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1. INTRODUCTION

Consider the Schrodinger equation

yl/ +

E — Z (Eﬁ>mqm (:c)] y=0, z€R" = (—o00,+00)\{a} (1)

m=0

with the discontinuity conditions
y(a—0) = ay(a+0), y'(a—0)=a 'y (a+0) (2)

Here F is a complex parameter, ¢, (z) (m =0,n, n> 1) are supposed
to be sufficiently regular real functions decreasing fast enough as x —
+00, a € (—00,4+0), 1 # a > 0.

An equation of type (1) is has a great extent on its connection with
the nonlinear evolution equations constructed in [1](see also [2]) where
a family of nonlinear Hamiltonian equations has obtained and solved by
the method of the inverse scattering transform provided that the inverse
scattering problem (ISP) for (1) can be solved. For further discussion of
the inverse scattering theory of Schrédinger type operators we refer to
monographs [16, 21, 17, 18, 19, 20].

The ISP for (1) was first considered by Jaulent and Jean [5]. Under
some regularity conditions on the " potentials” ¢, g, ....qn, they solved the
ISP for (1) by reduction this problem to the ISP for generalized matrix-
Schrodinger equation. Since in Eq.(1) the (2n)™ root E 20 is an analytic
function on a Riemann’s 2n sheet surface, it is convenient to set E =
A2 (A € C) and to represent En by )\(3“77r (l=0,1,...,2n — 1) . Equation
(1) is then represented by the 2n scalar Sturm-Liouville equations

n
y+ (A2 =3 A gy (2) | =0, x € R (3)
m=0

and the jump conditions take the form
yi(a—0) = ay(a+0), yjla—0)=a""ya+0). (4)

Remark that in case n = 1, on a Riemann’s two sheet surface the equa-
tion (1) is represented by the equations

v+ [P F (@) —g @)yt =0 (5)
In the case when the potential functions are real valued differentiable
functions belonging to the spaces of integrable functions together with
derivatives the full-line inverse scattering problem for (3) without dis-
crete spectrum has been studied in [3],[4]. The direct and inverse scat-
tering problems, also some inverse problems of the spectral analysis for

Eq. (3) in various statements were studied in details by many authors.
We refer for further discussion to articles [6, 7, 8, 9, 10, 11, 12, 13]
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In this work the inverse scattering problem is investigated by re-
duction it to the corresponding inverse scattering problem for the en-
ergy dependent matrix Schrodinger equation with the related discon-
tinuity conditions at a real point a. We aim to establish an effec-
tive algorithm for uniquely reconstructing of the potential functions
gm () (m =0,1,..., n) of the equation (1).

2. EQUIVALENT REPRESENTATIONS OF EQUATIONS

Let us define the vector functions

Y+ = (y07 Y2y -y an—2)T ) Y™ = (y17 Y3, ey Z/Zn—l)T
where y; (I = 0,1, ...,2n — 1) satisfies the equation (3). Then the vector
function Y+ will satisfy the matrix Schrédinger equation

YE L AT - VE\2)] YE =0, xR, (6)
where

n
VENz) =D Agm () ST,
m=0
Sy = diag (1,57 ...,5”_1) , €= 622777, S_= G%SJ,_
Note that the discontinuity conditions can be written as
YHa-0)=aY*(a+0), Y (a—0)=a 'Y "(a+0)  (7)
Now consider the n x n matrix PT(\) = (p;g (x\)) , where
pi (N =elmDUTONTL G =12
Additionally let

1
+(\) = o
q;; (A) = Gt b= 1,2,..,n
Since
- 1N

Dok NG == eE D and 1+ L+ =0

k=1 k=1
we have

>k v 0= ={ g1
Therefore, we obtain
P = () (8)

Analogously, if we define
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we can find
n

-1 _
PO = (), 9)
where
1
neli=1D0GE-1e \i—1
Let Y* be any solution of (6).with the jump conditions (7). We define
the vector function

q’L;(A): , i,j:1727..,n

ir(i—1)

YE=[PE)] T YE (10)
and easily obtain that Y satisfies the equation
YE 4 A2VE = [[Pi N] T VEQ, z) P (A)} YE, 2 eR*
Now using (8),(9),(10) we compute that
[P ()] VE O 2) PE(A) = U(x) £ A"Q(x)

