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Schwarz boundary value problem on a triangle
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ABSTRACT. In this paper, the Schwarz boundary value problem
(BVP) for the inhomogeneous Cauchy-Riemann equation in a trian-
gle is investigated explicitly. Firstly, by the technique of parqueting-
reflection and the Cauchy-Pompeiu representation formula a modi-
fied Cauchy-Schwarz representation formula is obtained. Then, the
solution of the Schwarz BVP is explicitly solved. In particular, the
boundary behaviors at the corner points are considered.
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1. INTRODUCTION

Numerous results have been achieved for BVPs in different particular
domains. Those special domains include the unit disc [8], half plane [3,
9], ring [12, 13], half disc and half ring [5], lens and lune [6], lens and
half lens [10] and some convex polygons, e.g. equilateral triangle [7] and
half hexagon [11].
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Ficure 1. The triangle T’

The Schwarz BVP is considered for an analytic function with given
boundary values of its real part. Also, the Cauchy-Schwarz representa-
tion formula is obtained by the technique of parqueting-reflection and
the Cauchy-Pompeiu representation formula, see e.g. [1, 2, 4, 14].

The main purpose of this paper is to solve Schwarz BVP on a triangle.
Let T be the triangle formed in the complex plane C. It is formed by
the intersection of three circles Cy : |z —i| = V2, Cy: |z +i| = v/2 and
Cs : |z — V3| = V2. The two circles C; and Cy on the real axis meet
with 1 and —1.

Obviously, the points a = % (5 —V3=V6)+i(1 -3+ \/ﬁ) , b=
% (5 — V3 —V6) —i(1 -3+ \/i) and 1 are the corner points for T
(Figure 1).

This paper is organized as follows. In section 2, the Cauchy-Schwarz
representation formula on T is explicitly obtained by the technique of
parqueting-reflection and the Cauchy-Pompeiu representation formula.
In section 3, the Schwarz BVP in T for the inhomogeneous Cauchy-
Riemann equation is studied and the expression of solution is explicitly
obtained.

2. CAUCHY-SCHWARZ REPRESENTATION FORMULA ON T

The point z € T is reflected at 9C onto i;til, and both these points
are reflected at OCy onto the points =231 and % Reflection of these four

V3z-1 —(1+i\/§)z+(\;§—il-i) —2+V3 (=1+iv/3)z+(v3—i)
(—V3+i)z+(1-iV3)”

Z—V3 7 —(V3+i)z+(1+iv3)’ —V/3z+1

points at C3 are and
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The Cauchy-Schwarz representation formula is derived by combining
the Cauchy-Pompeiu representation formula applied to the points de-
scribed above.
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Theorem 2.1. Any function w € CY(T;C)NC(T;C) for T C C can be
represented as

1 2A0—i) |, 26—

wiz) = 2i aTmaclRew(C)[ (—z ¢z—1
2 (—(V3+i)z+ (1 +14v3)) (¢ — 1)
C(-(VB+i)z+ (1+iVv3)) + (1 +iv3)z — (V3 +1)
N 2((=V3+i)2+ (1 -iV3)) (C—1) _1]
C((—VB+i)z+ (1 —iv3)) + (1 —iv3)z + (—V3 + 1)
d¢ 1 2(¢+14) 22(¢ + 1)
C—Z'Jr% dTNAC, [C—Z o
N 2((=vVB+i)z+ (1 -iV3)) ((+9) -
C((—VB+i)z2+ (1 —iv3)) + (1 —iv3)z + (—V3+1i)
N 2(—(V3+i)z+ (14iV3)) (C+1)
C(—(VB+i)z+ (1+iV3) + (1 +iv3)z — (V3 +1)
d¢ 1 ¢—V3 22(C — V3
“Cvi o 8Tﬁ803R [( . o (Cz—l)
2(—(f+z)z+(1+zf))(<;—\/§)
C(=(V3+i)z+ (1 +iV3)) + (1 +iv3)z — (V3 +1)

