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Abstract. In this paper, the Schwarz boundary value problem
(BVP) for the inhomogeneous Cauchy-Riemann equation in a trian-
gle is investigated explicitly. Firstly, by the technique of parqueting-
reflection and the Cauchy-Pompeiu representation formula a modi-
fied Cauchy-Schwarz representation formula is obtained. Then, the
solution of the Schwarz BVP is explicitly solved. In particular, the
boundary behaviors at the corner points are considered.
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1. Introduction

Numerous results have been achieved for BVPs in different particular
domains. Those special domains include the unit disc [8], half plane [3,
9], ring [12, 13], half disc and half ring [5], lens and lune [6], lens and
half lens [10] and some convex polygons, e.g. equilateral triangle [7] and
half hexagon [11].
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Figure 1. The triangle T

The Schwarz BVP is considered for an analytic function with given
boundary values of its real part. Also, the Cauchy-Schwarz representa-
tion formula is obtained by the technique of parqueting–reflection and
the Cauchy-Pompeiu representation formula, see e.g. [1, 2, 4, 14].

The main purpose of this paper is to solve Schwarz BVP on a triangle.
Let T be the triangle formed in the complex plane C. It is formed by
the intersection of three circles C1 : |z − i| =

√
2, C2 : |z + i| =

√
2 and

C3 : |z −
√
3| =

√
2. The two circles C1 and C2 on the real axis meet

with 1 and −1.
Obviously, the points a = 1

2

(
5−

√
3−

√
6) + i(1−

√
3 +

√
2
)
, b =

1
2

(
5−

√
3−

√
6)− i(1−

√
3 +

√
2
)
and 1 are the corner points for T

(Figure 1).
This paper is organized as follows. In section 2, the Cauchy-Schwarz

representation formula on T is explicitly obtained by the technique of
parqueting-reflection and the Cauchy-Pompeiu representation formula.
In section 3, the Schwarz BVP in T for the inhomogeneous Cauchy-
Riemann equation is studied and the expression of solution is explicitly
obtained.

2. Cauchy-Schwarz representation formula on T

The point z ∈ T is reflected at ∂C1 onto iz̄+1
z̄+i , and both these points

are reflected at ∂C2 onto the points −iz̄+1
z̄−i and 1

z . Reflection of these four

points at ∂C3 are
√
3z̄−1

z̄−
√
3
, −(1+i

√
3)z+(

√
3+i)

−(
√
3+i)z+(1+i

√
3)
, −z̄+

√
3

−
√
3z̄+1

and (−1+i
√
3)z+(

√
3−i)

(−
√
3+i)z+(1−i

√
3)
.
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The Cauchy-Schwarz representation formula is derived by combining
the Cauchy-Pompeiu representation formula applied to the points de-
scribed above.
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Theorem 2.1. Any function w ∈ C1(T ;C)∩C(T ;C) for T ⊂ C can be
represented as

w(z) =
1

2πi

∫
∂T∩∂C1

Rew(ζ)
[2(ζ − i)

ζ − z
− 1 +

2z(ζ − i)

ζz − 1
− 1

+
2
(
−(

√
3 + i)z + (1 + i

√
3)
)
(ζ − i)

ζ
(
−(

√
3 + i)z + (1 + i

√
3)
)
+ (1 + i

√
3)z − (

√
3 + i)

− 1

+
2
(
(−

√
3 + i)z + (1− i

√
3)
)
(ζ − i)

ζ
(
(−

√
3 + i)z + (1− i

√
3)
)
+ (1− i

√
3)z + (−

√
3 + i)

− 1
]

× dζ

ζ − i
+

1

2πi

∫
∂T∩∂C2

Rew(ζ)
[2(ζ + i)

ζ − z
− 1 +

2z(ζ + i)

ζz − 1
− 1

+
2
(
(−

√
3 + i)z + (1− i

√
3)
)
(ζ + i)

ζ
(
(−

√
3 + i)z + (1− i

√
3)
)
+ (1− i

√
3)z + (−

√
3 + i)

− 1

+
2
(
−(

√
3 + i)z + (1 + i

√
3)
)
(ζ + i)

ζ
(
−(

√
3 + i)z + (1 + i

√
3)
)
+ (1 + i

√
3)z − (

√
3 + i)

− 1
]

× dζ

ζ + i
+

1

2πi

∫
∂T∩∂C3

Rew(ζ)
[2(ζ −√

3)

ζ − z
− 1 +

2z(ζ −
√
3)

ζz − 1

−1 +
2
(
−(

√
3 + i)z + (1 + i

√
3)
)
(ζ −

√
3)

ζ
(
−(

√
3 + i)z + (1 + i

√
3)
)
+ (1 + i

√
3)z − (

√
3 + i)

−1

+
2
(
(−

√
3 + i)z + (1− i

√
3)
)
(ζ −

√
3)

ζ
(
(−

√
3 + i)z + (1− i

√
3)
)
+ (1− i

√
3)z + (−

√
3 + i)

