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ABSTRACT. In this paper, we characterize the bonudedness and
compactness of weighted composition operators from weighted Bergman
spaces to weighted Bloch spaces. Also, we investigate weighted
composition operators on weighted Bergman spaces and extend the
obtained results in the unit ball of C™.
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1. INTRODUCTION

Let D be the open unit ball in C and H(D) denotes the class of all
analytic functions on D. Let w and v be strictly positive bounded con-
tinuous functions on . These types of functions are called weights. For

p > 0 and a weight w the weighted Bergman space A, ;, consists of all
f € H(D) for which

11, = /D w(2)|f(2)P dA(z) < oo,
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where dA(z) is the normalized area measure on D. Also the weighted
Bloch space is defined by
By ={f € HD):|[fl|z, = Sugv(Z)lf’(Z)l < o0}
ze
By letting wq (2) = (a+1)(1—|2]?)® and v, (2) = (1 —[2]|?)® with a > 0,
we get to the standard weighted Bergman space Ay, , = 45 (if @ = 0,
then AL, = AP and ||.||w,.p = ||-]lp) and a-Bloch space B*. Moreover the
little weighted Bloch space defined as follows
BY = {f € B,: lim v(2)|f'(z)| = 0}.
|z]—1

A weight v is called radial if v(z) = v(|z|). In the sequel we will
consider the following weights. Let v be a holomorphic function on
D, non-vanishing, strictly positive, decreasing on [0,1) and satisfying
lim,_,; v(r) = 0. Then we define the corresponding weight v as follows

v(z) = v(|z]) (1.1)
for every z € D. Here are some examples:

i: If v(2) = (1 —2)% a > 1 then v(2) = (1 — |2[*)* (standard
weight).

1 _ 1
ii: fv(z) =e T-2%, a >1then v(z) =e O-lz*,
iii: If v(z) = sin(1 — 2), then v(2) = sin(1 — |2|?).
1

Lo o 1 _
iv: If V(Z) = m, then ’U(Z) = m
For a fixed point a € D we introduce a function v,(z) := v(az) for every
z € D. Since v is holomorphic on D, so is the function v,. In particular

we assume that there is a positive constant ¢ such that for ¢ € H(D)

sup sup Liz) <ec. (1.2)
aeD zeD v(p(a)z)
See [13], for more examples about these weights.

For two analytic functions ¢ and ¢ with (D) C D, the well-known
weighted composition operator 1Cy, is defined by Y Cy(f) = 1 f o ¢, for
any f € H(DD), which is the generalization of composition operator and
multiplication operator. Good references for composition operators are
excellent books [1, 7]. Weighted composition operators are a general
class of operators and they appear naturally in the study of surjective
isometries on most of the function spaces, semigroup theory, dynamical
systems, Brennan’s conjecture, etc. There are lots of papers concerning
the relation between operator theoretic properties of this operator act-
ing on spaces of analytic functions with function theoretic properties of
the symbols ¢ and ¢ (see, e.g. [2, 4, 5, 8, 9, 10, 11, 12, 13, 14]).



26 Mostafa Hassanlou, Hamid Vaezi

Motivated by the results of [8, 9, 10, 11, 12|, we are going to in-
vestigate weighted composition operators on weighted Bergman spaces
and weighted Bloch spaces. We give a characterization for bound-
edness and compactness of the weighted composition operators from
(weighted) Bergman spaces to weighted Bloch spaces and also between
weighted Bergman spaces. The same work has been done between clas-
sical Bergman and Bloch spaces in [9]. In case of weighted Bergman
spaces, we extend the obtained results to the unit ball of C™.

Throughout the paper ¢ denotes a positive constant not necessarily
the same at each occurrence. The notation A ~ B means that there is
a positive constant ¢ such that A/c < B < cA.

2. BETWEEN (WEIGHTED) BERGMAN SPACES AND WEIGHTED BLOCH
SPACES

The proof of the following theorems is similar to the one in Theorems
3.1 and 3.2 in [9], so we omit it.

Theorem 2.1. Let p > 1. Then ¥C, is bounded from A,,, , into B, if
and only if

v(2)|Y'(2)]
(1) 2161]11; (1 _(’SO)(’ )( §(2+(a)/|p < 00
P(2)¢ (2
B S (o Py <>

For the compactness, we have the following theorem.