X —1

Rew(() o

1+

—1
N 2((=V3+i)z+(1-iv3)) (= V3) 1]
C((—VB3+i)z+ (1 —iv3)) + (1 —iv3)z + (—V3 +1i)

X d
(-3
2 ¢ 2 dg¢
i /amacl Imw(C)C —itT /amacz Imw(C)C + i
2 d¢ 1 PN z
+7T/8Tmaoglmw<)C V3 T T{wc(o{C—ZJFCZ—l
N ~(V3+i)z+ (1+1iv3)
C(=(V3+i)z+(14iv3) + (1+iv3)z — (V3 +1)
N (V3 +i)z+(1—iV3) }
C((=VB+i)z+ (1 —iv3)) + (1 —iv3)z + (—V3 +1)
- 2 —1 z+1
+w<(o[—5(z—i)—iz—|—1_E(z—l—i)—iz—l

z—\/§ —\/gz—i—l
_C_(z—\/g)—\/gz—i-l_C_(—\/gz—i-l)—i—z—\/g}}dgdn7

(2.1)
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where { = & +in.

Proof. The Cauchy-Pompeiu formula

1 d¢ 1 o dgdn Jw(z), zeT,
. 8Tw<<>C_Z—W/Tw<<<>C_Z—{07 or @2

. 741 1 —iztl  —(1+iV3)a 4+ (VB+i)  VBz-1

applied to z € T" and Z;L y ;Zj ) ,(\/gli)zi(1+i\/§)’ ifzx/g ’
(“14+iv3)z4+(V3—1)  —24V3 4 : - : :
(CVAt)zr(-iv3) —vozil ¢ T, respectively, gives the following eight

equalities

1 d 1 déd
we) = g [ w2~ [ ud

(—z C—2z’
(2.3)
1 (z+41i)d¢ 1 . (Z +i)d&dn
0= 2m'/aTw(OC(z+i) —iz—1 W/qva(C)C(Z-l-i) iz 1
(2.4)
1 2d( 1 o 2dEdn
0=5m [ wOZZ -1 [ w0,
(2.5)
1 (z—1)d¢ 1 ) (z —1)d&dn
0= [ O ce— iz =1 W/TU’C(C)C(z—z') iz 1
(2.6)
_ (—(v3+i)z+(1+iv/3) )d¢
0= Jor w(C) C(=(VB+i)z+(1+iv3) )+ (1+iv/3)z— (V/3+i)
. (—(VB+i)z+(1+iv3) ) déd
7% fT wf(o C(—(\/§+i)z+(1+i\/§))+(1+i\/§):—(\/§+i)’
(2.7)

_ L (2 = V/3)d¢
0 o /8T (C)C(E—\/g)—\/gfﬂLl

L (2 V)ded
N /TwC(OC(Z— V3) -3z 41

(2.8)
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_ 1 ((—v/3+i)2+(1—iv/3))d¢
0 = 271 faT w(C)C((_\/§+i)2+(1—i\/g))+(1—i\/§)z+(_\/§+Z')
—1 [ws(C) ((—=V/3+i)z+(1-iv/3) ) d&dn
w JT S (S8 2+ (1—-iv/3) )+ (1—iv/3) o+ (—v/3+i)

(2.9)
0 - b w(0) (—v/3z +1)d¢
211 Jor C(—V3z+1)+z-3
N (—V/3% + 1)dédn
7T/T e C(—VB3E+1)+2 -3 (2.10)

Taking the complex conjugate of (2.4), (2.6), (2.8) and (2.10), where
Z appears, and adding the resulting eight relations, lead to the claimed
representation formula. O

3. SCHWARZ BVP For T

The Cauchy-Schwarz representation formula (2.1), serves to solve the
Schwarz BVP for the inhomogeneous Cauchy-Riemann equation in 7.

