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ABSTRACT. In this paper, we prove the existence of at least one
non-trivial solution for a discrete nonlinear boundary value problem
with ¢.-Laplacian. The approach is based on variational methods.
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1. INTRODUCTION

It is well known that in fields of research, such as computer science,
mechanical engineering, control systems, artificial or biological neural
networks, economics and many others, the mathematical modelling of
important questions leads naturally to the consideration of nonlinear
difference equations. For this reason, in recent years, many authors
have widely developed various methods and techniques, such as fixed
point theorems, upper and lower solutions, and Brouwer degree, to
study discrete problems (see, e.g., [4, 5, 10, 11, 12, 16, 18] and refer-
ences therein). Recently, also the critical point theory has aroused the
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attention of many authors in the study of these problems (see, e.g.,
[1,2,3,6,8,9, 13, 14, 19]).

Let Z and R denote the sets of integers and real numbers, respectively.
For a,b € Z, define Z(a) = {a,a+1,...}, and Z(a,b) = {a,a+1,...,b}
when a < b.

Consider the following boundary value problem of the second order
nonlinear difference equation

{ —A(ch(Auk,l)) - )‘f(k7uk)7 ke Z(LT)7 (1 1)
up = ury1 =0, ’
where T is a given positive integer, A is the forward difference operator
defined by Auy = upy1 —ug, A%u, = A(Auy), ¢ is a special ¢-Laplacian
operator [15] defined by ¢.(s) = ﬁ, and f(k,-) € C(R,R) for each
keZ(1,T).

In the present paper, we obtain the existence of at least one solution
for problem (1.1). It is worth noticing that, usually, to obtain the exis-
tence of one solution, asymptotic conditions both at zero and at infinity
on the nonlinear term are requested, while, here, it is assumed only a
unique algebraic condition (see (3.8) in Corollary 3.6). Our approach is
variational and the main tool is a local minimum theorem established

in [7].

2. PRELIMINARIES

Our main tool is Theorem 2.1, a consequence of the existence result
of a local minimum theorem [7, Theorem 3.1] which is inspired by the
Ricceri Variational Principle [17].

For a given nonempty set X, and two functionals ®, ¥ : X — R, we
define the following functions

SUPued—1(rq,r2) \Il(u) - \I/(’U)

M - i f )
B(Tl TQ) vEfI)_lP(rl,rg) o — (I)(’U)

‘IJ(U) — SUPyed—1(—oco,r] ‘IJ(U)
p2(r1,m2) =  sup

veE®~1(ry,r2) (I)(U) -n
for all ri,re € Ryrp < ro.

Theorem 2.1. [7, Theorem 5.1] Let X be a real Banach space; & : X —
R be a sequentially weakly lower semicontinuous, coercive and continu-
ously Gateauz differentiable function whose Gateaux derivative admits a
continuous inverse on X*, ¥ : X — R be a continuously Gateauz dif-
ferentiable function whose Gdteaux derivative is compact. Assume that
there are r1,m9 € R,r1 < ro, such that

B(r1,72) < pa(r1,m2).
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; - 1 1 :

Then, setting Iy := ® — AV, for each A € }m, Bl there 1is
ugx € D71 (r1,m2) such that In(up ) < In(u) for all u € @1 (ry,r2) and
I)\ (U07,\) = 0.

Remark 2.2. Tt is worth noticing that whenever X is a finite dimensional
Banach space, a careful reading of the proof of Theorem 2.1 shows that
regarding to the regularity of the derivative of ® and ¥, it is enough to
require only that ®" and ¥’ are two continuous functionals on X*.

Now we consider the T-dimensional Banach space
S:={u:7Z(0,T+1) =R : ug = upy; =0}

endowed with the norm
T 3
Jull = (z )
k=1

In the sequel, we will use the inequality

T 3
max {Jugl} < Y1 <Z(Auk)2> (2.1)

kez(1,T) 2
€z( k=0

for every w € S, where it immediately follows, for instance, from [13,
Lemma 2.2]. Put

T

T
O(u) =Y (V14 (Aug)? - 1), = F(k,ug),
k=1

k=0
Ix(u) := @(u) — A¥(u) (2.2)

for every u € S, where F'(k,t) fo f(k,&)d¢ for every (k,t) € Z(1,T) x
R. Standard argument shows that I\ € C1(S,R) and the critical points
of I are exactly the solutions of the problem(1.1). Finally, we recall the
following strong maximum principle in order to get positive solutions to
problem (1.1).

