
1

2k

k−1∑
v=0

(
ϵ−vf(ϵvz) + ϵvf(ϵvz)

)
(ϵ = exp(2πi/k); z ∈ U).

(1.2)
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But until now, a new subclass of 2(j, k)-symmetric functions of order
α is defined and some properties for this class are obtained such as
coefficient bounds and convolution condition.

2. Definitions and coefficient bounds

In this chapter we introduce subclass of functions with 2k-symmetric
conjugate points and obtain some properties such as coefficient bounds.

Definition 2.1. Let 0 ≤ α < 1. The class of α-starlike functions with
2(j, k)-symmetric conjugate points of the class of functions in ST de-

noted by ST (j,k)
sc (α) satisfying the condition

Re
{ zf ′(z)

f2(j,k)(z)

}
> α, (2.1)

for all z in U , where f2(j,k)(z) is given by

f2(j,k)(z) =
1

2k

k−1∑
v=0

(
ϵ−vjf(ϵvz) + ϵvjf(ϵv z̄)

)
. (2.2)

The function f(z) ∈ A is in the CV(j,k)
sc (α), α-convex functions with

respect to 2(j, k)-symmetric conjugate points, if and only if zf ′(z) ∈
ST (j,k)

sc (α).

Remark 2.2. Since f is given by (1.1) and f2(j,k) is given by (2.2), we
obtain

f2(j,k)(z) =
1

2k

k−1∑
v=0

(
ϵ−vjf(ϵvjz) + ϵvjf(ϵv z̄)

)
=

∞∑
n=1

( 1

2k

k−1∑
v=0

(
ϵ(n−j)van + ϵ(n−j)van

))
zn.

Then

f2(j,k)(z) =
∞∑
n=1

δn,j
an + ān

2
zn,

where

δn,j =
1

2k

k−1∑
v=0

(
ϵ(n−j)van + ϵ(n−j)van

)
=

{
1, n = lk + j
0, n ̸= nk + j.

(2.3)

Theorem 2.3. Let f given by (1.1) and f ∈ S2(j,k)
sc (α), then f2(j,k) ∈

ST (α) and ST 2(j,k)
sc (α) ⊂ C(α) ⊂ S.
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Proof. Since f ∈ ST 2(j,k)
sc (α), Then we have

Re
{ zf ′(z)

f2(j,k)(z)

}
≥ α

or equivalently

T
{ ∂

∂θf(re
iθ)

f2(j,k)(reiθ)

}
≥ α. (2.4)

In the inequality (2.4) substituting reiθ by ϵvreiθ , we obtain

T
{ ∂

∂θf(ϵ
vreiθ)

f2(j,k)(ϵvreiθ)

}
≥ α. (2.5)

Note that f2(j,k)(ϵ
vz) = ϵvjf2(j,k)(z), the inequality (2.5) can be written

as

T
{ϵ−vj ∂

∂θf(ϵ
vreiθ)

f2(j,k)(reiθ)

}
≥ α. (2.6)

In the inequality (2.4) substituting reiθ by ϵvre−iθ , we obtain

T
{ ∂

∂θf(ϵ
vre−iθ)

f2(j,k)(ϵvre−iθ)

}
≥ α.

the above equation is equivalent to

T
{ ∂

∂θf(ϵ
vre−iθ)

f2(j,k)(ϵvre−iθ)

}
≥ α. (2.7)

Note that f2(j,k)(ϵ
v z̄) = ϵ−vjf2(j,k)(z), the inequality (2.7) can be written

as

T
{ϵvj ∂

∂θf(ϵ
vreiθ)

f2(j,k)(reiθ)

}
≥ α. (2.8)

Note that ∂
∂θf(ϵ

vre−iθ) = ∂
∂θf(ϵ

vre−iθ), by applying the inequalities
(2.8) and (2.6), we obtain

T

{ 1
2k

(∑k−1
v=0

(
ϵ−vj ∂

∂θf(ϵ
vreiθ)) + ϵvj ∂

∂θf(ϵ
v z̄)

))
f2(j,k)(z)

}
= T

{ ∂
∂θf2(j,k)(z)

f2(j,k)(z)