− 1
]

× dζ

ζ −
√
3

+
2

π

∫
∂T∩∂C1

Imw(ζ)
dζ

ζ − i
+

2

π

∫
∂T∩∂C2

Imw(ζ)
dζ

ζ + i

+
2

π

∫
∂T∩∂C3

Imw(ζ)
dζ

ζ −
√
3
− 1

π

∫
T

{
wζ̄(ζ)

[ 1

ζ − z
+

z

ζz − 1

+
−(

√
3 + i)z + (1 + i

√
3)

ζ
(
−(

√
3 + i)z + (1 + i

√
3)
)
+ (1 + i

√
3)z − (

√
3 + i)

+
(−

√
3 + i)z + (1− i

√
3)

ζ
(
(−

√
3 + i)z + (1− i

√
3)
)
+ (1− i

√
3)z + (−

√
3 + i)

]
+wζ̄(ζ)

[ z − i

−ζ̄(z − i)− iz + 1
− z + i

ζ̄(z + i)− iz − 1

− z −
√
3

ζ̄(z −
√
3)−

√
3z + 1

− −
√
3z + 1

ζ̄(−
√
3z + 1) + z −

√
3

]}
dξdη,

(2.1)
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where ζ = ξ + iη.

Proof. The Cauchy-Pompeiu formula

1

2πi

∫
∂T

w(ζ)
dζ

ζ − z
− 1

π

∫
T
wζ̄(ζ)

dξdη

ζ − z
=

{
w(z), z ∈ T,

0, z /∈ T ,
(2.2)

applied to z ∈ T and iz̄+1
z̄+i ,

1
z ,

−iz̄+1
z̄−i , −(1+i

√
3)z+(

√
3+i)

−(
√
3+i)z+(1+i

√
3)
,

√
3z̄−1

z̄−
√
3
,

(−1+i
√
3)z+(

√
3−i)

(−
√
3+i)z+(1−i

√
3)
, −z̄+

√
3

−
√
3z̄+1

/∈ T , respectively, gives the following eight

equalities

w(z) =
1

2πi

∫
∂T

w(ζ)
dζ

ζ − z
− 1

π

∫
T
wζ̄(ζ)

dξdη

ζ − z
,

(2.3)

0 =
1

2πi

∫
∂T

w(ζ)
(z̄ + i)dζ

ζ(z̄ + i)− iz̄ − 1
− 1

π

∫
T
wζ̄(ζ)

(z̄ + i)dξdη

ζ(z̄ + i)− iz̄ − 1
,

(2.4)

0 =
1

2πi

∫
∂T

w(ζ)
zdζ

ζz − 1
− 1

π

∫
T
wζ̄(ζ)

zdξdη

ζz − 1
,

(2.5)

0 =
1

2πi

∫
∂T

w(ζ)
(z̄ − i)dζ

ζ(z̄ − i) + iz̄ − 1
− 1

π

∫
T
wζ̄(ζ)

(z̄ − i)dξdη

ζ(z̄ − i) + iz̄ − 1
,

(2.6)

0 = 1
2πi

∫
∂T w(ζ)

(−(
√
3+i)z+(1+i

√
3))dζ

ζ(−(
√
3+i)z+(1+i

√
3))+(1+i

√
3)z−(

√
3+i)

− 1
π

∫
T wζ̄(ζ)

(−(
√
3+i)z+(1+i

√
3))dξdη

ζ(−(
√
3+i)z+(1+i

√
3))+(1+i

√
3)z−(

√
3+i)

,

(2.7)

0 =
1

2πi

∫
∂T

w(ζ)
(z̄ −

√
3)dζ

ζ(z̄ −
√
3)−

√
3z̄ + 1

− 1

π

∫
T
wζ̄(ζ)

(z̄ −
√
3)dξdη

ζ(z̄ −
√
3)−

√
3z̄ + 1

,

(2.8)
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0 = 1
2πi

∫
∂T w(ζ)

((−
√
3+i)z+(1−i

√
3))dζ

ζ((−
√
3+i)z+(1−i

√
3))+(1−i

√
3)z+(−

√
3+i)

− 1
π

∫
T wζ̄(ζ)

((−
√
3+i)z+(1−i

√
3))dξdη

ζ((−
√
3+i)z+(1−i

√
3))+(1−i

√
3)z+(−

√
3+i)

,

(2.9)

0 =
1

2πi

∫
∂T

w(ζ)
(−

√
3z̄ + 1)dζ

ζ(−
√
3z̄ + 1) + z̄ −

√
3

− 1

π

∫
T
wζ̄(ζ)

(−
√
3z̄ + 1)dξdη

ζ(−
√
3z̄ + 1) + z̄ −

√
3
. (2.10)

Taking the complex conjugate of (2.4), (2.6), (2.8) and (2.10), where
z̄ appears, and adding the resulting eight relations, lead to the claimed
representation formula. �

3. Schwarz BVP for T

The Cauchy-Schwarz representation formula (2.1), serves to solve the
Schwarz BVP for the inhomogeneous Cauchy-Riemann equation in T .