Theorem 2.2. Let p > 1 and ¢C, is bounded from A, , into B,.
Then ¢C,, : Ay, p — By is a compact operator if and only if
W
_ 2\(2+a)/p
()= (1 = Jo(2) ")
lp(2)=1 (1 —[ip(2) [2) 1+ +e)/p

If « = 0 and v(2) = 1 — |2|?, then the results of Sharma and Kumari
in [9] are derived. If @ = 0 and v(z) = (1 — |2|?) log ﬁ, the results of
Li in [4] are derived.

Lemma 2.3. [11] Let w be a weight of the form w = |u| where u is an
analytic function without any zeros on D. Then

< ‘Z’%!;;;Z T 2.1)

forall z €D and f € Ay p.
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Lemma 2.4. [14] Let w be a weight of the form w = |u| where u is an
analytic function without any zeros on . Then there exists a positive
constat ¢ such that

e Wlup 1 WO Wy yy

(1= [z +2/Pw()VP  p (1= |2[2)2/Pw(z) +1/P

Theorem 2.5. [14] Let w be a weight of the form w = |u| where u is
an analytic function without any zeros on D. If
v(2)[Y' ()]
(1) sup
e (= TP ru(o(z) 77
) s PO )
Zeb (1= [p() )2/ ()17
) sup L] ()
zeb (1= |0 (2)12)?/Pw(p(2)) 1 +1/P
then the weighted composition operator ¢C,, : Ay, — B, is bounded.

< 00,

< 00,

< 00,

Theorem 2.6. Suppose that w is a weight that satisfies conditions (1.1)
and (1.2), (w(z) = u(|z*)) and v be a weight. If ¥Cy, : Ay, — By be
bounded and

v(2)[¥ ()¢ (2)| 11 (|0 (2) )]
ilellg (1 — |(2)[2)2/Pw(p(z))1+1/P < 00, (2.3)
then
sup v(2)[¢'(2)]
2 (T [P ru(p() VP
and
Sup v(@)p(e)e () < . (2.4)

eb (1 —|@(2)]2)1H2/Pw(p(2))1/P

Proof. suppose that ¥C,, : Ay, — B, be bounded and the condition
(2.3) holds. By letting f as a constant function we have ¢ € B, and
letting f(z) = 2z, we have sup,cp v(2)|¥(2)¢'(2)] < . Fix a € D and
define f, as follows

g (a-lewP? N
fol2) (u(<ﬁ(a)2)(1—90(a)z)4> |
Then f, € Ay and

ot LE@(p@)?) (1 [p(@)) + 4(a) w((a)
) = a1 ~ [Py

Since YCy, : Awyp — B, is bounded, there exists a positive constant M
such that

M > |[$CpfallB, = v(a)|[¥'(a) fa(p(a)) + ¢ (a)¢(a) fale(a))]-
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Therefore

J L@l
P wlp(a) V(1 —[e(a)?)?P puw(e(a)/P(1 - [e(a)?)! 2P
v(a)[¢'(a)]
w(p(a)V/P(1 = |p(a)?)*/P"
So it will be sufficient to prove that the condition (2.4) holds. We define
another function g, by

)= =@ AP
pe(a)2)/P(1 = p(a)2)5/P p(p(a)z)/P(1 — p(a)z)*/P
Then g € Awp, galp(a)) =0 and

o)y = 2 ¢(a)
9a(p(a)) pw(p(a)/P(1 — |p(a)2)1+2/p’

Since ¢C, : Ayp — B, is bounded, there exists a positive constant
M’ such that

M’ = [[§Copgall B, Z0(a)[¥(a)ga(p(a)) + P (a)¢'(a)g,(p(a))]

_2 v(a) lp(a)l [¢(a)¢'(a)]
w(e(a)V/P(L = |p(a) P)1+2/7

/
L@@ @@
aeD (1 — [ip(a)[?)1+2/Pw(p(a)) /P
because a is arbitrary. Now fix 0 < 6 < 1. Then

v(a)|¥(a)¢'(a)] (2.5)

< 00,

V(@)@ (a)lle(a)l [ (le(@P)] | 1 4v(@)ld(a)e/ (@)l o)l
|

Therefore

sup
{aeD, |p(a)>5} (1 = l@(a)|?)F2/Pw(p(a))l/P

and if |p(a)| < §, then

- v(a)[Y(a)¢'(a)l
{aeD, |p(@)<s} (1= |p(a)?)1+2/Pw(p(a))t/P

1

= (1 — 02)1+2/p (62 /p igﬂp)v(a)lwa)d(a)l < o0. (2.6)