Theorem 3.1. The Schwarz BVP
wz = fin T, Rew =y on 0T,
2 Jornec, Imw(o% + 2 Jornoc, m w(o%
+24 Jornac, Im w(C)% =

with given f € Ly(T;C), 2 <p, v € C(9T;C), c € R is uniquely solved
by

- e ZNTY
() 2mi Jornac, C—z " (z—1

N 2(-(V3+i)z+(1+iv3)) (¢ 1)
C(-(V3+i)z+(1+iv3) + (1+iV3)z — (V3+1)
~1

1 7(O{z(gﬂ') 22(¢ — i)

N 2((—V3+i)z+(1—iv3)) (¢ —i)
C((=VB3+i)z+(1—iv3) + (1 —iv3)z+ (V3 +1)
_1} d¢
C—i
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-1

1 2¢+i) _,, 22(¢+1)
Tomi aTmacﬂ(C)[ ¢—z b z—1
N 2((=vB+i)z+ (1 -iV3)) ((+9)

C((=VB+i)z+ (1 —iV3)) + (1 —iv3)z + (—V3 +1)
-1

. 2(~(V3+i)z+ (1 +iv3)) (C+1i)
C(-(VB4+i)z2+ (14iv3)) + (1 +iv3)z — (V3 +1)

d¢
_1} C+i
1 2(¢ - V3) 2z(¢ — V3)
2mi aTmaC37(O[C—Z_1+ (z—1 !

. 2 (—(V3+i)z+ (1+iv3)) (¢ - V3)
C(-(VB4+i)z2+ (14iVv3)) + (1+iv3)z — (V3 +1)
~1

N 2((=VB+i)z+(1-iV3)) ((—V3)
C((=VB+i)z+(1—iv3)) + (1 —iv3)z + (V3 +14)
d¢
E (-3

+ic

_i/T{f(O{ginrgzz—l

N ~(V3+i)z+ (1+iV3)
C(=(V3+i)z+(14iV3) + (1+iv3)z — (V3 +1)
n (—V3+1i)z+ (1 —iV3) }
C((=VB+i)z+ (1 =iv3)) + (1 —iv3)z + (—V3 +1)

— z—1 z4+1
+f(o[—f(z—i)—iz+1 Cl(z+i)—iz—1
z—\/g —\/gz—i—l
= V3)—VBz+1 C(—V3z+1)+2—13

} }dgdn.
(3.1)

Proof. The right-hand side of (3.1) up to the term

Tﬂaz—féﬂm

s

dédn
(=2
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is an analytic function and T f(z) is a weak solution to the Cauchy-
Riemann equation wz = f, so w(z) is a weak solution of the inhomoge-
neous Cauchy-Riemann equation (see [14]).

Now, we consider the boundary behavior. Let

w) = — [ {1o[=+ 75
N —(V3+i)z 4 (1+iV3)
C(—(VB+i)z+ (1+iv3)) + (1 +iv3)z — (V3 +1)
N (=V3+i)z + (1 —iV3) }
C((=VB+i)z+(1—iv3)) + (1 —iv3)z + (—V3 +1)
— zZ—1 z4+1
+f(o[—((z—i)—iz+1 ((z+1i) —iz—1

B z—/3 B —V3z+1 H

C(z—V3)—V3z4+1 ({(—V3z+1)+2-V3

dédn.

(3.2)

For z € 9T N oCY,

w) = — [ {1o[=+ 75
N —(V3+i)z+ (1+iv3)
C(—(VB+i)z+ (1+1iv3)) + (1 +iv3)z — (V3 +1)
N (=V3+i)z + (1 —iV3)
C((=v3+1)z+ (1 —iv3)) + (1 —iv3)z+ (V3 +1)

z

—r 1

_f(C)[EJF (z—1

N (=V3+i)z+ (1 —iV3)
C((—VB+i)z+ (1 —iV3)) + (1 —iv3)Z+ (=3 +1i)

~(V3+1)z2+ (1+1iv3) }}
(-(V3+0)z+ (1+iv3)) + (1 +iv3)z — (V3 +1)
dédn.