Hence we transform whole system of (2n) equations (3) to a pair of
the generalized matrix Schrédinger equations

vE +[k21—f/vi(k,x) YE =0,z €R* (11)
with the jump conditions
Yia—-0)=aY (a+0),Y* (a—0)=a 'Y (@+0)  (12)

which can be viewed as another 'representation’ of (3),where I is the
n x n identity matrix,

VE(k,z) = [PEN)] 7 VE N\ 2) PE ()

=U(z)£kQ(x), k=A\", (13)
q0 0O .. 0 0
q1 q - 0 0
U)=] @ @ q 01,
qn—-1 - - 41 Qo
dn Gn-1 4Gn—2 ... q1
0 g -1 - @

Qx)=1 . . . . .
0 0 0 n qn

0 0 0 e Qn

To sum up we have obtained three equivalent ”representations” (3),(6), (11)
for Eq.(1)
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3. COMPARISON BETWEEN THE SCATTERING FUNCTIONS FOR
EQUIVALENT EQUATIONS

In this section we define the scattering functions of problems (3) , (6), (11)
and find the connection between the scattering functions. We suppose
that potentials g; (z = W) satisfy the following conditions:
(a) For i = 0,n — 1 is continuously differentiable, and zg; (z), ¢} (x)
are integrable on R.
(b) qn (z) (x € R) is twice continuously differentiable, and g, (z) , ¢, (), q, ()
are integrable on R.
The right and left Jost solutions fj(\,x) and g;(\, x) of (3), respec-

tively, F¥ (X, z) and GF(\, z) of (6) , respectively, F=*(k,z) and G£(k, x)
of (11), are defined as follows:

iIA"x —iA\"x

FEnz) ~ 1,07, GEhae) ~ e, )T

T—+400 T—r—00
Fr(k,z) ~ €%V, GE(k,z) ~ e koY,
T—+00 T——00

where T means ”transposed”, and V = (1,0, ...,0)T. fi(A, z) and g;(\, x)
are defined equivalently as the solution of the following integral equa-

tions:
n

fi\ ) = ed (x, \") + /+OO CHERDNY AR g (£) fi(\, 1) dt,
x m=0
(14)

imlw

g\ ) = eg (2, \") + / ' Sy (m,6,3) DA™ W g (£) gu(A, )t (15)
- m=0

where
+iAnz
i ¢ ) + x> +a
€0 (ZU, )\") = { AtetiN'e L g—ptiN'(2a—2) 4o < 4q (16)
£sin A" (t—x)
S (@, t,A") = +A+ g\i:l)\”(t—’a:j):a <A%§n§n(jf_t2a+x) or £z <+t <+a
AT + X , fo<ta< =t
(17)

A* = L (a£l). For fixed z, fi(\,z) and g(\,z) are continuous for
0 <argA < 7, analytic for 0 < arg A < 7 and obey estimate

)] £ Ce e @ 0 Sarg A< T b= ImA", (18)

3

lgi(\, )| < CeP®ed=(®) 0 < arg A < =, b= Im\" (19)

3



Inverse Scattering Problem for the Impulsive Schrodinger Equation 229

where
+oo

de) =22 [ (t=al+ 1) Y lam ()] d (20)
z m=0

and C' > 0 is a constant. It is clear that F*(\,z) and G* (), z) are also

defined and continuous for 0 < arg A < 7, analytic for 0 < arg A < 7

and verify

FEO\ ) = ef (x,A™) (1,1, ..., 1)T+/+OO Sy (x,t, AM)VE (A, t) FE(A, t)dt,
’ (21)

GEO\ ) = ey (2, A") (1,1,..., )T + /x Sy (z,t, NYVE (A, 1) GE(\, t)dt
- (22)

Using (8),(9) and (11) we have

FE(k,2) = e (z, k)V + / o St (a, t, k)VE (k,t) FE(k, t)dt,  (23)

éi(k,m):eo(:c,k‘)v—k/x Sy (a, t, K)VE (b, t) GE(k, t)dt.  (24)

It is not difficult to prove that F/:l(k,ac) and G*(k,z) are defined and
continuous for Imk > 0, analytic for Imk > 0 and admits the following
inequalities:

Hﬁ(k%a:)H < Ce e )z e R b= Imk > 0, (25)
Héi(kax)u < Cebx€h7($)7$ eR,b=1Imk >0, (26)
where
+oo n—1 n
ha(w) = £2 / [Iy =2l Y lam @)+ D lam W)l dy  (27)
z m=0 m=1
(o, gy oy ) || = 195 ol (o1, 02, ..., )T € R™

For A > 0, fi(\,z) and fl,l(/\e%,x) form a fundamental system of
solutions of (3); . For all [ and with the convention f_; = fan—1, we
have the relation

ahz) =b (N AN 2) +a (N fi(hen ,z),A >0 (28)

where
() = zilAnW[gl(A,x), A2, (29)
b3 = —5 W [@(A @), fia (e )] (30)
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and W [f,g] is the Wronskian of f and g. We have from the formula
(29) that the function a; () admits a unique continuous extension a; (\)
(0 < argA < 7) which is analytic for 0 < arg A < 7. Because of the
convention f_1 = fo,_1, we can write

[fonc1 (N 2), fiN ), ooy fon—o (N 2)]T = M [fi(\ 2), f2 (0 @), oy fono1 (N 2)]

(31)
where
00 .. 01
1 0 ... 00
M=1]101 ... 00
00 .. 10

It follows from (29) and (31) that there exist diagonal matrices A¥()\)
and B*(\) such that

Gt (\z) =Bt (\)Fr(\z)+ ATAWMF~ (e ,z), A>0, (32)
G~ (\a)=B" (NF (\z)+ A (NFQen,z), A>0,  (33)

where
_l’_

N

(N = diag (ap(A),a2(N), ..., a2n—2(N))
T(A) = diag (bo(N), b2(A ) b2n 2(N),
~(N) ( )

) (

oy

D;
>

= diag (a1(N\),a3(N), ..., a2n-1(N)),
= diag bl()\),bg( ) o bon— 1(>‘))

Clearly, A*()\) are continuous for 0 < arg A < T and analytic for 0 <
arg A < . From relations (32) and (33) , taking into account the formula
(10) and the equality

[P M =[P (Ae%ﬂ_l

B~ (A

(see [5]) we obtain
G* (k,z) = B*(k)F*(k,z) + AT (k)FT(—k,z),k = A",k € R, (34)

where

Since the function \ = kn is continuous for 0 < argk < 7, analytic
for 0 < argk < 7 we have that A*(k) is continuous for I'mk > 0 and
analytic for Imk > 0.
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Now we define reflection coefficients r; (), R¥(\) and RE (k) for the
problems (3),(6) and (11), respectively, as follows:

r(\) = 28\\;,)\ > 0, (36)
RT()) = [AT()] ' BE(N), A >0, (37)

RE) = [A40)] T B v
— [PEN]TTREOPEN), k=M, kR (38)

As in the classical case(see [22] ) it can be shown that r; (A) and R¥())
are continuous for A\ > 0. This implies R% (k) is continuous for k € R.
We impose the following condition (c) :

(¢) The zeros Aj; of a; (A\) are simple, in finite number N,

0< arg)\lj < %,)\lj #+ )‘l’j

if [ # I’, have the same parity.

The square integrable solutions of (3),(4) corresponds to the zeros
Aij (7 =1,2,...N;) of a; (\) . Similarly, the square integrable solutions of
(6),(7) corresponds to the zeros \,,+(m* = 1,2,..., M*) of det A* (\)
and the square integrable solutions of (11), (12) corresponds to the zeros
ks = (A\p2)™ (m* =1,2,..., M*) of det A* (k). Moreover, it is clear
that

e, mt=1,2, . MYy ={y;, j=1,2,..N;, 1=0,1,...,n— 1},

(39)
{Ap-m™ =1,2,. .M} ={dyy1j, 5=1,2,..N;, 1 =0,1,....,n—1}.
(40)
To each zero A\j; of a; () we associate a constant scalar ¢;; defined as
. b(\)
= ] — ) =L 41
Cl] )\—lg\llj ()‘ )‘l]) a (/\) ( )

Similarly to the zeros A,,+ and k,,+ we correspond the matrices
Crnt =1 (At)" F diag(0,0, ..., c215, 0, .., 0) if Ayt = Agyj,  (42)
Cho =1 (M) diag(0,0, ..., c1115,0, ..., 0) if Ayt = Aayrrj,  (43)
Cont = [P (Ant)] ™ oz PE (Anz) s b = (A"