Theorem 3.1. The Schwarz BVP

wz̄ = f in T, Rew = γ on ∂T,
2
πi

∫
∂T∩∂C1

Imw(ζ) dζ
ζ−i +

2
πi

∫
∂T∩∂C2

Im w(ζ) dζ
ζ+i

+ 2
πi

∫
∂T∩∂C3

Im w(ζ) dζ

ζ−
√
3
= c,

with given f ∈ Lp(T ;C), 2 < p, γ ∈ C(∂T ;C), c ∈ R is uniquely solved
by

w(z) =
1

2πi

∫
∂T∩∂C1

γ(ζ)
[2(ζ − i)

ζ − z
− 1 +

2z(ζ − i)

ζz − 1
− 1

+
2
(
−(

√
3 + i)z + (1 + i

√
3)
)
(ζ − i)

ζ
(
−(

√
3 + i)z + (1 + i

√
3)
)
+ (1 + i

√
3)z − (

√
3 + i)

−1

+
2
(
(−

√
3 + i)z + (1− i

√
3)
)
(ζ − i)

ζ
(
(−

√
3 + i)z + (1− i

√
3)
)
+ (1− i

√
3)z + (−

√
3 + i)

−1
] dζ

ζ − i
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+
1

2πi

∫
∂T∩∂C2

γ(ζ)
[2(ζ + i)

ζ − z
− 1 +

2z(ζ + i)

ζz − 1
− 1

+
2
(
(−

√
3 + i)z + (1− i

√
3)
)
(ζ + i)

ζ
(
(−

√
3 + i)z + (1− i

√
3)
)
+ (1− i

√
3)z + (−

√
3 + i)

−1

+
2
(
−(

√
3 + i)z + (1 + i

√
3)
)
(ζ + i)

ζ
(
−(

√
3 + i)z + (1 + i

√
3)
)
+ (1 + i

√
3)z − (

√
3 + i)

−1
] dζ

ζ + i

+
1

2πi

∫
∂T∩∂C3

γ(ζ)
[2(ζ −√

3)

ζ − z
− 1 +

2z(ζ −
√
3)

ζz − 1
− 1

+
2
(
−(

√
3 + i)z + (1 + i

√
3)
)
(ζ −

√
3)

ζ
(
−(

√
3 + i)z + (1 + i

√
3)
)
+ (1 + i

√
3)z − (

√
3 + i)

−1

+
2
(
(−

√
3 + i)z + (1− i

√
3)
)
(ζ −

√
3)

ζ
(
(−

√
3 + i)z + (1− i

√
3)
)
+ (1− i

√
3)z + (−

√
3 + i)

−1
] dζ

ζ −
√
3

+ic

− 1

π

∫
T

{
f(ζ)

[ 1

ζ − z
+

z

ζz − 1

+
−(

√
3 + i)z + (1 + i

√
3)

ζ
(
−(

√
3 + i)z + (1 + i

√
3)
)
+ (1 + i

√
3)z − (

√
3 + i)

+
(−

√
3 + i)z + (1− i

√
3)

ζ
(
(−

√
3 + i)z + (1− i

√
3)
)
+ (1− i

√
3)z + (−

√
3 + i)

]
+f(ζ)

[ z − i

−ζ̄(z − i)− iz + 1
− z + i

ζ̄(z + i)− iz − 1

− z −
√
3

ζ̄(z −
√
3)−

√
3z + 1

− −
√
3z + 1

ζ̄(−
√
3z + 1) + z −

√
3

]}
dξdη.

(3.1)

Proof. The right-hand side of (3.1) up to the term

Tf(z) = − 1

π

∫
T
f(ζ)

dξdη

ζ − z
,
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is an analytic function and Tf(z) is a weak solution to the Cauchy-
Riemann equation wz̄ = f, so w(z) is a weak solution of the inhomoge-
neous Cauchy-Riemann equation (see [14]).

Now, we consider the boundary behavior. Let

w0(z) = − 1

π

∫
T

{
f(ζ)

[ 1

ζ − z
+

z

ζz − 1

+
−(

√
3 + i)z + (1 + i

√
3)

ζ
(
−(

√
3 + i)z + (1 + i

√
3)
)
+ (1 + i

√
3)z − (

√
3 + i)

+
(−

√
3 + i)z + (1− i

√
3)

ζ
(
(−

√
3 + i)z + (1− i

√
3)
)
+ (1− i

√
3)z + (−

√
3 + i)

]
+f(ζ)

[ z − i

−ζ̄(z − i)− iz + 1
− z + i

ζ̄(z + i)− iz − 1

− z −
√
3

ζ̄(z −
√
3)−

√
3z + 1

− −
√
3z + 1

ζ̄(−
√
3z + 1) + z −

√
3

]}
dξdη.

