Caspian Journal of Mathematical Sciences (CJMS)
University of Mazandaran, Iran

http://cjms.journals.umz.ac.ir
ISSN: 2676-7260

CJIMS. 10(1)(2021), 57-xx

On the D-concircular curvature tensor Of a generalized
Sasakian-space-form

Aliakbar Hosseinzadeh !
I Department of Mathematics, University of Zabol, Sistan and
Baluchestan, Iran

ABSTRACT. The object of this paper is to study of D-concircular
curvature tensor on generalized Sasakian-space-forms. Actually

we consider generalized Sasakian-space-forms when it is, respec-

tively: D-concircularly flat; D-concircular-pseudosymmetric; D-
concircularly Ricci-semisymmetric; D-concircularly symmetric; V (€, X) . R =
0. Most of the main results obtained in this paper are in the form

of necessary and sufficient conditions.
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1. INTRODUCTION

In [1], the notion of a generalized Sasakian-space-form is introduced as
follow: If (¢,&,1, g) is an almost contact metric structure on a manifold
M, R the curvature tensor and there exist three differential functions

f1, fo and f3 such that
RIX.Y)Z = fi{g(Y,2)X - g(X,2)Y}
+  fA9(X,02)9Y — g(Y,0Z)pX + 29(X, ¢Y)pZ}
+  fe{n(X)n(2)Y —n(Y)n(Z2)X
+9(X, Z)n(Y)E — g(Y, Z)n(X)&}
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for X, Y and Z vector fields on M, then M is said to be a generalized
Sasakian-space-form. This generalizes the concept of Sasakian space
form as well as generalized complex space form did with complex space
form. Moreover, the authors have given some examples of generalized
Sasakian-space-forms in terms of warped-product spaces. U. C. De and
A. Sarkar [9], studied some conditions regarding the projective curva-
ture tensor of a generalized Sasakian-space-form. Derivation conditions
C(X,Y)Z =0, VS =0 and R(X,Y).S = 0 were studied where C is
the quasi-conformal curvature tensor, in [15]. In [16] ¢-recurrent gen-
eralized Sasakian-space-forms was studied. In [2], it is shown that in
dimensions > 5 a contact metric generalized Sasakian-space-form is a
Sasakian-space-form (f; = %, fo = f3 = %,c being the constant
¢-sectional curvature). In the 3-dimensional case non-Sasakian contact
metric generalized Sasakian-space- forms exist and the curvature tensor
is also studied in [2]. For more details about generalized Sasakian-space-
forms see also [3, 7, 11, 12, 14, 17]. This paper is organized as follows:
In section 2, some preliminaries results of generalized Sasakian-space-
forms are given. In section 3, we study D-concircularly at generalized
Sasakian-space-form and obtain necessary and sufficient conditions for
a generalized Sasakian-space-form to be D-concircularly at. In next, D-
concircular-pseudosymmetric generalized Sasakian-space-form, D-concircularly
Ricci-semisymmetric generalized Sasakian-space-form and D-concircularly
symmetric generalized Sasakian-space-form were studied. Finally, the
end of this section contains generalized Sasakian-space-forms satisfying
Ve, X). R=0.

2. GENERALIZED SASAKIAN-SPACE-FORMS

In an n-dimensional (n = 2m + 1) almost contact Riemannian mani-
fold with (¢,n, &, g) almost contact metric structure, where ¢ is a (1,1)-
tensor filed, 7 is a 1-form, £ is the associated vector field and ¢ is the
Riemannian metric we have following conditions [4, 5, 18]

¢§ =0, n(¢X) =0, (2.1)
9(X,€) =n(X), n(§) =1, (2.2)
P*°X = —X +n(X)E, (2.3)
9(6X,9Y) = g(X,Y) = n(X)n(Y), (2.4)
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for all vector fields X,Y € x(M™).
For an n-dimensional generalized Sasakian-space-form we have [1].