}
≥ α,

(2.9)

that is f2(j,k)(z) ∈ ST (α). This means that ST 2(j,k)
sc (α) ⊂ C(α) ⊂ S and

the proof of theorem is complete. �
Theorem 2.4. Let f(z) given by (1.1) and f2(j,k)(z) given by (2.2). Let

∞∑
n=2

nk + j − α+ 1

1− αδ1j
|ank+j |+

∞∑
n=1,n ̸=lk+j

n+ 1

1− αδ1j
|an| ≤ 1, (2.10)
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where a1 = 1, 0 ≤ α < 1, k = 1, 2, 3, ..., j = 0, 1, ..., k − 1, l ∈ N
and δnj is defined by (2.3). Then f is starlike function of order α and

f ∈ ST 2(j,k)
sc (α).

Proof. Since

∞∑
n=2

n− α

1− α
|an| ≤

∞∑
n=2

n+ 1− α

1− α
|an| ≤

∞∑
n=2

n+ (1− α)δnj
1− αδ1j

|an|

=

∞∑
n=2

nk + j − α+ 1

1− αδ1j
|ank+j |+

∞∑
n=1,n ̸=,lk+j

n+ 1

1− αδ1j
|an| ≤ 1

where δnj defined in (2.3). Hence by applying Lemma 1.1, f is starlike
function of order α.

To prove f ∈ ST 2(j,k)
sc (α), we need to show that

T
{ ∂

∂θf(re
iθ)

f2(j,k)(reiθ)

}
= Re

{ zf ′(z))

f2(j,k)(z))

}
= Re

{A(z)

B(z)

}
≥ α,

where z = reiθ, 0 ≤ θ < 2π, 0 ≤ α < 1, k = 1, 2, 3, ..., j = 0, 1, ..., k − 1,

A(z) = zf ′(z) = z +
∞∑
n=1

nanz
n,

and B(z) = f2(j,k)(z) is given by (2.2).
Using the fact that Re{w} ≥ α if and only if |1−α+w| ≥ |1+α−w|,

it suffices to show that

∣∣∣A(z) + (1− α)B(z)
∣∣∣− ∣∣∣A(z)− (1 + α)B(z)

∣∣∣ ≥ 0
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Hence, we have∣∣∣A(z) + (1− α)B(z)
∣∣∣− ∣∣∣A(z)− (1 + α)B(z)

∣∣∣
=

∣∣∣(1 + (1− α)δ1j
)
z +

∞∑
n=2

(
n+

1− α

2
δnj

)
anz

n +

∞∑
n=2

(1− α

2
δnj

)
ānz

n
∣∣∣

−
∣∣∣(1− (1 + α)δ1j

)
z +

∞∑
n=2

(
n− 1 + α

2
δnj

)
anz

n −
∞∑
n=2

(1 + α

2
δnj

)
ānz

n
∣∣∣

≥
(
1 + (1− α)δ1j

)
|z| −

∞∑
n=2

(
n+

1− α

2
δnj

)
|an||z|n −

∞∑
n=2

(1− α

2
δnj

)
|ān||z|n

+
(
1− (1 + α)δ1j

)
|z| −

∞∑
n=2

(
n− 1 + α

2
δnj

)
|an||z|n −

∞∑
n=2

(1 + α

2
δnj

)
|ān|zn

= 2
(
1− αδ1j

)
|z| − 2

∞∑
n=2

(n− αδnj)|an||z|n − 2

∞∑
n=2

|an||z|n

= 2(1− αδ1j)|z|
{
1−

∞∑
n=2

n− αδnj
1− αδ1j

|an||z|n−1 −
∞∑
n=2

1

1− αδ1j
|an||z|n−1

}
≥ 0

= 2(1− αδ1j)|z|
{
1−

∞∑
n=2

n+ 1− αδnj
1− αδ1j

|an||z|n−1
}
≥ 0

From the definition of δnj in (2.3), we get∣∣∣A(z) + (1− α)B(z)
∣∣∣− ∣∣∣A(z)− (1− α)B(z)

∣∣∣
= 2(1− αδ1j)|z|

{
1−

∞∑
n=2

nk + j + 1− α

1− αδ1j
|ank+j | −

∞∑
n=2,n̸=lk+j

n+ 1

1− αδ1j

∣∣∣an|} ≥ 0

we note that in (2.10). This conclude the proof of the theorem. �

The Starlike function of order α with respect to 2(j, k)-symmetric
conjugate points

f(z) = z +

∞∑
n=2

1− αδ1,j
nk + j − α+ 1

xnk+jz
nk+j +

∞∑
n=1,n ̸=lk+j

1− αδ1,j
n+ 1

xnz
n

where
∑∞

m=2 |xm| = 1, shows that the coefficient bounds in (2.10) is
sharp.