(3.2)

For z ∈ ∂T ∩ ∂C1,

w0(z) = − 1

π

∫
T

{
f(ζ)

[ 1

ζ − z
+

z

ζz − 1

+
−(

√
3 + i)z + (1 + i

√
3)

ζ
(
−(

√
3 + i)z + (1 + i

√
3)
)
+ (1 + i

√
3)z − (

√
3 + i)

+
(−

√
3 + i)z + (1− i

√
3)

ζ
(
(−

√
3 + i)z + (1− i

√
3)
)
+ (1− i

√
3)z + (−

√
3 + i)

]
−f(ζ)

[ 1

ζ̄ − z̄
+

z̄

ζ̄ z̄ − 1

+
(−

√
3 + i)z̄ + (1− i

√
3)

ζ̄
(
(−

√
3 + i)z̄ + (1− i

√
3)
)
+ (1− i

√
3)z̄ + (−

√
3 + i)

+
−(

√
3 + i)z̄ + (1 + i

√
3)

ζ̄
(
−(

√
3 + i)z̄ + (1 + i

√
3)
)
+ (1 + i

√
3)z̄ − (

√
3 + i)

]}
dξdη.
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So, Rew0(z) = 0. Similarly, for z ∈ ∂T ∩ ∂C2 and z ∈ ∂T ∩ ∂C3,
Rew0(z) = 0. In fact

Rew(z) =
1

2πi

∫
∂T∩∂C1

γ(ζ)
[ ζ − i

ζ − z
+

ζ̄ + i

ζ̄ − z̄
− 1 +

z(ζ − i)

ζz − 1

+
z̄(ζ̄ + i)

ζ̄ z̄ − 1
− 1

+

(
−(

√
3 + i)z + (1 + i

√
3)
)
(ζ − i)

ζ
(
−(

√
3 + i)z + (1 + i

√
3)
)
+ (1 + i

√
3)z − (

√
3 + i)

+

(
(−

√
3 + i)z̄ + (1− i

√
3)
)
(ζ̄ + i)

ζ̄
(
(−

√
3 + i)z̄ + (1− i

√
3)
)
+ (1− i

√
3)z̄ + (−

√
3 + i)

−1

+

(
(−

√
3 + i)z + (1− i

√
3)
)
(ζ − i)

ζ
(
(−

√
3 + i)z + (1− i

√
3)
)
+ (1− i

√
3)z + (−

√
3 + i)

+

(
−(

√
3 + i)z̄ + (1 + i

√
3)
)
(ζ̄ + i)

ζ̄
(
−(

√
3 + i)z̄ + (1 + i

√
3)
)
+ (1 + i

√
3)z̄ − (

√
3 + i)

−1
] dζ

ζ − i

+
1

2πi

∫
∂T∩∂C2

γ(ζ)
[ ζ + i

ζ − z
+

ζ̄ − i

ζ̄ − z̄
− 1 +

z(ζ + i)

ζz − 1

+
z̄(ζ̄ − i)

ζ̄ z̄ − 1
− 1

+

(
(−

√
3 + i)z + (1− i

√
3)
)
(ζ + i)

ζ
(
(−

√
3 + i)z + (1− i

√
3)
)
+ (1− i

√
3)z + (−

√
3 + i)

+

(
−(

√
3 + i)z̄ + (1 + i

√
3)
)
(ζ̄ − i)

ζ̄
(
−(

√
3 + i)z̄ + (1 + i

√
3)
)
+ (1 + i

√
3)z̄ − (

√
3 + i)

−1

+

(
−(

√
3 + i)z + (1 + i

√
3)
)
(ζ + i)

ζ
(
−(

√
3 + i)z + (1 + i

√
3)
)
+ (1 + i

√
3)z − (

√
3 + i)

+

(
(−

√
3 + i)z̄ + (1− i

√
3)
)
(ζ̄ − i)

ζ̄
(
(−

√
3 + i)z̄ + (1− i

√
3)
)
+ (1− i

√
3)z̄ + (−

√
3 + i)

−1
] dζ

ζ + i

+
1

2πi

∫
∂T∩∂C3

γ(ζ)
[ζ −√

3

ζ − z
+

ζ̄ −
√
3

ζ̄ − z̄
− 1 +

z(ζ −
√
3)

ζz − 1

+
z̄(ζ̄ −

√
3)

ζ̄ z̄ − 1
− 1



Schwarz boundary value problem on a triangle 275

+

(
−(

√
3 + i)z + (1 + i

√
3)
)
(ζ −

√
3)

ζ
(
−(

√
3 + i)z + (1 + i

√
3)
)
+ (1 + i

√
3)z − (

√
3 + i)

+

(
(−

√
3 + i)z̄ + (1− i

√
3)
)
(ζ̄ −

√
3)

ζ̄
(
(−

√
3 + i)z̄ + (1− i

√
3)
)
+ (1− i

√
3)z̄ + (−

√
3 + i)

−1

+

(
(−

√
3 + i)z + (1− i

√
3)
)
(ζ −

√
3)

ζ
(
(−

√
3 + i)z + (1− i

√
3)
)
+ (1− i

√
3)z + (−

√
3 + i)