RX,Y)Z = fi{g(Y,Z2)X —g(X,2)Y} (2.6)
+  foA9(X,02)8Y — g(Y,9Z)pX +29(X, Y )pZ}
+  fstn(X)n(2)Y —n(Y)n(Z2)X
+ 9(X, Z)n(Y)E — g(Y, Z)n(X)ES
S(X)Y) = {(n—-1)fi+3f2— f3}9(X,Y) (2.7)

= {3f2+ (n—=2)f3in(X)n(Y)
QX = {(n—=1fi+3f2— f3}X —{3f2+ (n—2)f3}n(X)§ (2.8)
r=nn—1)fi+3n—-1)fa —2(n—1)f3 (2.9)

Vx§=—(fi— f3)9X, (Vxn)Y =g(VxEY) (2.10)

where r and () are the scalar curvature and the Ricci operator of gener-
alized Sasakian-space-form M (f1, fo, f3), respectively. From (2.2), (2.6)
and (2.7) we have

RX,Y)E = (fi = f){n(Y)X —n(X)Y} (2.11)
R(EX)Y = (i = H{g(X,Y)E—n(Y)X} (2.12)
n(RX,Y)Z) = (fi = f){9(Y, Z2)n(X) —g(X, Z)n(Y)} (2.13)
S(X,8) = (n=1)(/1 = fa)n(X) (2.14)

5S¢ = (=11 f3) (2.15)
for all vector fields X, Y € x(M™).

Since S(X,Y) = ¢(QX,Y) and Q¢ = ¢Q, from Eq. (2.4) and (2.14),
it follows that

S(@X,9Y) = S(X,Y) + (n = 1)(f1 = f)n(X)n(Y). (2.16)
Theorem 2.1. ([9]) An n-dimensional generalized Sasakian-space-form
3f2

1s projectively flat if and only if f3 =

2—n"
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3. THE D-CONCIRCULAR CURVATURE TENSOR OF A GENERALIZED
SASAKIAN-SPACE-FORM

The D-Concircular curvature tensor V on a generalized Sasakian-
space-form M (f1, f2, f3) of dimension n is defined by [6]

V(X,Y)Z = R(X,Y)Z (3:-1)
r+2(n—1)
t g WA —e DX
r+n(n—1)
_ m{g(X,Z)n(Y)f—g(Y, Z)n(X)§

+n(Xn(2)Y —n(Y)n(2)X}
where R is the curvature tensor and r is the scalar curvature.

Proposition 3.1. In an n-dimensional generalized Sasakian-space-form
M(f1, fa, f3), the D-Concircular curvature tensor V' satisfies

VX, Y)E = (- f+1){nY)X -n(X)Y}, (3.2)
n(V(X.Y)Z) = (fi—fs+1){g(Y,Z)n(X) — g(X, Z)n(Y)},(3.3)
VEX)Y = (fi—fs+1){g(X,Y)§-n(Y)X} (3-4)

for all vector fields X, Y, Z on M(f1fa, f3).
Proof. From (2.9)-(2.14) and (3.1) the Egs. (3.2)-(3.4) follow easily. O

For an n-dimensional D-concirculary flat at generalized Sasakian-
space-form from (3.1), we have

_ r+2n-1)
R(X,Y)Z = *m{g(Xa 2)Y —g(Y,Z)X} (3.5)
b X, DY )~ 9(Y. (X

+n(X)n(2)Y —n(Y)n(Z)X}
In view of (2.6), (2.7) and (2.14) in (3.5) we get
fi{e(Y, 2)X — g(X, 2)Y'} (3.6)
+ fo{9(X,02)¢Y —g(Y,92)pX
+ 29(X,9Y)0Z} + f3{n(X)n(Z2)Y
= n(Y)n(2)X +g(X, Z)n(Y)§ — g(Y, Z)n(X)E}

B r+2(n-1)

= Do WY e D)X}
r+n(n—1)

+ m{g(X,Z)n(Y)E—g(Y,Z)?](X)f

+ n(X)n(2)Y —n(Y)n(Z2)X}
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In (3.6) putting X = ¢, from (2.1) and (2.3) we obtain

(fi = fs+Dig(Y, 2)€ —=n(2)Y'} = 0. (3.7)

Replacing Z by ¢Z, from (3.7) and in view of (2.9), the above equation
reduce to

(fi=fs+1)g(Y,02)¢ = 0. (3.8)
Since g(Y, ¢Z)¢ # 0 equation (3.8) implies that
fi—fz=-1 (3.9)

Conversely suppose that f; — f3 = —1. Applying (2.6), (2.7) and (2.9)
to (3.1), we get