+=
¢
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So, Rewp(z) = 0. Similarly, for z € 9T N JCy and z € 9T N ICs,
Rewp(z) = 0. In fact

1 C—i C(+i 2(¢C —1)
Rew(z) 27 Jornac, C)[C—Z+§—5_1+ (z—1
Z(C +1)
+Zi—1 -1

(—(VB+i)z+ (14iv3)) (¢ —1)
C(—(VB3+i)z+ (1+iV3)) + (1 +iv3)z — (V3 +1)
(=V3+i)z+ (1 —iv3)) ({ +14)

C((—VB+i)z2+ (1 —iv3)) + (1 —iv3)z + (—V3 +1)
-1

_l’_

N (=VB+i)z+(1—iV3)) (1)
C((=VB+i)z+(1—iv3)) + (1 —iv3)z + (—V3 +1)

N (-(V3+9)z+ (14+iV3)) (C +1)
C(—(VB3+i)z+ (1+iv3)) + (1 +iv3)z — (V3 +1)

d¢

_1]C—i
1 C+i  (—i 2(¢ +1)
"o 8T08027(C)[C_Z+C_21+ (z—1

zZ(C — i)

N (=VB+i)z+(1-iv3)) ((+1)
C((=VB+i)z+ (1 —iv3)) + (1 —iV3)z + (=V3 +1)

N (—(VB+i)z+ (1+iv3)) ((—1)
C(-(V3+) 2+ (1+iVv3)) + (1+iv3)z — (V3 +1)

(- (f+z'z+(1+zv§))(c+i)
C(—(VB+i)z4+ (1+iV3)) + (1+iv3)z — (V3 +1)
(=vB+i)z+ (1 —iv3)) (( —1)

TCVa izt (- iVB) + (1 iv3)z+ (V3 +0)
]

C+1

1 (V3 VB -3
2mi Jornacs [C—Z " (-2 b (z—1
2C— V3)
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N (—(VB+i)z+ (1 +iV3)) ((—V3)
C(—(VB3+i)z+ (1+iv3)) + (1 +iv3)z — (V3 +1)
N (=vB+9)z+(1-iV3)) (C— V3)
C((=VB3+D)z+(1—iv3) + (1 —iv3)z+ (V3 +1)
—1

N (=V3+i)z+ (1 -iV3)) (C - V3)
C((=VBH+i)z+ (1 —iV3)) + (1 —iV3)z + (—V3 +1)

N (—(V3+)z+ (1 +iv3)) ((—V3) 1]
C(—(VB3+i)z+ (1+iV3)) + (1 +iv3)z — (V3 +1)
d¢
-3
+Rewp(2),
where wg(z) is defined in (3.2). Therefore, on 9C}
1 (—i  C+i o z2(¢—i9) iz—1
Rew(z) = o5 f— (O[g—ﬁ{fz o

-1
N (—(V3+ i)z + (1 +iV3)) (C—1)
C(=(VBH+i)z+ (1 +iV3)) + (1 +iV3)z — (V3 +1)
n 2(z —/3)
C(-(V3+i)z+(14iv3) + (1+iv3)z — (V3 +1)
-1

N (=V3+i)z+(1-iV3)) (C—1)
C((=VB+1)z+(1—iv3) + (1 —iv3)z+ (V3 +1)

N 2(—V3z + 1)i
C((=VB+i)z+ (1 —iv3)) + (1 —iv3) + (=V3 +14)
_1} d¢
C—i
1 (+i  —(iz+1) 2(¢ +1)
27 Jarnacsy C{sz (z—1 L+ (z—1
+_§Z_+ZZ) —1

N (—VB+14)z+ (1 —iv3)) (¢ +1)
C((=vB+i)z+ (1—iv3)) + (1 —iv3)z + (—V3+1)
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N 2(v/3z —1)i
C(=(V3+4i) + (1 +1iVv3)) + (1 +iv3)z — (V3 +1)
~1

N (—(VB+i)z + (1 +iv3)) (¢ +1)
C(—(V3+i)z+ (1+iVv3)) + (1+iv3)z — (V3 +1)