+

(
−(

√
3 + i)z̄ + (1 + i

√
3)
)
(ζ̄ −

√
3)

ζ̄
(
−(

√
3 + i)z̄ + (1 + i

√
3)
)
+ (1 + i

√
3)z̄ − (

√
3 + i)

− 1
]

× dζ

ζ −
√
3

+Rew0(z),

where w0(z) is defined in (3.2). Therefore, on ∂C1

Rew(z) =
1

2πi

∫
∂T∩∂C1

γ(ζ)
[ ζ − i

ζ − z
+

ζ̄ + i

ζ̄ − z̄
− 1 +

z(ζ − i)

ζz − 1
+

iz − 1

ζz − 1

−1

+

(
−(

√
3 + i)z + (1 + i

√
3)
)
(ζ − i)

ζ
(
−(

√
3 + i)z + (1 + i

√
3)
)
+ (1 + i

√
3)z − (

√
3 + i)

+
2(z −

√
3)

ζ
(
−(

√
3 + i)z + (1 + i

√
3)
)
+ (1 + i

√
3)z − (

√
3 + i)

−1

+

(
(−

√
3 + i)z + (1− i

√
3)
)
(ζ − i)

ζ
(
(−

√
3 + i)z + (1− i

√
3)
)
+ (1− i

√
3)z + (−

√
3 + i)

+
2(−

√
3z + 1)i

ζ
(
(−

√
3 + i)z + (1− i

√
3)
)
+ (1− i

√
3) + (−

√
3 + i)

−1
] dζ

ζ − i

+
1

2πi

∫
∂T∩∂C2

γ(ζ)
[ ζ + i

ζ − z
+

−(iz + 1)

ζz − 1
− 1 +

z(ζ + i)

ζz − 1

+
−(z + i)

ζ − z
− 1

+

(
(−

√
3 + i)z + (1− i

√
3)
)
(ζ + i)

ζ
(
(−

√
3 + i)z + (1− i

√
3)
)
+ (1− i

√
3)z + (−

√
3 + i)
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+
2(
√
3z − 1)i

ζ
(
−(

√
3 + i) + (1 + i

√
3)
)
+ (1 + i

√
3)z − (

√
3 + i)

−1

+

(
−(

√
3 + i)z + (1 + i

√
3)
)
(ζ + i)

ζ
(
−(

√
3 + i)z + (1 + i

√
3)
)
+ (1 + i

√
3)z − (

√
3 + i)

+
2(z −

√
3)

ζ
(
(−

√
3 + i)z + (1− i

√
3)
)
+ (1− i

√
3)z + (−

√
3 + i)

−1
] dζ

ζ + i

+
1

2πi

∫
∂T∩∂C3

γ(ζ)
[ζ −√

3

ζ − z

+
2(−z + i)

ζ
(
−(

√
3 + i)z + (1 + i

√
3)
)
+ (1 + i

√
3)z − (

√
3 + i)

−1 +
z(ζ −

√
3)

ζz − 1

+
−2(z + i)

ζ
(
(−

√
3 + i)z + (1− i

√
3)
)
+ (1− i

√
3)z + (−

√
3 + i)

−1

+

(
−(

√
3 + i)z + (1 + i

√
3)
)
(ζ −

√
3)

ζ
(
−(

√
3 + i)z + (1 + i

√
3)
)
+ (1 + i

√
3)z − (

√
3 + i)

+
−z +

√
3

ζ − z

−1 +

(
(−

√
3 + i)z + (1− i

√
3)
)
(ζ −

√
3)

ζ
(
(−

√
3 + i)z + (1− i

√
3)
)
+ (1− i

√
3)z + (−

√
3 + i)

+

√
3z − 1

ζz − 1
− 1

] dζ

ζ −
√
3

+Rew0(z).

Also, Rew(z) on ∂C1 could be written as

Rew(z) =
1

2πi

∫
∂T∩∂C1

γ(ζ)

[
ζ − i

ζ − z
+

ζ̄ + i

ζ̄ − z̄
− 1

]
dζ

ζ − i

=
1

2πi

∫
∂C1

Γ1(ζ)

[
ζ − i

ζ − z
+

ζ̄ + i

ζ̄ − z̄
− 1

]
dζ

ζ − i
,
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where

Γ1(ζ) =

{
γ(ζ), ζ ∈ ∂T ∩ ∂C1,

0, ζ ∈ ∂C1 \ (∂T ∩ ∂C1).