V(X,Y, Z, W) fi{g(Y, 2)9(X, W) — g(X, Z)g(Y, W)} (3.10)
f2{9(X,02)g(¢Y, W) — g(Y,0Z)g(¢ X, W)

29(X, 9Y)g(0Z, W)} + fa{n(X)n(Z)g(Y, W)
n(Y)n(2)g(X, W) + g(X, Z)n(Y)n(W)

n(X)n(W)}

I+ +

— v,z
r+2(n—1)
(n—1)(n—2)
r+n(n—1)
(n—1)(n-2)
gV, Z(X)n(W) + n(X)n(Z)g(Y, W)

- n(Y)n(Z)g(X,W)}.
In (3.10), replacing Z by ¢Z and W by ¢W, we have

VXY, 0Z,oW) = fi{g(Y,02)9(X,¢W) — g(X,$Z)g(Y, oW )B.11)
+ flo(X,9°2)g(oY, oW) — g(Y, " Z)g(6.X, 6 W)
+ 29(X,0Y)g(6°Z, W)}
r+2(n—1)
+ m{g(Xv 9Z)g(Y, W)

\_/

{9(X, 2)g(Y, W) — g(Y, Z)g(X, W)}

_|_

{9(X, Z2)n(Y)n(W)

~— |~ ~— ™

v

In Eq. (3.11) putting Y = W = ¢;, where {¢; : i = 1,2,--- ,n}, is an
orthonormal basis of the tangent space at any point of manifold, and
taking summation over ¢ and in view of (2.4) and (2.5), we get

”2(?1))] (6X,62).

D VXen9Zde) = [~h-nhr+ oo
i=1
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From the above equation by a contraction, we get
r+2(n—1)

(n=D[=h=nfa+ gy =0 (3.12)
In view of (2.9) and (3.9) in (3.12), we have
f2=0. (3.13)
Equations (3.9), (3.12) and (3.13) implies that
r+2n—-1)
(n—1)(n—2) =h (3:14)
and
r+nn—-1)
D=2 (3.15)

Applying egs. (3.13)-(3.15) to (3.1), we have V(X,Y)Z = 0.
Hence we have the following;:

Theorem 3.2. An n-dimensional generalized Sasakian-space-form is D-
concircularly flat if and only if f1 — f3 = —1.

In [1], as example of a generalized Sasakian-space-form, it is shown
that, a Kenmotsu-space-form, i.e., a Kenmotsu manifold with constant
¢-sectional curvature c, is a generalized Sasakian-space-form with f; =
% and fo = f3 = %, hence f; — f3 = —1. Thus we have the following
corollary:

Corollary 3.3. An n-dimensional Kenmotsu-space-form is D-concircularly

flat.

Since in a Sasakian-space-form f; = % and f3 = %, so f1 — fs #
—1. Thus we may state the following:

Corollary 3.4. There is no D-concircularly flat Sasakian-space-form.

A Riemannian manifold (M", g) is said to be pseudosymmetric [12] if
(RIX,Y).R)(Z, U)W = Lgrl(XANY).R)(Z U)W]
holds on Ugp = {x € M|R — amn G # 0 at x}, where G is the (0,4)-
tensor defined by G(X,Y,Z, W) = g((X ANY)Z, W), Lg is some smooth
function on Ug,

(XANY)Z =9V, 2)X —g(X,2)Y. (3.16)
and
(R(X,Y).R)(Z, U)W = R(X,Y)R(Z U)W (3.17)
R(R(X,Y)Z, U)W
— R(Z,R(X,Y)U)W — R(Z,U)R(X,Y)W.



On the D-concircular curvature tensor Of a generalized Sasakian-space-form 63

A Riemannian manifold (M™", g) is said to be D-concircular-pseudosymmetric
if

(RIX, V) V)(Z, U)W = Ly[(XAY)V)(Z,UW] (3.18)
holds on Uy = {z € M|V # 0 at z}, where Ly is some function on
Uy and V is the D-concircular curvature tensor. Every pseudosymmet-
ric manifold is D-concircular-pseudosymmertic, but the converse is not
true. If R.V =0 then (M™", g) is called D-concircular-semisymmetric.