Theorem 2.3. [19, Theorem 2.1] Assume u € S such that either
up >0 or  — A(¢(Aug—1)) > 0. (2.3)
for all k € Z(1,T). Then, either uw > 0 in Z(1,T) or u = 0.
3. MAIN RESULT

In this section, we formulate our main results as follow. For every two
non-negative costants 1 and v with

42
,/1+TL+17£2\/1+72—1
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we set

Z;}le HlaX|t|<77 F(k t) - Zg—l F(ka 7)

T+1 —2y/14++2+1

We now present our main result as follows.

an(y) =

Theorem 3.1. Assume that there exist three real constants ni, na and
v with

—_

KB
<V14+92< + (3.1)

4 T+1

DN =
g

such that
any (7) < an, (7). (3.2)

Then, for each \ € }“771 ) % [, problem (1.1) admits at least one

non-trivial solution u € S, such that

4772
-1 1+ (Ag)2—1) < -1 1 2_
+14/1 T+1<§: +(Aup)?—1) < -1+ + 7T

Proof. Our aim is to apply Theorem 2.1 to problem (1.1). Take the real
Banach space S as defined in Section 2, and put ®, VU, I, as in (2.2).
An easy computation ensures the regularity assumptions required on @
and ¥. Note that the critical points of I are exactly the solutions of
problem (1.1). Put

dn?

1=-1
TV T

and rp=-1+

and pick w € 5, defined as follows:

(4, ifkeZ(1,T),
w”‘{a i h=0k=T+1. (3.4)

So, from (2.2), we have

d(w) = 2(/1++2 —1). (3.5)

From the condition (3.1), we obtain r; < ®(w) < rgo. For all u € §
such that ®(u) < rg, let vy = /14 (Aug)? — 1 for k € Z(0,T), then

Z;}F:o v < ro and

T T T 2 T a2
;)Auk ka+2vk (ka) +22Uk<T§+27“2:T+217

k=0 0 k=0
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and taking (2.1) into account, one has |ux| < n2 for all k € Z(1,T).

Therefore, it follows
T
sup U(u) = sup ZF (k,ug) < max F'(k,t).
ued—1(—o0,rs) u€®~1(—o0,r2) 1 |t|<772
Arguing as before, we have
T
sup U(u) < max F'(k,t).
u€P~1(—o0,r] ; [t<m

Therefore, one has

SUPyed—1(—o0,rz) \Ij(u) - \Il(w)
ro — ®(w)

Zgzl ma’X\ﬂSnz F(k7 t) - ZZ:1 F(ka 7)
“1 1+ 7 - (201492 - 2)
Zle Max|¢| <y, F(k,t) - Z;{:l F(k,v)

/14 2
T121 B 2m+ 1

= Qan (7)-
On the other hand, arguing as before, one has

\I’(w) — SUPyued—1(—o0,r1] \I[(u)
O(w) —m

T T
Zk:1 F(k:, ’Y) - Zk;:l max|¢|<m, F(k, 75)
29/1+~2 -2 14+ 4/1 4 20
ty 2yl g
I F(k,~y) =S maxy <, F(k,t)
k=1 » Y k=1 [t|<m )
9 /T 12 — /14 2t
+7° = + T+1
= am(fy)-

B(ri,ra) <

IN

p2(ri,r2) >

Hence, from assumption (3.2), one has (r1,r2) < pa(r1,r2). Therefore,

1 1
any (7)7 any (7)
at least one critical point @ such that r; < ®(u) < ro, that is

4772
-1 1+ 1+ (Ag)2—1) < -1 1 2
+1/ T+1<Z +(Aup)?—1) < -1+ T

and the conclusion is achieved.

from Theorem 2.1, for each \ € }

Now, we point out an immediate consequence of Theorem 3.1.

, the functional I, admits

O
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Theorem 3.2. Assume that there exist two positive constants n and 7y,

with
11
VIE? <1+ 7

4 T+1

2

such that

T
Zk:l maxi¢| <n F(k,t) < Zgzl F(k,v)
4n? 2/1++2—-2
I+ 77 -1 7
Then, for each
4n2
) e 2¢/1 472 -2 T4+ 755 -1
T P T
pe1 F(Ryy) D et max|¢|<p F(k,t)

problem (1.1) admits at least one non-trivial solution u € S such that
lug| <n for all k € Z(1,T).