N 2(z —/3)
C((=VB3+i)z+(1—iv3) + (1 —iv3)z+ (V3 +1)
_4 d¢
C+i
1 (-3
2mi aimacg,7 C)[ C(—z2
n 2(—z+1)
C(—(VB3+i)z+ (1+iV3)) + (1 +iv3)z — (V3 +1)
2(¢ = V3)
S (Qz—l
N —2(z+1)
C((=VB+1)z+(1—iv3) + (1 —iv3)z+ (V3 +1)
~1

N (~(V3+14)z+ (1 +iv3)) (¢ —V3)
C(-(V3+i)z+(14+iv3)) + (1+iV3)z — (V3+1)

+_z+\/§
14 (—V3+i)z+ (1 —iv3)) (¢ —V3)
C((—V3+i)z+(1—iv3)+(1—iv3)z+ (—V3+1)
V3z—1 d¢
ANTET 1} (-3
+Rew0(z).

Also, Rew(z) on 0C; could be written as

1 (—i C+i ]
Rew(z) = 271 Jornac, 70 [C—Z " (—z 1} C—i
1 FI(C)|:C_i <+¢_1] ¢

2mi Joc, " ¢—i’

(-2 (-2
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where

(), cearnacy,
Q) = {o, ¢ €90\ (8T NaCy).

From the properties of the Poisson kernel for C', the equality
lim Rew(z) = v(¢)
z—(

follows for ¢ € 9T'N HCy up to the tips b= (5 — V3 —V6) —i(1 — /3
+\/§) and 1 of T', because I'; fails to be continuous there if v does not
vanish at these points. Also on 0C5, we have

1 (—i iz—1 z2(C —1)
Rew(z) = 55 6T08017(C)[g—z+gz—1 S
—2+1 1
Mo

. (~(VB+d)z+ (1 +iv3)) (¢ —1i)
C(-(V3+i)z+(14iv3)) + (1+iV3)z — (V3+1)
n 2(—V3z +1)i
C((=VBH+i)z+ (1 —iv3)) + (1 —iv3)z + (—V3 +14)
-1

N (=V3+i)z+(1-iV3)) (1)
C((=VB3+i)z+ (1 —iV3)) + (1 —iV3)z + (—V3 +1)
2(z —/3)

+C(—(\/§+i)z+(l+i\/§))+(1+i\/§)z—(\/§+i)
_1] d¢

C—1

1 C+i C—i 2(C +4)
2mi aTmaCQ’YO[C—ZJFE—Z_lJF (z—1
—(iz+1)_1

(z—1

(=V3+ i)z + (1 —iv3)) (¢ +14)
C((=VB+i)z+ (1 —iv3)) + (1 —iV3)z + (=V3 +1)
N 2(z —/3)

C((=VB+i)z+(1—iv3)) + (1 —iv3)z + (—V3 +1)
-1

_l’_
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(—=(V3+1i)z+ (1 +iV3)) (¢ +1)

+C(—(\/§+z‘)z+(1+z‘\/§))+(1+z‘\/§)z—(x/§+z’)
N 2(V/3z — 1)i
C(-(VB+i)z+ (1+iv3)) + (1 +iv3)z — (V3 +1)
_1} d¢
¢+
1 (-3
2mi Jornoc, (C)[ C—=z
N —2(z+1)
C((=VB+i)z+ (1 —iv3)) + (1 —iV3)z + (—V3+1)
2(¢ -3
-1+ (Cz—l)
n 2(—z+1)
C(=(VB+i)z+ (1+iV3)) + (1 +iv3)z — (V3 +1)
-1

N (~(V3+i)z+ (1+iv3)) (¢ —V3)
C(-(VB+i)z+ (1+iv3)) + (1 +iv3)z — (V3 +1)

\/gz—l
(z—1 B

1

. (-3 +i)z +(1-iv3) (€~ V3)
C((=VB+i)z+ (1 —iV3)) + (1 —iV3)z + (—V3 +1i)
—2+/3 d¢

e 1} 7

+Rewg(z).