Let M (f1, fa, f3) be a D-concircular-pseudosymmetric generalized Sasakian-
space form. Then from (3.20), we have

(REY)V)(Z,UW = Ly[(EAY).V)(Z,U)W]. (3.19)
In view of (3.16) and (3.17) in (3.19), we have
REYVV(Z, U)W - V(R Y)Z, U)W
- V(Z,RE,Y) U)W =V (Z,U)R(E, Y)W
= Ly[EAYV)V(Z,UW =V((EAY)Z,U)W
- V(Z(EAY)UW =V (Z,U)(ENY)W].
Using (2.12) in the above equation, we can see
0 = [Lv—(A-HBIHVEZUWY)E—n(V(Z,U)W)Y
g(Y, 2)V (& U)W +n(Z)V (Y, U)W — g(Y,U)V(Z, )W
+ UVI(Z, Y)W —g(Y,W)V(Z,U)§ +n(W)V(Z,U)Y },
which implies that either Ly = fi — f3 or
0 = V(Z,UW,Y),—n(V(Z,Y)W)Y —g(Y,Z2)V (£ U)W(3.20)
+ 2V, U)W —g(Y,U)V(Z, W +n(U)V (2, Y)W
— gY,W)V(Z,U)§+n(W)V(Z,U)Y.

Assume that Ly # f1 — f3. Taking the inner product of (3.20) with &
we obtain

0 = V(ZUWY)=n¥)n(V(Z,U)W) = g(Y,Z)n(V (£ U)W)3.21)
+ (VY U)W) = g(Y,U)n(V(Z, W) +n(U)n(V(Z,Y)W)
— g, W)n(V(Z,U0)¢) + n(W)n(V(Z,U)Y).
Putting Y = Z in (3.21), we find
0 = VY, UW,Y)—gY,Y)n(V(,U)W) (3.22)
gV, Un(V (Y, W) +n(W)n(V (Y, U)Y).

In Eq. (3.22) putting Y = e;, where {e; : i = 1,2,--- ,n}, is an or-
thonormal basis of the tangent space at any point of manifold, and



64 Aliakbar Hosseinzadeh

taking summation over ¢, and using (3.3) and (3.4) we get
SU,W) = [fi+3fe+(n—3)fzs+2—n|g(UW) (3.23)
[nfi1+3f2 = 2fs + nn(U)n(W).

From (2.7) and (3.23) we can get fi1 — f3 = —1. according to the theorem
3.2, this means that M (f1, fo, f3) is D-concircularly flat.
Hence we can state the following theorem:

Theorem 3.5. Let M(f1, f2, f3) be a generalized Sasakian-space-form.
If M(f1, f2, f3) is D-concircular-pseudosymmetric then M(f1, fo, f3) is
either Ly = f1 — f3 or M(f1, f2, f3) is D-concircularly flat.

From the above theorem, it can be seen that:

Corollary 3.6. Every D-concircular-pseudosymmetric generalized Sasakian-
space-form is of the form
(RIX,Y) . V) (ZUYW = (f1 — f3) [(X AY) V) (Z,0)W].

Since a Sasakian space form f; — f3 = 1 and due to the corollary 3.4,
it can be seen that

Corollary 3.7. For every Sasakian-space-form, we have
(R(X,Y) . V)(Z, U)W =[(XAY).V)(Z,U)W].

A Riemannian manifold is said to be D-concircularly Ricci-semisymmetric
if the relation V(X,Y) . S = 0 holds.
Now we prove the following theorem:

Theorem 3.8. Let M(f1, f2, f3) be an n-dimensional generalized Sasakian-
space-form. M (f1, fa, f3) is D-concircularly Ricci-semisymmetric if and

only if f3 = % or M(f1, fa, f3) is D-concircularly flat.

Proof. Assume that M (fi, f2, f3) be an n-dimensional generalized Sasakian-
space-form. The condition V(X,Y) . S = 0, implies that

SV(X,Y)Z, W)+ SW,V(X,Y)Z)=0. (3.24)
In view of 2.7 in 3.24 we get
0= [3f2 + (n— 2) fs] 1V (X, Y)Z)n(W) + n(Z)n(V (X, Y)W)] . (3.25)
The equation 3.25, implies that either

_ 32
fs=5— ) (3.26)

or

0 =n(V(X,Y)Z)n(W) + n(Z)n(V(X,Y)W). (3.27)
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From 3.3 in (3.27) we have

0 = (fi—/f3+1){gY, Z)nX)n(W) - g(X, Z)n(Y)n(W)(3.28)
+ gV, Wn(X)n(Z) — g(X, W)n(Y)n(Z)}.