From (2.5) and (2.6), we have

v(2)[P ()¢ (2)|
Sup 1+2/ 1/
zeb (1= [p(2)[2)H2/Pw(p(2)) /P
so the condition (2.4) follows and proof will be complete. U

< 00,

Theorem 2.7. Let w be a weight of the form w = |u| where u is an
analytic function without any zeros on D and ¢¥Cy, : A, — B, be
bounded. If
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: v(z)|Y(2)] B
1) o (hrfbl (1— |Lp(f)|)h);(/pw(/(()2’))1/p =0,
® e (hIIIL1 (1- Iw(Z)IQ)l”/pw(cP( ))M/p =
3)  lim v(2)[Y(2)¢' ()| [W'(p(2))| _o,

le(z)|=1 (1 — |¢(2)]2)2/Pw(p(2))1+1/P

then the weighted composition operator yCy, : Ay, p — B, is compact.

Proof. Suppose that the conditions (1), (2) and (3) are true and {f,}
be a bounded sequence in A, such that f,, — 0 uniformly on compact
subsets of D. We want to prove |[¢Cy, fn||B, — 0. For € > 0, there exists
d > 0 such that if |p(z)| > 0, then

v()|¢'(2)]
(1 = lp(2)P)2/Pw(e(2)1/P
v(@)[Y(2)¢'(2)]
(1=l (2)[?) 1 +2/Pw(p(2)) /P
v(2)[P ()¢ (2)] [u'(p(2))]
(1= le(2)P)2/Pw(p(2)) 1P

<€,

< €.

For z € D and |p(2)| > 4§, from (2.1) and (2.2) we get

v(2)(Co fn) ()| =v(2) W (2) fn(0(2)) + 1(2)¢' (2) fr (0 (2))]
v(@)[Y' ()] [ fnllwp
~ (1= [e(2)2)?/Pw(p(2)) /P
v(@)Y () (| | fnllwp
(1 = le(2)[2)H2/Pw(p(2)) /P
1v(@) Y2 ()] [u (D] [ fnllwp
P (1= le(2)P)2/Pw(p(z))+1/p

1
<(I+4c+ Z—))eM

+c

where M = sup,ey || follwp- On the other hand f, — 0 and f;, — 0
uniformly on the compact set {¢ : |¢| < §}. Thus there exists ng such that
for |¢(2)] < ¢ and n > ng, we have |f,(¢(2))] < € and |f] (¢(2))| < e.
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Hence for n > nyg

¥ Cy fallB, =supv(2)|(¥Cpfn) (2)|

zeD
< sup v(2)|(WCefn) ()| +  sup  w(2)[(¥Cpfn) (2)]
{zl¢(2)|>4} {z:le(2)1<d}
1
<(I+c+=)eM+e sup v(2)[¢/(2)]
p {z:le(2)|<0}
+e  sup  v(2)[(2)¢(2)],
{zle(2)|<d}
two last supremum are finite, because C, : A, — B, is bounded. It
follows that |[¢Cy frn||B, — 0. Therefore ¢)C,, is compact. O

Theorem 2.8. Suppose that w is a weight as in Theorem 2.6. If ¢C,, :
Awp — By be compact and

v(2)[P(2)¢' (2)] |1 (le(2)*)]

oo (1= [P P(p(2)) +1r
then
. V(&) () iy
e@I=1 (1= lp(2)[2)2/Pw(p(2))1/P
and
WDREEE o

lim =
[p(2)l=1 (1 = [o(2)2) 1 H2/Pw(p(2)) P
Proof. Let {z,} be a sequence in D such that |p(zy,)| — 1. Define

(e N
fnl2) <M(90(Zn)2)(1—<ﬁ(zn)z)4> |

Then f, € Awp, ||fallwp < 1 and f, — 0 uniformly on compact subsets
of D. Since yCy : Ayyp — By is compact, then |[¢Cyfn||g, — 0. On
the other hand

1¥Cypfnllz, = v(2n)[¥(2n) fu((2n)) + 1 (20) @ (2n) fr (9 (2n))]-

So

1 o(ea)[9(zn)e o)l [ () 2)
oG InllB o)) VP (L — () PP
RUCH (EAPEA N
len R e P12
2 A = (SR
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It will be enough to prove the condition (2.7) holds. Define another
function