3. Convolution Condition

Theorem 3.1. Let ϕ ∈ CV and f(z) ∈ ST (j,k)
sc (α). Then (ϕ ∗ f)(z) ∈

ST (j,k)
sc (α).
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Proof. Let Ωα is a convex domain and f2(j,k)(z) is given by (2.2). Since

f(z) ∈ ST (j,k)
sc (α) by Theorem 2.4, we conclude that f2(j,k)(z) ∈ ST .

Hence by applying Lemma 1.2, we obtain

z(ϕ ∗ f)′(z)
ϕ ∗ f2(j,k)(z)

=
(ϕ ∗ zf ′)(z)

ϕ ∗ f2(j,k)(z)
=

ϕ ∗ zf ′(z)
f2(j,k)(z)

f2(j,k)(z)

ϕ ∗ f2(j,k)
⊆ co

( zf ′(z)

f2(j,k)(z)

)
⊆ Ωα.

Since Ωα is a convex domain and f ∈ ST j,k
sc (α). This prove that

(
ϕ ∗

f
)
(z) ∈ ST (j,k)

sc (α). �
Theorem 3.2. Let 0 ≤ α < 1, k = 1, 2, 3, ..., j = 0, 1, ..., k − 1 and

f(z) ∈ A. Then the function f(z) ∈ ST (j,k)
sc (α) if and only if

1

z

[
f ∗

( z

(1− z)2
− x+ 2α− 1

2(x+ 1)
h(z)

)
− x+ 2α− 1

2(x+ 1)
f ∗ h(z)

]
̸= 0, (3.1)

for all z ∈ U and |x| = 1 where h(z) is given by

h(z) =
1

k

k−1∑
v=0

ϵv(1−j)z

1− ϵvz
.

(
ϵ = exp(2πi/k)

)
. (3.2)

Proof. Let f(z) ∈ ST (j,k)
sc (α), from the definition 2.1, f satisfies the in-

equality (2.1). Since zf ′(z)
f(z) = 1 at z = 0, the inequality (2.1) is equivalent

to
zf ′(z)

f2(j,k)(z)
− α

1− α
̸= x− 1

x+ 1
for all |z| < R < 1, |x| = 1 and x ̸= 1. Which simplifies to

zf ′(z)− αf2(j,k)(z)

(1− α)f2(j,k)(z)
̸= x− 1

x+ 1
, (3.3)

for all |z| < R < 1, |x| = 1 and x ̸= 1. By condition on the inequality
(3.3), we obtain

1

z

[
zf ′(z)− x+ 2α− 1

x+ 1
f2(j,k)(z)

]
̸= 0. (3.4)

On the other hand, it is well known that

zf ′(z) = f(x) ∗ z

(1− z)2
. (3.5)

By the definition of f2(j,k)(z), we know

f2(j,k)(z) =
1

2

[
f ∗ h(z) + f ∗ h(z)

]
, (3.6)

where h(z) is given by (3.2). Substituting (3.5) and (3.6) in (3.4), we
can get (3.1). This complete the proof of theorem. �
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Corollary 3.3. Let 0 ≤ α < 1 and f(z) ∈ A. Then the function

f(z) ∈ C(j,k)
sc (α) if and only if

1

z

[
f∗

( 2z

(1− z)3
−x+ 2α− 1

2(x+ 1)

(
h(z)+zh′(z)

))
−x+ 2α− 1

2(x+ 1)
f ∗ h′(z)

]
̸= 0,

for all z ∈ U and |x| = 1 where h(z) is given by

h(z) =
1

k

k−1∑
v=0

ϵv(1−j)z

1− ϵvz
.

(
ϵ = exp(2πi/k)

)
,

Proof. By definition 2.1 we have, f ∈ A is in the CV(j,k)
sc (α) if and only

if zf ′(z) ∈ ST (j,k)
sc (α). Now applying Theorem 3.2. This complete the

proof of corollary. �
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