Proof. Our aim is to employ Theorem 3.1, by choosing n; := 0 and
12 := 1. Therefore, owing to the inequality (3.6), we see that

T T
21 Max|y <y F(k, 1) =300y Fi(k,7)
4n?2
VIt g —2V/14+42+1
24/1+92-2
Zgzl maxmgn F(kﬁ,t) 1-— @
Vit -1
2
14+ 75 —2/1+792+1
Zgzl max|| <y, F(k,t)
4n?2 )
I+ 75 -1
On the other hand, one has

Qn (v) =

b F(k,7)

ag = =
™ 2y/1 42 -2

Now, inequality (3.6) yields a,(v) < ao(y). Hence, taking (2.1) into

account, Theorem 3.1 ensures the conclusion. O
Theorem 3.3. Assume that
T
F(k
lim iz FRE) +-00. (3.7)

g0t \/14+€2 -1

Moreovere, for each n > 0, set

4n?2
o 1

e 2521 max‘ﬂgn F(k, t) .
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Then, for every A €]0, Ap[, problem (1.1) admits at least one non-trivial
solution w € S such that |ug| <n for all k € Z(1,T).

Proof. Fix n > 0 and A €]0,A\;[. From (3.7), there exist a positive

constant v with
1 1 n?
1 2 = —
VIt <y tVIiT T
4n?
2./1 2_9 v/ 14 -1
L<)\< T+1

Ykt Pk, ) Sk maxyy <, F(k, 1)
Hence, owing to Theorem 3.2, for every A €]0, A}[ problem (1.1) admits

at least one non-trivial solution @ € S, such that |ux| < n for all k €
Z(1,T). The proof is complete. O

such that

Remark 3.4. We claim that under the above assumptions, the mapping
A = I)(u) is negative and strictly decreasing in ]0, A\}[. Indeed, the

2
restriction of the functional Iy to ®71(0,73), where ro = —144/1 + %,

admits a global minimum, which is a critical point (local minimum) of
I in S. Moreover, since w € ®~1(0,73) and

P(w)  2y/1+7%-2
V(w) S F(k,)

we have
I(u) < I)(w) = &(w) — A¥(w) < 0.
Next, we observe that
)
nw = (% - v,

for every u € S and fix 0 < A\; < Ag < )\;';. Set

my, = <‘I’()\fi1) _ \I,(ul)) _ ueéi}}foh) <<I))Ei) _ \If(u)> ,

My, = <¢’§\Z2) _ \I,(UQ)) _ ueéiquo,,«z) <¢>}E:) _ \p(u)> :

Clearly, as claimed before, my, < 0 (fori = 1,2), and my, < m,, thanks
to A1 < Ag. Then the mapping A +— I(@) is strictly decreasing in 0, Ay [
owing to

I,\Q(ﬂg) = )\Qm)\2 < Agm)\l < )\1m)\1 = I)\l (ﬂl)

This concludes the proof of our claim.
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Remark 3.5. In other word, Theorem 3.3 ensures that if the asymptotic
condition at zero (3.7) is verified then, for every parameter A\ belonging

to the real interval |0, \*[, where
V14 AT 1
A" 1= sup —7 Tl ,
n>0 Zk:l maXis <y F(kﬁ, t)

problem (1.1) admits at least one non-trivial solution u € S.

Corollary 3.6. Let « : Z(1,T) — R be a non-negative and non-zero
function and let g : [0,400) — R be a continuous function such that
g(0) = 0. Assume that there exist two positive costants v,n, with

ViTg <ty by m
TtV T T

maxo<t<y G(t) - G(v)

4rp? 2v/1+~2 -2
1+ A2 -1 +1

where G(t) := fotg(f)dé for allt € R. Then, for each

42
R 1 201+ 2—2 1+ 71

E )
25:1 ak G(7) maxXo<¢<yn G(t)

for which

)

the problem
_A(QSC(AUIC—I)) — )\Olkg(uk)7 k; S Z(lvT))
up = un+1 =0,

admits at least one positive solution u € S, such that ur < n for all

ke Z(1,T).

Proof. Put
| oagg(t), ift>0,
f%J*_{o, ift <0,
for every k € Z(1,T) and t € R. The conclusion follows from Theorem
3.2 owing to (3.8) and taking into account Theorem 2.3. O
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