+

Also, Rew(z) on 0Cy could be written as

1 (+i  (—i ]
Rew(z) = 2mi aTmacﬂ(Q [C—Z+€—Z 1}C+i

1 (+i  (—i dc

© 2w 8021“2(() [C—ZJFC—Z 1]C+i’

where

~[4(0), ¢edTnacy,
F2(0) = {o, ¢ €80\ (AT N HCH).
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From the properties of the Poisson kernel for Cy as above for ( € 0T N
0C5 the equality

lim Rew(z) = v(¢)

z—(

holds with the possible exception of the tips 1 and a = %(5 —/3-6)
+i(1 — v/3 ++/2). Similarly, on 9C3

1 C—1
Rew(z) = oo | 20—

N 2(z —/3)

C(=(VB3+i)z+ (1+4iV3)) + (1 +iv3)z — (V3 +1)
2(¢ — i)
(z—1

1+

N —2(V/3z — 1)i
C((—VB+i)z+ (1 —iv3)) + (1 —iv3)z + (=3 +1)
—1

N (—(V3+1i)z+ (1+iV3)) (¢ — 1)
C(—(V3+i)z2+ (1+iVv3)) + (1 +iv3)z — (V3 +1)

—z+1

(—z

1

N (=VB+i)z+ (1 -iV3)) ((—19)
C((=VB+1)z+(1—iv3) + (1 —iv3)z+ (V3 +1)

+

iz—1 d¢
T 1} C—i
1 C+i
Tomi aTNACH (C)[C—Z
N 2(z —/3)
C((=VB+i)z+(1—iv3)) + (1 —iv3)z + (—V3 +1)
14 Zgj;)
N 2(v/3z — 1)i
C(—(V3+i)z+ (1+iv3)) + (1 +iv3)z — (V3 +1)
-1

(VB +i)z+ (1 —iV3)) (¢ +1)
C((=VB+i)z+ (1-iv3)) + (1 —iv3)z + (V3 +14)

_l’_
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—(z+1)

=2 !

_l’_

N (=(VB+i)z+ (1 +3V3)) (C+1)
C(—(VB3+i)z+ (1+iV3)) + (1 +iv3)z — (V3 +1)
—(iz+1) _1} d¢

Cz—1 C+i

1 (—V3 (-3 2(¢ = V3)
Tomi 8TOBC’37( [C—Z " (—z o (z—1
V3z—1
oo !

N (—(V3+i)z+ (1 +iV3)) (¢ — V3)
C(-(V3+i)z+(14iVv3)) + (1+iv3)z — (V3 +1)
2(—z+1) 3
+C (—(V3+1i)z+ (14+iV3)) + (1 +iv3)z — (V3 +1)
(=V3+i)z+(1-iv3)) (- V3)

+§ (—V3+i)z+ (1 —iv3)) + (1 —iv3)z+ (—V3+1)
—2(z +1) B
(VB4 (= iVE) + (1= i3+ (VB +1) 1]
dg
=3
+Rewp(2).

Also, Rew(z) on 0C5 could be written as

o (-3 -v3 | &
Rewe) = 5 BTHBCP,V(C)[C_Z i (—z _1]C\/§

o (-3 -v3 |

a 21 803P3(C)[C—Z + 5—2 _1]C\/§7

where

_ J(C), ¢€ITNACs,
Bs(Q) = {o, ¢ €00y \ (8T NCs).

From the properties of the Poisson kernel for C5 as above for ( € 0T N
0C3 the equality

lim Rew(z) = v(¢)

z—(
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holds with the possible exception of the tips a = l(5 — 3 -6)
+i(l=V3+Vv2)and b= 5 (5 V3 - V6) —i(1 - V3 +V2).