B 7 ) A ¢ B 2 €
B2 P (1 = pCe)2) 97 () ) /P(L = (om)2)

Then {g,} is a bounded sequence in A, ,, converges to 0 uniformly on
compact subsets of D, g, (¢(2,)) = 0 and

gn(2) =

 (o(a)) = 2 ¢(zn)
gn((p( n)) pw(@(zn))l/p(l _ |@(Zn)‘2)1+2/p‘

Since YC,, : Ay, p — B, is compact,

2 w(za) le(za)l [9(z0)¢' (2n)]
pw(p(zn))V/P(1 — |(2,)]2)1+2/P

0 < [[¥CypgnllB, >

Thus
. v(2)[¢(2)¢'(2)] _
o (T [l a7
(]
Corollary 2.9. Putting p(z) = (1 —2)%, a > 1, we have |1/ (|¢(2)|?)| =
a(l —[p(2)]?)*" L. Now if Cy : Awyp — By is bounded and
V(@) (2)¢ ()] 11 (le()H)] _ v(2)[¢(2)¢'(2)]
2B (= o) P ru(p(2)) 1 ~ “ S8 (= [p() By = °
(2.8)

then by Theorem 2.6,
v(2)[¢'(2)|

<
2eb (1— [p(z)2)@reire =

and

sup PRI @)

b (1= ez Pyrerals =

So we can omit the condition (2.8) and the "only if” part of Theorem
2.1 is derived. Also by these setting we can obtain the "only if” part of
Theorem 2.2.

In the same way as in main results, we can prove some results for the
weighted composition operators from weighted Bergman spaces into lit-
tle weighted Bloch spaces.
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3. WEIGHTED COMPOSITION OPERATORS ON WEIGHTED BERGMAN
SPACES

Lemma 3.1. [10] Let v be a radial weight as defined in the previous
section (i.e. v(2) := v(|z|?) for every z € D) such that

v(2)|va(0a(2))]

sup sup < C < .
a€D zeD U(Ua(z))
Then
1
Cr
’f(z)| < 1 2 1 Hf v,p
v(0)7 (1= [z[*)rv(z)7

for every z €D and f € A, .

Here 04(2) is the Mobius transformation of D which interchanges 0
and a, that is
a—z

Ja(z)zl—az’ a,z € D.

Lemma 3.2. [10] Let w be a weight and v be a weight as in Lemma 3.1.
If
1
sup lw(z)\wg(z)z’ T < 00, (3.1)
€0 (1= [p(2)2) P v(p(2))

then the operator YC, : Ay — Ay p 15 bounded.

We want to prove converse of this lemma.

Theorem 3.3. Let u and p be two analytic functions on D such that
u(z) # 0 on D. Put v(z) = |u(z)] and w(z) = |u(z)|, z € D. If
YOy : Ayp — Awyp be a bounded operator, then

w(z)7|(2)|(1 — |z|2>§

sup 5 < 0. (3.2)
€D (1 — (=) *) P v(p(2))
Proof. Fix a € D and define
fale) = — (=0 ()
u(z)r

Then f, € Ayp and || fol|lvp = 1. Since YCy, : Ay — Ay p is bounded
and || fa||vp < 1, there exists a positive constant M such that

M 2 |[$Co(fo)lly = /Dw(Z)I%Z)(Z)!pra(w(Z))I” dA(2).



Weighted composition operators 33

Subharmonicity of the function |u(2)||v(2)|P|fa(p(2))|P implies that

w(a)[¢(a)l”
(1 = lp(a)l?)?v(p(a))

=|r(a)[[¢ (@) falp(a))”

4 p p z
< NCICEAEONEEE
4
=Ha=fame

where E(a) ={z€D: |z —a| < #} Hence, we have

w(a)[¢(a)["(1 —|a]?)?
(1 = lp(a)l?)*v(p(a))

Since a is arbitrary, the condition (3.2) follows. O

< 4M.