We define the scattering data s, L, L of (3) — (4), (5) — (6), (11) — (12)
respectively by

S={riAN)A>0);Nji¢5(=1,2,...,N;, 1 =0,1,....2n — 1)}, (44)
L={REN\)(A>0);\p+;Cppx (m*=1,2,..., MF)},  (45)
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L:{éiwﬂkeRpmﬁi%i@#:1gwwMﬂ}. (46)

The scattering data S, L and L are equivalent. Therefore, later on we
just consider the ISP for (11) — (12).It also follows that the functions

det [A*()\)](respectively det [Zi(k)}) have not any zero on the corre-

sponding regions.

4. INTEGRAL REPRESENTATIONS OF SOLUTIONS

In this section similarly to the scalar case [3, 4] we have the inte-

gral representations for the solutions F't(k, ), é\;(kz, x) and prove the
following assertions. Let

too
0¥ (z) = i/ {L+ D UOVI +1Q@V[} dt.

Lemma 4.1. If the condition (a) is satisfied then the solutions F*(k, x)
and G*(k,z) can be expressed as

FE(k,z) = fif(2)Ve™™ + f5 (2)VekCom)
+XK*E(x,t)e*dt, ITmk >0, z € R, (47)

éi(ka .',U) == gi‘: (.f)ve_ikm + g;: (:Lv)ve—’ik‘(Qa—J;)
+2 HF(z,t)e ™ dt, Imk >0, z €R (48)

respectively, where

. +w
+ . t l,z>a
fi (z) =exp <:i:2/x qn(t)dt> { A*, z<a

£\ i " l,r<a
g7 () =exp (:EQ/_ qn(t)dt>{ A* z>a

(e 9]

+o0o +oo

Qi(x) = A exp $;/qn(s)dsii/qn(s)ds for x < a,
g5(r) = —A exp q:;/qn(s)ds:ti/qn(s)ds for x > a,

fi(x) =0, forz>a and gF(z) =0, forz <a
and the kernels K*(x,t) and H*(x,t) which are real vector functions

defined on © <t < 0o and —oco < t < x respectively, satisfy the inequal-
ties
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[ IKs e < cer @, [ s )as o @ )

for every real x and for some constant C > 0.

Lemma 4.2. If the conditions (a) and (b) are satisfied then K*(z,t)
(x <t <oo)and H (x,t) ( —oo < t <z ) are continuous vectors at
t # 2a—x, x # a for which the inequalities (41) are satisfied. Moreover,
the functions K*(x,t) and H*(z,t) have the following properties:

2k ) = ([ [0+ 100 vas= Jawv ) st @) oo

2K*(z,2a — x +0) — 2K+ (2,20 — 2 — 0) =

. —+o0 a
(:F;Q(x)v i / (U (s) + %Q2(s))Vds - /(U (s) + i@%))ws) fE(z),z<a,

a T

(1)
ot = ([ 06+ (@) visT je@v ) st @), (52)

—00

2H* (2,20 — x — 0) — 2H* (2,20 — . + 0) =

(JF;Q(HC)V s [we @ - [we+ i@2<s>>ws) fi @), v >a

—0o0 a
(53)
respectively.
Lemma 4.3. The matrices gi(k) and Ei(k) can be expressed as
- 1 too it
AT (k)V = AT [1 ~ 5 (U(t) £ kQ(t)) exp <:I:; qn(s)ds> dt} Vv
1K —o0 —00
L LY G ve o (54)
2tk -0 e >
BE(E)V = —A e 2hay
Afef2zka it
. @ (U £kQ)exp | £=  qu(s)ds ) dt |V
21k 2 -
(55)
AfefZika it
o <;r°°(U(t) + kQ(t)) exp <$2 qn(s)ds + i‘iooqn(s)ds> dt) V
1 = ,
- L:I: —iks
+2ik . (s)Ve "ds,

where® . |GE(s)V || ds < oo and *° ||LE(s)V || ds < co.
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Proof. By equation (24) it follows that, for real k& # 0 ,

_ ) Atetkt 1 A ik(2a—t) ___
GE(k, ) = e~k | ATy~ +2Z,k ¢ VE (k,t) GE(k, t)dt

ikt "
fjmﬂvi (k,t) GE(k, t)dt]

" Ate—ikt +A—e—zk(2a t)
oo 2ik

+ ik VE (k,t) GF(k, t)dt

—ikt
+ ;0062 - VE (k,t) GE(k, t)dt} +o(1),z — +oo.