Now, we consider the boundary behavior at the corner points 1, a, b.
In fact, we show that

lim Rew(z) = (1), lim Rew(z) = y(a), lim Rew(z) = ~(b).

z—1

We have

1

z—a z—b

1 ¢ C+i ., 2(¢=1)  2(C+19)
2mi 8T0801[C_Z ¢— b CZ—1+§5—1
-1

N (—=(V3+1i)z4+ (1+iV3)) (¢ —1)

C(—(VB+i)z+ (1+iV3)) + (1+iv3)z — (V3 +1)
L ((— \f+zz+(1—zxf))(§+i)

C((=VB+i)z+(1—iV3)) + (1 —iv3)z + (—V3 +1)
~1

(=VB+i)z+(1-iv3)) (¢~ i)

VBT )+ (- iVB) + (1 - vz + (VB +1)
N (~(V3+9)z+ (1 +iv3)) ( +1i)
C(—(V3+1)z+ (1+4V3)) + (1 +iv3)z — (V3 +1)

d¢
_1]C—i
1 C+i  C—i 2(C+i)  2(C—1)
2mi Jorroc, [C—Z+5*5_1+ Cz—1 " (z-1
-1
N (—V3+1i)z + (1 —iV3)) (¢ +1)

C((—VB+i)z+ (1 —iv3)) + (1 —iv3)z + (=3 +1)
N (—(V3+9)z+(1+iV3)) ((— 1)
C(-(V3+9)z+(14iv3)) + (1+iv3)z— (V3+1)

(— (f+z)z+(1+z\/§))(c+z')
C(-(VB+i)z+ (1+iV3) + (1 +iv3)z — (V3 +1)
(=vB+i)z+ (1 —iv3)) (( —1)

C((=VB+0)z+(1—iv3) + (1 —iV3)z+ (V3 +1)

281



282 Fatemeh Joveini, Mozhgan Akbari

d¢
_1]C+i
1 (—V3 (-3 2(¢—V3)
2mi BTﬂan[C_Z " (—z - (z—1
Z(¢ — V3)
+ o1 -1

N (—(VB3+i)z+ (1 +iV3)) ((—V3)
C(—(VB3+i)z+ (1+iV3)) + (1 +iv3)z — (V3 +1)
N (V3 +i)z2+ (1 —-iV3)) ((—V3)
C((=vB+Dz+ (1 -iV3)) + (1 - iv3)z+ (-V3+1)
-1

N (=VB+i)z+(1-iv3)) (- V3)
C((=VB+i)z+ (1 =iv3)) + (1 —iv3)z + (—V3 +1)
N (-(VB+i)z+(1+iv3)) ((~V3)
C(—(VB3+i)z+ (1+iv3)) + (1 +iv3)z — (V3 +1)
d¢
g

(3.3)

Multiplying the relation (3.3) by (1) and subtracting the resulting
quantity from Rew(z), for z € 9T N 9C1, we get
1 o [¢—i (i d¢
Rew(z) — v(1) = — ”YC[ +=—-1 )
&) =) 2mi Jornac, ()C—Z (-2 ¢—i
whete 3(¢) =7(¢) — 7(1) and 7(1) = 0. So

lim Rew(z) = v(1).
z—1

Similarly, this relation can be shown to hold for z € 9T N dCs. Also,
multiplying (3.3) by y(a) and subtracting the resulting quantity from
Rew(z), for z € 9T N ICs, we get

_ . (+i (i d¢
Rew(z) =1le) = m/f)TmaCQfY(C) [C—z R b
where §(¢) = 7(¢) —v(a) and §(a) = 0. So
21:1_1)1(11 Rew(z) = 7v(a).

Similarly, this relation can be shown to hold for z € 9T N dC5. Also,
multiplying (3.3) by ~(b) and subtracting the resulting quantity from
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Rew(z), for z € 9T N IC5, we get
_ 1 o [E= VB (VB
Rew(Z)—v(b)—ZM./aTmCS’Y(C) [ et Y oA
where §(¢) = v(¢) —v(b) and §(b) = 0. So
lii)I})Rew(z) =(b).

Similarly, this relation can be shown to hold for z € 9T N 9C}. (|
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