Theorem 3.4. Let w be a weight and v be a weight as in Lemma 3.1,
and YCy : Ayp — Awp be a bounded operator. If

1
R CLLIC)]
PEIPL (1 — Jp(2)]2) P o(p(2))
then YCy @ Ay p — Ay p is compact.

=0, (3.3)

B =

Proof. Suppose that the condition (3.3) holds. Let {f,} be a bounded
sequence in A, , convergent to zero uniformly on compact subsets of I.
Set M = sup,, ||fullvp. For every e > 0, there exists 0 < r < 1, such
that r < |p(2)] < 1 implies

2 T <€
(1= le(2)[?)rv(p(2))?
So
w(2)[Y ()P fullop . )
/{Zilw(2)|>r} (1= [o(z) PRu(p(z)) “AG) < M (3.4)

On the other hand f,, — 0 uniformly on the compact set {t : |¢|
Then there exists ng € N such that if |o(2)| < rand n > ng, |fn(e(2))
€. Then

/ w(2) () P fn(0()P dA(z) < / w(2) ()P dA(2).
{z:]p(2)|<r} D

(3.5)
The last integral is finite, since YCy, : Ayp — Ay p is bounded. It
follows from (3.4) and (3.5) that || Cyu(fn)|lwp — 0 and YCy @ Ay p —
Ay p is compact. O
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The converse of the above theorem is not true. Take ¢)(z) =v=w=1
and ¢ be a lens map as defined on page 27 of [7]. Then C, = C,, is
compact on AP. But the condition (3.3) does not hold.

Theorem 3.5. Let u and p be two analytic functions on D such that
u(z) # 0 on D. Put v(z) = |u(z)] and w(z) = |u(z)|, z € D. If
YCy : Ayp — Awyp be a compact operator, then

6 116 (e ERE

2 T

PP (1~ Jo(2)[2) P u(e(2))?

Proof. Suppose that ¥vC, : A,, — Ay, be compact and condition

(3.6) doesn’t hold. Then there exist € > 0 and sequence {z,} in D with
|©o(2n)| — 1 such that for any n

wlen) Wl = anl)?
(1= o)D) Pu(e(n)>

Since |¢(z,)| — 1, there exists a sequence {a,, } of natural numbers such
that lim,, oo @, = 00 and |¢(z,)|* > % Letting
1 /

gn(2) = —— (=), (2))7 2%
u(z)7 »(2n)

=0, (3.6)

this is a norm bounded sequence in A, , and g, — 0, pointwise on .
So there exists a subsequence of {¢/Cyg,} convergent to 0. Putting

1 — |zp|?
E(z) ={z€D: |z—zn|§2’2|}

for any n € N, by subharmonicity property we have

|W0<p9n||ﬁ,p=/Dw(z)|¢(z)|p|9n(80(z))|p dA(z)
2/ w(2)|$(2)[lgn(p(2))[” dA(2)
E(zn)

> )60 Plan ot p S
(

w(2n) [P (z0) [P0 (20)| " (1 = |20]*)?
4(1 = |p(2n)1*)?v(p(2n))

1
Z g€p7

which is a contradiction. (]
In Theorem 3.3, if we take p = 2 and v(z) = w(z) = 1, then
(1= =) (2)]

SUp ——————5— < 00
zeb 1 —[p(2)[
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So we obtain to the following result of Cuckovié and Zhao [2].

Corollary 3.6. If the weighted composition operator 1Cy is bounded on
the Bergman spaces, then

2
o L=
zed 1= lo(2)?
Here we have some examples for the main results:
Example 3.7. For ¢¥(z) = v = w = 1 and ¢(z) = id, the identity
map on D, the corresponding weighted composition operator equals the
identity in AP, which is bounded. Also the condition (3.2) is satisfied,
since

=1<o0.

B BN

1
1 112
up PPN~ 121)
€D (1 —[p(2)?) P v(p(2))
Example 3.8. If p = 1, ¢(2) = 1, ¢(z) = 2}, w(z) = |1 — 2| and
v(z) = |1 — z|?, then for every real number z =t € D
w1 -2 (-1 -#)?
(1= le®))?vle) (1 - (52201 - 5FH?
which tends to oo, if t tends to 1. It follows from Theorem 3.3 that the
weighted composition operator 1C,, is not bounded.
Example 3.9. For p =1, ¢(2) =1 -z, p(2) = 2, v(z) = |1 — 2|? and
w(z) = |1 — z|, we have
 w@EI =)
le(x)=1 (1= [@(2)*)?v(p(2))
So the weighted composition operator 1)C,, is not compact (by Theorem
3.5).

=1+#0.