From the properties of the Poisson kernel for C1, the equality

lim
z→ζ

Rew(z) = γ(ζ)

follows for ζ ∈ ∂T ∩ ∂C1 up to the tips b = 1
2(5−

√
3−

√
6)− i(1−

√
3

+
√
2) and 1 of T , because Γ1 fails to be continuous there if γ does not

vanish at these points. Also on ∂C2, we have

Rew(z) =
1

2πi

∫
∂T∩∂C1

γ(ζ)
[ ζ − i

ζ − z
+

iz − 1

ζz − 1
− 1 +

z(ζ − i)

ζz − 1

+
−z + i

ζ − z
− 1

+

(
−(

√
3 + i)z + (1 + i

√
3)
)
(ζ − i)

ζ
(
−(

√
3 + i)z + (1 + i

√
3)
)
+ (1 + i

√
3)z − (

√
3 + i)

+
2(−

√
3z + 1)i

ζ
(
(−

√
3 + i)z + (1− i

√
3)
)
+ (1− i

√
3)z + (−

√
3 + i)

−1

+

(
(−

√
3 + i)z + (1− i

√
3)
)
(ζ − i)

ζ
(
(−

√
3 + i)z + (1− i

√
3)
)
+ (1− i

√
3)z + (−

√
3 + i)

+
2(z −

√
3)

ζ
(
−(

√
3 + i)z + (1 + i

√
3)
)
+ (1 + i

√
3)z − (

√
3 + i)

−1
] dζ

ζ − i

+
1

2πi

∫
∂T∩∂C2

γ(ζ)
[ ζ + i

ζ − z
+

ζ̄ − i

ζ̄ − z̄
− 1 +

z(ζ + i)

ζz − 1

+
−(iz + 1)

ζz − 1
− 1

+

(
(−

√
3 + i)z + (1− i

√
3)
)
(ζ + i)

ζ
(
(−

√
3 + i)z + (1− i

√
3)
)
+ (1− i

√
3)z + (−

√
3 + i)

+
2(z −

√
3)

ζ
(
(−

√
3 + i)z + (1− i

√
3)
)
+ (1− i

√
3)z + (−

√
3 + i)

−1
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+

(
−(

√
3 + i)z + (1 + i

√
3)
)
(ζ + i)

ζ
(
−(

√
3 + i)z + (1 + i

√
3)
)
+ (1 + i

√
3)z − (

√
3 + i)

+
2(
√
3z − 1)i

ζ
(
−(

√
3 + i)z + (1 + i

√
3)
)
+ (1 + i

√
3)z − (

√
3 + i)

−1
] dζ

ζ + i

+
1

2πi

∫
∂T∩∂C3

γ(ζ)
[ζ −√

3

ζ − z

+
−2(z + i)

ζ
(
(−

√
3 + i)z + (1− i

√
3)
)
+ (1− i

√
3)z + (−

√
3 + i)

−1 +
z(ζ −

√
3)

ζz − 1

+
2(−z + i)

ζ
(
−(

√
3 + i)z + (1 + i

√
3)
)
+ (1 + i

√
3)z − (

√
3 + i)

−1

+

(
−(

√
3 + i)z + (1 + i

√
3)
)
(ζ −

√
3)

ζ
(
−(

√
3 + i)z + (1 + i

√
3)
)
+ (1 + i

√
3)z − (

√
3 + i)

+

√
3z − 1

ζz − 1
− 1

+

(
(−

√
3 + i)z + (1− i

√
3)
)
(ζ −

√
3)

ζ
(
(−

√
3 + i)z + (1− i

√
3)
)
+ (1− i

√
3)z + (−

√
3 + i)

+
−z +

√
3

ζ − z
− 1

] dζ

ζ −
√
3

+Rew0(z).

Also, Rew(z) on ∂C2 could be written as

Rew(z) =
1

2πi

∫
∂T∩∂C2

γ(ζ)

[
ζ + i

ζ − z
+

ζ̄ − i

ζ̄ − z̄
− 1

]
dζ

ζ + i

=
1

2πi

∫
∂C2

Γ2(ζ)

[
ζ + i

ζ − z
+

ζ̄ − i

ζ̄ − z̄
− 1

]
dζ

ζ + i
,

where

Γ2(ζ) =

{
γ(ζ), ζ ∈ ∂T ∩ ∂C2,

0, ζ ∈ ∂C2 \ (∂T ∩ ∂C2).
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From the properties of the Poisson kernel for C2 as above for ζ ∈ ∂T ∩
∂C2 the equality

lim
z→ζ

Rew(z) = γ(ζ)

holds with the possible exception of the tips 1 and a = 1
2(5−

√
3−

√
6)

+i(1−
√
3 +

√
2). Similarly, on ∂C3

Rew(z) =
1

2πi

∫
∂T∩∂C1

γ(ζ)
[ ζ − i

ζ − z

+
2(z −

√
3)

ζ
(
−(

√
3 + i)z + (1 + i

√
3)
)
+ (1 + i

√
3)z − (

√
3 + i)

−1 +
z(ζ − i)

ζz − 1

+
−2(

√
3z − 1)i

ζ
(
(−

√
3 + i)z + (1− i

√
3)
)
+ (1− i

√
3)z + (−

√
3 + i)

−1

+

(
−(

√
3 + i)z + (1 + i

√
3)
)
(ζ − i)

ζ
(
−(

√
3 + i)z + (1 + i

√
3)
)
+ (1 + i

√
3)z − (

√
3 + i)