On the other hand by (34) , we have
G* (k,z) = B* (k)™ + A*(k)e ™ 4+ o(1), 2 — +oc.

A comparision of corresponding terms shows that

a  Ateikt + A ezk(2a t)

AT (k)V = ATV —/ VE (k,t) GF(k, t)dt

e ik
+o00 ezkt
/ 5 kvi (k,t) GE(k, t)dt, (56)
A+ —ikt A- —ik(2a—t) ____
KV = / + o c VE (k,t) GE(k, t)dt+
+o00 efzkt ~
V*E (k,t) G*(k, t)dt. 57
| GVt G har 67)
for real k # 0. Now,the formulas (54),(55) easily obtained from the
~4+
representation (48) of the solution G* (k, x). O
From the above lemma we have
_ . oo
AE(k)V = AT exp <j:;/ qn(s)ds) V—W,ﬁ—/ G*(s)Ve ks,
' 58)
BV = —ame2bowimy ATy L Li( We “fsczs
2ik 2ik ’
(59)
where W4, Wg are constant vectors in R",
100
Po=75 an(t)sgn(t — a)dt,
1OO
a =5 qu(t)dt. (60)

2 -
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Using the formulas (54),(55), the matricial representation of A%(k),
B*(k) (see [5]) and the Wiener-Levy theorem we can prove

~ A 1 (U .

AT (k) = ATetioor 4 T / G*(t)e ™ at, (61)
~ oo 1 0 _ A
BE(k) = —A- e 2kaFivor 4 o / LE(t)e ™ at, (62)

where ffoo Héi(t)VH dt < oo, [ Hzi(t)VH dt < ooand Iisn xn

unit matrix.The following lemma is a direct result of (61) and (61).

Lemma 4.4. The reflection coefficient éi(k) is expressed as

RE(k) — RE(k) = / h R*(s)e™*sds, (63)

where

Bt A" ikt o+ oo
R (k) = ‘e R GO

and [ |RE(s)V | < .

5. STUDY THE ISP

We recall that F*(k,z) is defined equivalently as the solution in the
class of continuous functions for x > 0 of the equation (23) and, for fixed

z, F*(k,z) is continuous for Imk > 0 and analytic for Imk > 0. By
applying the successive approximation method to (23) we can find the
behavior for large values of |k| of F't(k,x) :

- ) . etk
FE (k) = (£ @)e™ + f @) ) V 4 S (2) +
eik(2afz) 1
TWQ (x)+ O <k‘2> ,Imk > 0, |k| — oo, (65)
At +0 N —ik 40N, —ik(2a— e
G (k) = (g (2)e ™™ + g3 (@)e * =) v 4+ Uy (a)
e—ik(2a—x) 1

where W;(x) and U;(z) (j = 1,2) are vectors in R" such that W5 (x) and
qz (x) are zero vectors for x > a and x < a respectively. Consequently,
F*(k,z)— (fli(a:)elk“ + fzi(a:)eik@“*‘”)) V, for fixed z, belongs to La(R)
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and admits a Fourier transform. In fact, similarly to the scaler case [23],
F*(k,x) has the following representation :

FE (k) = (@)t + f3 (@)e@)) v
+FOKE(x, t)eftdt, ITmk >0, z € R (67)

Here K*(z,t) = (Koi(:c, t), ., KT | (x, t)) is the R"-valued function so-
lution of the PDE system

(D2, — D}, — U (z) ¥iQ(v)Dy) K*(z,t) = 0, t > z, (68)

with additional conditions

@) v- ziKi(a:,x) TiQ(x)K*(z,2) — U (2) ff (1) V=0,2>a

dx )
fz() Qdi[Ki( 2a —x —0) — K*(z, 2a — z + 0)]
FiQ(x )[Ki(x,2a—x—0)—Ki(x,2a—x+0)]
~U@) ff(x)V=0z<a (70)

and K*(x,400) = 0. It is important to remark that, if we seek U and
Q in the form given by (13) we can construct them from f;", fi, f2+ ,
f5 K and K~. Using the (13) form in Eg. (68) and taking into account
the relations from Lemmal we obtain the triangular system with (n + 1)
equation and (n + 1) unknown values ¢,,q,, ..., n :