Taking Z = £ in (3.28), by a contraction, we get
hi—fs = —L (3.29)

According to the theorem 3.2 and the equation (3.29), M (f1, f2, f3) is
D-concircularly flat.

Conversely suppose that

32
fs= g2, (3:30)

Applying (3.30) in (2.7), we can see that M(fi, f2, f3) is an Einstein
manifold. Therefore it’s easily visible that M( f1, fa, f3) is D-concircularly
Ricci-semisymmetric. Also if M (f1, f2, f3) be D-concircularly flat it’s
trivial M (f1, f2, f3) is D-concircularly Ricci-semisymmetric. O

From the theorem 2.1, we have the following;:

Corollary 3.9. A non D-concircularly at generalized Sasakian-space-
form is D-concircularly Ricci- semisymmetric if and only if it is Ricci-
semisymmetric.

Now, we prove the following:

Theorem 3.10. Let M (f1, f2, f3) be an n-dimensional generalized Sasakian-
space-form. Then M(f1, fa, f3) satisfies the condition R(§,X).V =0 if
and only if f1 = f3 or M(f1, fa, f3) is D-concircularly flat.

Proof. Assume that M (fi, f2, f3) be an n-dimensional generalized Sasakian-
space-form and satisfies the condition R(&, X).V = 0, we can write

0 = REX) VY, Z2)W -V (R(EX)Y, Z2)W (3.31)
— VY, R(, X)Z2)W = V(Y, Z)R(§, X)W,
for all vector fields X, Y, Z, W. Using (2.12), in (3.31) we find

0 = (h-B{VEZW -V, 2) W)X (332)
— YXYV)V(EDW +V(X, Z)Wn(Y),
— 9(X, Z)V(V.OW + V(Y. X)Wn(Z)
— X WIV(Y, 2)+ V(Y. Z)Xn(W)
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which implies that either f; — f3 =0 or
0 = VY, ZW,X)§—n(V(Y,Z)W)X (3.33)
g(X, Y)V(E Z)W + V(X, Z)Wn(Y),
- 9(X, )V, W + V (Y, X)Wn(Z)
— X, WV(Y, Z2)E+ V(Y, Z)Xn(W).

Assume that f; # fs3. Taking the inner product of (3.33) with £ we
obtain

0 = VY, ZW,X)—nV(Y,Z2)W)n(X) (3.34)
= g(X,Y)n(V(E, )W) +n(V (X, 2)W)n(Y),
= 9(X, 2V Y, W) +n(V (Y, X)W)n(Z)
— 9(X,Win(V(Y, 2)¢§) + n(V(Y, 2)X)n(W).
Hence in view of (3.2)-(3.4) the Eq. (3.34) is reduced to

VIY,ZW,X) = [fi—[s+1] (3.35)
x{9(X,Y)g(Z, W) — g(X, Z)g(Y,W)}.

So by a suitable contraction of (3.35) we get

szw) = -0 " - - i) 39
<otz w) - | zon),
From (2.7), (2.9) and (3.36) we have
fi—fz=-1 (3.37)

According to the theorem 3.2, the above equation implies that M (f1, f2, f3)
is a D-concircularly flat manifold.

Conversely, if fi = f3 then from (2.12), we can see thatR({, X) = 0.
Obviously R(&, X).V = 0. Also if M(f1, fa, f3) be D-concircularly flat,
in view of (3.31), this shows that R(&, X).V = 0. This completes the
proof of the theorem. O

A Riemannian manifold is said to be D-concircularly symmetric if it
satisfies VV' = 0 and is said to be D-concircularly semisymmetric if it
satisfies R(X,Y).V = 0. It can be seen easily that if M(f1, fa, f3) is
a D-concircularly symmetric, then it is D-concircularly semisymmetric.
Thus we have the following two corollaries:

Corollary 3.11. If M(fi, fo, f3) be an n-dimensional D-concircularly
symmetric generalized Sasakian- space-form, then fi = f3 or M(f1, f2, f3)
is D-concircularly flat.
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Corollary 3.12. If M(fi1, fa, f3) be an n-dimensional D-concircularly

semisymmetric generalized Sasakian- space-form, then fi = f3 or M (f1, f2, f3)

1s D-concircularly flat.
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