+
−z + i

ζ − z
− 1

+

(
(−

√
3 + i)z + (1− i

√
3)
)
(ζ − i)

ζ
(
(−

√
3 + i)z + (1− i

√
3)
)
+ (1− i

√
3)z + (−

√
3 + i)

+
iz − 1

ζz − 1
− 1

] dζ

ζ − i

+
1

2πi

∫
∂T∩∂C2

γ(ζ)
[ ζ + i

ζ − z

+
2(z −

√
3)

ζ
(
(−

√
3 + i)z + (1− i

√
3)
)
+ (1− i

√
3)z + (−

√
3 + i)

−1 +
z(ζ + i)

ζz − 1

+
2(
√
3z − 1)i

ζ
(
−(

√
3 + i)z + (1 + i

√
3)
)
+ (1 + i

√
3)z − (

√
3 + i)

−1

+

(
(−

√
3 + i)z + (1− i

√
3)
)
(ζ + i)

ζ
(
(−

√
3 + i)z + (1− i

√
3)
)
+ (1− i

√
3)z + (−

√
3 + i)
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+
−(z + i)

ζ − z
− 1

+

(
−(

√
3 + i)z + (1 + i

√
3)
)
(ζ + i)

ζ
(
−(

√
3 + i)z + (1 + i

√
3)
)
+ (1 + i

√
3)z − (

√
3 + i)

+
−(iz + 1)

ζz − 1
− 1

] dζ

ζ + i

+
1

2πi

∫
∂T∩∂C3

γ(ζ)
[ζ −√

3

ζ − z
+

ζ̄ −
√
3

ζ̄ − z̄
− 1 +

z(ζ −
√
3)

ζz − 1

+

√
3z − 1

ζz − 1
− 1

+

(
−(

√
3 + i)z + (1 + i

√
3)
)
(ζ −

√
3)

ζ
(
−(

√
3 + i)z + (1 + i

√
3)
)
+ (1 + i

√
3)z − (

√
3 + i)

+
2(−z + i)

ζ
(
−(

√
3 + i)z + (1 + i

√
3)
)
+ (1 + i

√
3)z − (

√
3 + i)

− 1

+

(
(−

√
3 + i)z + (1− i

√
3)
)
(ζ −

√
3)

ζ
(
(−

√
3 + i)z + (1− i

√
3)
)
+ (1− i

√
3)z + (−

√
3 + i)

+
−2(z + i)

ζ
(
(−

√
3 + i)z + (1− i

√
3)
)
+ (1− i

√
3)z + (−

√
3 + i)

− 1
]

× dζ

ζ −
√
3

+Rew0(z).

Also, Rew(z) on ∂C3 could be written as

Rew(z) =
1

2πi

∫
∂T∩∂C3

γ(ζ)

[
ζ −

√
3

ζ − z
+

ζ̄ −
√
3

ζ̄ − z̄
− 1

]
dζ

ζ −
√
3

=
1

2πi

∫
∂C3

Γ3(ζ)

[
ζ −

√
3

ζ − z
+

ζ̄ −
√
3

ζ̄ − z̄
− 1

]
dζ

ζ −
√
3
,

where

Γ3(ζ) =

{
γ(ζ), ζ ∈ ∂T ∩ ∂C3,

0, ζ ∈ ∂C3 \ (∂T ∩ ∂C3).

From the properties of the Poisson kernel for C3 as above for ζ ∈ ∂T ∩
∂C3 the equality

lim
z→ζ

Rew(z) = γ(ζ)
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holds with the possible exception of the tips a = 1
2(5−

√
3−

√
6)

+i(1−
√
3 +

√
2) and b = 1

2

(
5−

√
3−

√
6)− i(1−

√
3 +

√
2
)
.

Now, we consider the boundary behavior at the corner points 1, a, b.
In fact, we show that

lim
z→1

Rew(z) = γ(1), lim
z→a

Rew(z) = γ(a), lim
z→b

Rew(z) = γ(b).

We have

1 =
1

2πi

∫
∂T∩∂C1

[ ζ − i

ζ − z
+

ζ̄ + i

ζ̄ − z̄
− 1 +

z(ζ − i)

ζz − 1
+

z̄(ζ̄ + i)

ζ̄ z̄ − 1

−1

+

(
−(

√
3 + i)z + (1 + i

√
3)
)
(ζ − i)

ζ
(
−(

√
3 + i)z + (1 + i

√
3)
)
+ (1 + i

√
3)z − (

√
3 + i)

+

(
(−

√
3 + i)z̄ + (1− i

√
3)
)
(ζ̄ + i)

ζ̄
(
(−

√
3 + i)z̄ + (1− i

√
3)
)
+ (1− i

√
3)z̄ + (−

√
3 + i)

−1

+

(
(−

√
3 + i)z + (1− i

√
3)
)
(ζ − i)

ζ
(
(−

√
3 + i)z + (1− i

√
3)
)
+ (1− i

√
3)z + (−

√
3 + i)