-— d "
£iY 4, (@) K (@,2) = g (0) fi (@) = 2 K (@,2) + £ (2)
=0

n—

fi (@)
fi ()

n—1
53, ) K (a0) — 0, (@) (1) = 2 K (o) + 5 (@)
=0

q,(z) = £2i

ifxr>a (71)

n—

q,(x) = j:2j;f(()) if z < a. (72)
2

Clearly, q,,4,,...,qn are uniquely determined by the system (71) and
(72).

m—1
d
Z q,_ j J+m( )_qm(x)fli (.CL‘) ZQ%K;&L({B,[L’),T)’L: 1,...,7’L—

m—1
d
£ Yy (0 G0, (O () = 2K ) m = 1,

L,

L,
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Using Eq. (5§) , (59) by _integration in parts we have the following
estimations for A*(k) and B*(k) as |k| — oo :

~ . W- 1
AT (K)V = Atetiooy 4 71 +0 <k2> ,|k| = oo, Imk >0

- _ 1
BE(k)V = A~ e?hativoy 4 % +0 () k| — 00,k €R

k2
where
—+oc0o —+o00 a
1 1 1
ap = 3 qn(x)dx, po = 3 qn(x)dx — 3 qn(x)dx

and Wy, Ws are constant vectors in R". Using the matricial representa-
tions of A (k) and B*(k) it is easy to obtain

AF(k) = AteT 1+ T+ 0O <;> ,Imk >0, (73)

-1

20

where T and T” are constant superior triangular matrices with zeros on
the diagonal, and

1 , 1
— Froo / — >
= e I+T +O<k),lmk 0,k # km, (74)

BE(k) = —A~ ¢ 2kaFiroy 4 0 (;) k ER, (75)
~ ~ 1
R* (k) = R¥ (k) + 0O <k) , kER, (76)
+oo
S+ A" oitkatrty, o+ L
Ry (k) = e I, v = 5 qn(s)ds. (77)
det A (k) = [ATeF™]" 10 <i> ,Imk > 0, (78)

det [Zi(k)} - [AteFi]™ 10 (11) JImk >0,k # kp.  (79)

Note that R* (k) — Eg (k) has a Fourier transform in Lo (R).
In order to establish the main integral equations of the scattering
problem we start from the formula (34) written in the form

[Zi(k)} TG (k) — [Zﬁ(k)} T BE() FE(k,2) = FF(—k,2), k€ R
(80)
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and in the equivalent form for fixed x,

GE(k) — HE(k) = F7(—k,x) — (ff(:c)e‘”“ n f;:(x)e—ik:(za—x)) v

=0 A%(z, t)e M, (81)
where
Gy (k) = [Zi(k)} o G* (k,x) — (ff(x)e*ikz + f;:(x)efik(Zafz)) v,
(2)

HE (k) = [35(8)] " BE0F* (ka) = R*WF*(k,2). (89)

Let us compute the Fourier transform of functions G (k) and HF (k).
The function G (k) is continuous for Imk > 0, k # ky,, and analytic
for Imk > 0, k # ky,. Since

G (k) = Hﬁi(lﬂ_l B 1e¢m01} {éi (k,z) — <gi|:(x)€fik:c +g§:($)e4k(zaﬂ)> V}

At
+ Hgi(k)} o AleeijOI] [(gli(m)e_ikx + g;c(ac)e_ik(z“_x)) V}
+ %eﬂao [ﬁi(k, x) — <gf(ﬂs)6_ikx + gf(x)e_ik(%_m)) V} (84)

using formulas (66) and (74) we have
: 1
GE(k) = e—MO(%), Imk > 0,k # kp,. (85)

T

From the estimation (85) and the formulas (35) , (42), (43) we can easily
obtain that

GE(k)ektdk = 2n KT (2,t) = 3 Cppe F¥ (s, 2)ei (bt )2,
- mE=1

To obtain the Fourier transform for HF(k), we write thus
H;;t(k?) = [Ri (k‘) — é(j)[ (k)} [ﬁi(k‘,:t) _ (flzt(x)ezkz + fét(:c)eik@a_x)) V}

+ [BE (k) = B (1)) (@)™ + fF@)e =) v (87)