4. GENERALIZATION TO THE UNIT BALL OF C¥V

In this section we generalize the main results to the previous section
to the unit ball of CV.
For z = (21,---,2n) and a = (ay,--- ,ay) in CV, we define (z,a) =
z1a1 + -+ + zyan, where @ is the complex conjugate of ar. We also
write |z| = \/(z,2) = \/]z1]2+ -+ + |zn[2. Let By denotes the open
unit ball of CV, that is

By ={zeCN:|z| <1},

and H(By) be the set of all analytic functions on By. For any a €
By — {0}, we define

a — Pa(Z) - SaQa(Z)
1—(z,a)

oq(2) = z € By,
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where s, = 1/1 — |a|?, P, is the orthogonal projection from C" onto the
subspace [a] generated by a, and @, is the orthogonal projection from
CY onto CV — [a]. When a = 0, write ¢,(2) = —z. These functions are
called involutions.

Let 9 and ¢ be analytic functions on By such that ¢(By) C By. Then
the weighted composition operator 1C,, is defined by yCy,(f) = ¢ f o ¢,
for any f € H(By). For 1 < p < oo and a weight (strictly positive
bounded continuous function) w on By, the weighted Bergman space
Ay p(Bn) consists of all f € H(By) for which

Hﬂmm=l%wwﬂﬂdwﬂdd<ax

where dV'(z) is the normalized Lebesgue measure on By such that
V(By) = 1.

As in the first section, we use weights of the following type. Let v be a
holomorphic function on I, non-vanishing, strictly positive on [0, 1) and
satisfying lim,_,; v(r) = 0. Then we define the corresponding weight v
as follows

v(z) =v((z,2)) =v(|z]*) z¢€ By.

For a fixed point a € By we introduce a function v,(z) := v((z,a)) for
every z € By. Since v is holomorphic on By, so is the function v,. (see

[13])
Lemma 4.1. [12] Let v be a weight as we defined above such that

SUP.eBy SUPaeBy W < C < o0o. Then

&) < i 1]

N+1

(S oAV 0)" (1= 2) 5 0(2)

for every z € By and every f € A, p(Bn).

v’p

S =

Proposition 4.2. [12] Let w be a weight and v be a weight as in Lemma

41 1f

3 =

sup W(Z)‘f‘jf)

Nl 1
2By (1—[p(2)]?) * v(p(2))7
then the operator YCy : Ay p(BN) — Awp(Bn) is bounded.

< 00, (4.1)

Theorem 4.3. Let u and p be two analytic functions on By such that
u(z) # 0 on By. Put v(z) = |u(z)| and w(z) = |u(2)|, 2 € Bn. If
YCy : Ay p(BN) — Awp(BN) be a bounded operator, then

N+1

b w(z)%|¢(2)|(1 — =) >
2€By (1 — |p(2)]2) 7 v(p(z))?P

< 00.
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Proof. Suppose that ¢Cy, : Ay p(By) — Awp(Bn) be bounded. Fix
a € By and define

1 L= (@ \7
e (=)

Then f, € Ayp(Bn) and ||fallop = 1. Since Cy, : Ay p(By) —
Ay, p(Bn) is bounded, there exists a positive constant M such that

M = [ Co(fa)llp :/B w(2)[P(2) Pl falp ()P dV (2).

Theorem 2.1 of [15] implies that

w@W@P
T ol P o) —PH@ I @P falp(a)

<o [ ML V)

1
<M
T (= aP)NHt

Hence, we have
w(a)|y(a)[P(1 — |al)¥*!
(1= le(@))N*1v(p(a)) ~
Now the proof is complete. O

In the same way as in Theorems 3.4 and 3.5, we can prove the similar
result for the compactness.

Theorem 4.4. Let w be a weight and v be a weight as in Lemma 4.1,
and YCy : Ay p(BN) — Awp(BN) be a bounded operator. If

lim w(Z);z’\j/iEZ”
@121 (1 — |o(2)]2) 7 v(p(z))

then YCy : Ay p(BN) — Awp(BN) is compact.

=0, (4.2)

S

Theorem 4.5. Let u and p be two analytic functions on By such that
u(z) # 0 on By. Put v(z) = |u(z)| and w(z) = |u(2)|, 2 € Bn. If
YOy : Ay p(BN) — Awp(BN) be a compact operator, then

)y

L)) [
eGI=1 (1 — o(2)2) 7 v(p(2)) 7

= 0. (4.3)
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