+

(
−(

√
3 + i)z̄ + (1 + i

√
3)
)
(ζ̄ + i)

ζ̄
(
−(

√
3 + i)z̄ + (1 + i

√
3)
)
+ (1 + i

√
3)z̄ − (

√
3 + i)

−1
] dζ

ζ − i

+
1

2πi

∫
∂T∩∂C2

[ ζ + i

ζ − z
+

ζ̄ − i

ζ̄ − z̄
− 1 +

z(ζ + i)

ζz − 1
+

z̄(ζ̄ − i)

ζ̄ z̄ − 1

−1

+

(
(−

√
3 + i)z + (1− i

√
3)
)
(ζ + i)

ζ
(
(−

√
3 + i)z + (1− i

√
3)
)
+ (1− i

√
3)z + (−

√
3 + i)

+

(
−(

√
3 + i)z̄ + (1 + i

√
3)
)
(ζ̄ − i)

ζ̄
(
−(

√
3 + i)z̄ + (1 + i

√
3)
)
+ (1 + i

√
3)z̄ − (

√
3 + i)

−1

+

(
−(

√
3 + i)z + (1 + i

√
3)
)
(ζ + i)

ζ
(
−(

√
3 + i)z + (1 + i

√
3)
)
+ (1 + i

√
3)z − (

√
3 + i)

+

(
(−

√
3 + i)z̄ + (1− i

√
3)
)
(ζ̄ − i)

ζ̄
(
(−

√
3 + i)z̄ + (1− i

√
3)
)
+ (1− i

√
3)z̄ + (−

√
3 + i)
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−1
] dζ

ζ + i

+
1

2πi

∫
∂T∩∂C3

[ζ −√
3

ζ − z
+

ζ̄ −
√
3

ζ̄ − z̄
− 1 +

z(ζ −
√
3)

ζz − 1

+
z̄(ζ̄ −

√
3)

ζ̄ z̄ − 1
− 1

+

(
−(

√
3 + i)z + (1 + i

√
3)
)
(ζ −

√
3)

ζ
(
−(

√
3 + i)z + (1 + i

√
3)
)
+ (1 + i

√
3)z − (

√
3 + i)

+

(
(−

√
3 + i)z̄ + (1− i

√
3)
)
(ζ̄ −

√
3)

ζ̄
(
(−

√
3 + i)z̄ + (1− i

√
3)
)
+ (1− i

√
3)z̄ + (−

√
3 + i)

−1

+

(
(−

√
3 + i)z + (1− i

√
3)
)
(ζ −

√
3)

ζ
(
(−

√
3 + i)z + (1− i

√
3)
)
+ (1− i

√
3)z + (−

√
3 + i)

+

(
−(

√
3 + i)z̄ + (1 + i

√
3)
)
(ζ̄ −

√
3)

ζ̄
(
−(

√
3 + i)z̄ + (1 + i

√
3)
)
+ (1 + i

√
3)z̄ − (

√
3 + i)

−1
] dζ

ζ −
√
3
.

(3.3)

Multiplying the relation (3.3) by γ(1) and subtracting the resulting
quantity from Rew(z), for z ∈ ∂T ∩ ∂C1, we get

Rew(z)− γ(1) =
1

2πi

∫
∂T∩∂C1

γ̃(ζ)

[
ζ − i

ζ − z
+

ζ̄ + i

ζ̄ − z̄
− 1

]
dζ

ζ − i
,

where γ̃(ζ) = γ(ζ)− γ(1) and γ̃(1) = 0. So

lim
z→1

Rew(z) = γ(1).

Similarly, this relation can be shown to hold for z ∈ ∂T ∩ ∂C2. Also,
multiplying (3.3) by γ(a) and subtracting the resulting quantity from
Rew(z), for z ∈ ∂T ∩ ∂C2, we get

Rew(z)− γ(a) =
1

2πi

∫
∂T∩∂C2

γ̂(ζ)

[
ζ + i

ζ − z
+

ζ̄ − i

ζ̄ − z̄
− 1

]
dζ

ζ + i
,

where γ̂(ζ) = γ(ζ)− γ(a) and γ̂(a) = 0. So

lim
z→a

Rew(z) = γ(a).

Similarly, this relation can be shown to hold for z ∈ ∂T ∩ ∂C3. Also,
multiplying (3.3) by γ(b) and subtracting the resulting quantity from
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Rew(z), for z ∈ ∂T ∩ ∂C3, we get

Rew(z)− γ(b) =
1

2πi

∫
∂T∩∂C3

γ̇(ζ)

[
ζ −

√
3

ζ − z
+

ζ̄ −
√
3

ζ̄ − z̄
− 1

]
dζ

ζ −
√
3
,

where γ̇(ζ) = γ(ζ)− γ(b) and γ̇(b) = 0. So

lim
z→b

Rew(z) = γ(b).

Similarly, this relation can be shown to hold for z ∈ ∂T ∩ ∂C1. �
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