Now recalling the formulas (76) and taking into account the result (86)
we obtain the main integral equations

Ki(w,t):F%ejFinKi(az, 2a—t) = [T (2)Fy (z+t)+ 15 (x) Fyf (2a—2+1)
+o00o
+ / Fi(t+y)KT(z,t)dt, t > x, (88)

T
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where

+ 1 oo ot ot ikx — ~ ik T
Fi(z) = [R (k) — R (k:)]e dk+ 3 Cpueilims)e,

Com )
o0 mt=1

(39)
Using (69) and (70), to the system (88) we add the coupling conditions
fli(m)K:erl (CE,ZC) :ff(x)Kgfl ($,$),n> ]-a T > a, (90)

fo (@) [K_ (2,20 —2— 0) — K,"_|(z,2a — 2+ 0)] =

fof (@) [K,_(#,2a—2—0)— K, (z,2a—z+0)],n>12<a.

(91)
Note that the uniqueness property and the solution of the inverse prob-
lem can be proved by the same arguments as in [23].

Theorem 2 If the conditions (a), (b), (c) are satisfied then equations
(88) have the unique solutions K*(z,.) € Li(z,00) and K (z,.) €
Li(—o00,x) for each fixed x > —oo0 and = < 400 respectively.

Proof: For each fixed z > —oo consider the operator (see [24] )

. B @ , T>a
(fo)y_{ f(y)—;% *2i7+f(2a—y) , r<a

acting in the space L1 (z, 00) (and also La(x,00)). It is easy to show that
the operator M, is invertible. Using this operator the main equation
(88) can be rewritten as

K+ (z,y) + (M) T F (2, y) + (M) 7o K (2,)(y) =0, y > 2 (92)
where the operator ¢+ is defined as
+oo

1w = [ F i@ > (93)

T

for each fixed z > —o0.

It is known that (see [16]) the operator ¢ is a compact operator in
the space Li(x,00) (also in La(z,00)). By the boundness of the opera-
tor M ! we have that the operator M 1¢T is also a compact operator.
Therefore, to prove the theorem, it is sufficient to show that the homo-
geneous equation

+oo
A

Fe*%'ﬁhx@a —y)+ / he()Fyf (t+y)dz =0, y >z (94)

ha (y) -

T

has only the trivial solution h;(y) € Li(x,00). By our assumptions the
function £ (y) and the corresponding solution h,(y) are bounded in the
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half axis < y < 4o00. Therefore hy(-) € La(x,00). Consequently, we
have

+o0 A= +o0
0= [ Iy G [ natza— (o)
+00 00
+ / / ho () (y) i (¢ + y)dtdy (95)

Using the formula (95) and the Parseval’s identities

+o00 1 +o00 )
[ Inatwiay =5 [ [ro]ax

+00 +o0
A- . 1 ~ -
S [ a2 - gy = 5 [ B 0RO,

T

~ too )
where h(\) = [ hg(t)e"*\'dt, we obtain

L oot T - o)t om0

i.e. . +00 B ) ) +oo~ R
o [ P =5 [ B Royar

Therefore - -

+00 _ ) +oo~ N +o0 - B ,

/HW)H d\ = —/R+ (A R*(\)dA|| < / HR+ (/\)H Hh(A)H A,
tizo:t> is +OOOO -

fo-lropfofas. o

—0o0
Since HEJ“ ()\)H <1 for A # 0, (96) implies that h(\) = 0. Consequently
the equation (94) has a unique solution.

This theorem implies that the potential functions go(z), ..., ¢,(x) in
problem (1) — (2) without discrete spectrum are uniquely defined by the
right(left) reflection coefficient.



Inverse Scattering Problem for the Impulsive Schrodinger Equation 241

Acknowledgement: The authors are greatfull to the Scentific Re-
search Projects (BAP) branch of the Cumhuriyet University for sup-
porting of this work under the grant with a project number F-457. Also,
authors thank referees for valuable suggestions and remarks.

(1

2l

(3]

(4]

[5]

(12]
(13]

(14]

(15]

(16]

REFERENCES

M. Alonso, Schrodinger spectral problems with energy-dependent poten-
tials as sources of nonlinear Hamiltonian evolution equations, J. Math.
Phys. 21(9) (1980), 2342-2349.

R. Jordanov, About some spectral properties of the Schrodinger equation
with an energy dependent potential generating fully integrable Hamilton-
ian systems, Ann. de L’universite de Sofia 'Kliment Ohridski’ Faculte de
Mathematiques et Mecanique. 78, (1984), 1-29.

M. Jaulent, On an inverse scattering problem with an energy dependent
potential, Ann. Inst. Henri Poincare. 27(4)(1972), 365-378.

M. Jaulent and C. Jean, The inverse scattering problem for the one di-
mensional Schrédinger equation with an energy-dependent potential I, I,
Ann. Inst. Henri Poincare. 25(1976), 105-118, 119-137.

M. Jaulent and C. Jean, Solution of a Schrédinger inverse scattering prob-
lem with a polynomial spectral dependence in the potential, J. Math. Phys.
23 (1982), 258-266.

M. Tsutsmi, On the inverse scattering problem for the one-dimensional
Schrodinger equation with an energy dependent potential, J. Math. Anal.
Appl. 83 (1981), 816-350.

T. Aktosun, M. laus and C. van der Mee, Wave scattering in one dimension
with absorption, J. Math. Phys. 39(4)(1998), 1957-1992.

T.Aktosun, M.Klaus, C. Mee, Inverse wave scattering with discontinuous
wave speed, J. Math. Phys. 86(6) (1995), 2880-2928.

D. H. Sattinger and J. Szmigielski, Energy dependent scattering theory,
Differential Integral Equations, 8 (1995), 945-959.

C. van der Mee and V. Pivovarchik, Inverse scattering for a Schrodinger
equation with energy dependent potential, Journal of Math. Phys. 42(1)
(2001), 158-181.

V. A. Yurko, An inverse problem for differential operator pencils, Mat.Sb.
191(10), 2000, 137-160; English transl. in Sb. Math. 191(10) (2000),
1561-1586.

G. Sh. Guseinov On spectral analysis of a quadratic pencil of Sturm-
Liouville operators, Soviet Math. Dokl. 32(3) (1985),859-862

I. M. Nabiev, The inverse spectral problem for the diffusion operator on
an interval, Mat. Fiz. Anal. Geom. 11(3) (2004),302-313(Russian,).

A. A. Nabiev and I. M. Guseinov, On the Jost solutions of the Schrodinger-
type equations with a polynomial energy-dependent potential, Inverse
Problems, 22(1) (2005), 55-67.

A. A. Nabiev, Inverse scattering problem for the Schrédinger-type equation
with a polynomial energy-dependent potential, Inverse Problems, 22(6)
(2006), 2055-68.

V. A. Marchenko, Sturm-Liouville operators and applications, Birkhauser-
Verlag, 1986.



242 Rauf Kh. Amirov, Anar Adiloglu Nabiev

[17) B. M. Levitan, Inverse Sturm-Liouville problems, Nauka, Moscow 1984;
English transl. VSP, Zeist, 1987.

[18] R. Bels, P. Deift and C. Tomei, Direct and inverse scattering on the line,
Math. Surveys Monogr.,28, Amer. Math. Soc.,Providence,RI 1988.

[19] J. Poschel and E. Trubowitz, Inverse Spectral Theory, Academic Press,
New York, 1987.

[20] G. Freiling and V. A. Yurko, Inverse Sturm-Liouville Problems and their
Applications, NOVA Science Publishers, New York, 2001.

[21] G. G. Maksudov and G. Guseinov, Sh On the solution of the inverse scat-
tering problem for the quadratic pencil of the Schrédinger equation on the
full-line, Dokl. Akad. Nauk USSR, 289(1) (1986), 42-46.

[22] 1. M. Guseinov, On continuity of the reflection coefficient of the one dimen-
sional Schrodinger equation, J. Dif. Eq. Notes. 21(11) (1985), 1993-1995.

[23] A. A. Nabiev, Direct and inverse scattering problem fort he one dimen-
sional Schrodinger equation withe energy dependent potential and discon-
tinuity conditions, Proceedings of the Institute of Mathematics and Me-
chanics National Academy of Sciences of Azerbaijan, 40 (2014), 315-331.

[24] H. M. Huseynov and J. A. Osmanli, Inverse scattering problem for one-
dimensional Schrodinger equation with discontinuity conditions, Journal of
Mathematical Physics, Analysis, Geometry. 9(3) (20183), 332-359; 51-101



