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ABSTRACT. The reformulated Zagreb index EM;(G) of a simple
graph G is defined as the sum of the terms (dy + dv — 2)2 over
all edges uv of G. In this paper, we study the reformulated Zagreb
indices for the F-sums of some special well-known graphs such as
subdivision and total graph which is introduced by Eliasi and Taeri
[4].
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1. INTRODUCTION

All the graphs considered in this paper are connected and simple. For
vertex u € V(G), the degree of the vertex u in G, denoted by dg(u), is
the number of edges incident to u in G. A topological index of a graph
is a parameter related to the graph; it does not depend on labeling or
pictorial representation of the graph. In theoretical chemistry, molecular
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structure descriptors (also called topological indices) are used for mod-
eling physicochemical, pharmacologic, toxicologic, biological and other
properties of chemical compounds [6]. Several types of such indices ex-
ist, especially those based on vertex and edge distances. One of the most
intensively studied topological indices is the Wiener index. Two of these
topological indices are known under various names, the most commonly
used ones are the first and second Zagreb indices.

The Zagreb indices have been introduced more than thirty years
ago by Gutman and Trinajesti¢ [8]. They are defined as M;(G) =

S dg(u)? and May(G) = > dg(u)dg(v). Note that the first Za-
ueV(G) weE(G)
greb index may also written as M1(G) = Y. (dg(u) + dg(v)). The

weFE(G)
Zagreb indices are found to have appilications in QSPR and QSAR stud-
ies as well, see [1].

Furtula and Gutman in [5] recently investigated this index and named
this index as forgotten topological index or F-index and showed that the
predictive ability of this index is almost similar to that of first Zagreb
index and for the entropy and acetic factor, both of them yield correla-
tion coefficients greater than 0.95. The F-index of a graph G is defined
as F(G) = > d§(u).

ueV(G)

Recently, Shirdel et al.[11] introduced a variant of the first Zagreb
index called hyper-Zagreb index. The hyper-Zagreb index of G is denoted
by HM (G) and defined as HM(G) = Y. (d(u)+d(v))%. Milicevié et

weFE(G)
al. [10] in 2004 reformulated the Zagreb indices in terms of edge-degrees
instead of vertex-degrees EM;(G) = Y. d(e)?, where d(e) denotes
e€E(G)
the degree of the edge e in G, which is defined by d(e) = d(u) + d(v) — 2
with e = wwv. The use of these descriptors in QSPR study was also
discussed in their report [10]. Reformulated Zagreb index, particularly
its upper/lower bounds has attracted recently the attention of many
mathematicians and computer scientists, see [3, 9, 10, 12, 13]. In this
paper, we study the reformulated Zagreb indices for the F-sums of some
special well-known graphs such as subdivision and total graph

2. PRELIMINARIES

For a connected graph G, there are four related graphs as follows:
(7) The subdivision graph S(G) is the graph obtained from G by replac-
ing each edge of G by a path of length two.
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(i) R(G) is obtained from G by adding a new vertex corresponding to
each edge of G, then joining each new vertex to the end vertices of the
corresponding edge.

(7i7) Q(Q) is obtained from G by inserting a new vertex into each edge
of G, then joining with edges those pairs of new vertices on adjacent
edges of G.

(tv) The total graph T'(G) has as its vertices the edges and vertices
of G. Adjacency in T(G) is defined as adjacency or incidence for the
corresponding elements of G.

The Cartesian product, G H, of the graphs G and H has the vertex
set V(GOH) = V(G) x V(H) and (u,x)(v,y) is an edge of GO H if
u=wvand zy € E(H) or, uwv € E(G) and = = y. To each vertex
u € V(Q), there is an isomorphic copy of H in GOH and to each
vertex v € V(H), there is an isomorphic copy of G in G H. Eliasi and
Taeri [4] introduced the following four operations of the graphs G and
(G2 based on the Cartesian product of these graphs.

Let F be one of the symbols S, R,Q or T. The F-sum G +r H is a
graph with the set of vertices V(G +r H) = (V(G) U E(G)) x V(H)
and two vertices (gi1,h1) and (g2,h2) of G +p H are adjacent if and
only if g1 = g2 and hihy € E(H) or hy = hy and g1g2 € F(G). The
Zagreb indices of the F-sum of graphs are obtained by Deng et al. [2].
The F-index of four operations on some special graphs are computed by
Ghobadi and Ghorbaninejad [7]. Eliasi and Taeri[4] have obtained the
Wiener index of four new sums of graphs.

3. REFORMULATED ZAGREB INDICES OF F-SUMS OF GRAPHS

First we compute the reformulated Zagreb index of the graph G +g¢
Ga.

Theorem 3.1. Let G; be a graph with n; vertices and m; edges, i = 1, 2.
Then EM; (G1 +s GQ) = anM(GQ)+n2F(G1)+8m2M1(G1)+(10m1 —
4n1)M1 (GQ) + 4nimeg — 16m;.

Proof. Let {x1,z2,...,2n,} and {y1,92,...,Yn,} be the vertex sets of
G1 and Go, respectively. From the definition of reformulated Zagreb
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index and the structure of the graph G +g G2, we have

E M, (G1 “+g GQ)

2
= > (dG1+S G2 (1, 91)) + doy 15 65 (22, 92)) — 2)
(1,91)(22,y2) €E(G1+5 G2)

> 2 (dGﬁSGQ((“’yl))+dGl+st((fE1ay2))_2)2

1€V (G1) y1y2€E(G2)

+ Z Z (dG1+SG2(($1,y1))+dG1+SG2(($2,y1)) _2>2

mleEE(S’(Gl)) y1€V(G2)
= Ay + Ay, (3.1)

where A; and A, are the sums of the terms, in order.
We shall calculate A; and Ag of (3.1) separately.

First we calculate the sum A; = > > da 4G, ((z1,y1))+
z1€V(G1) y1y2€E(G2)

2
dci+s s ((x1,42)) —2) . For each vertex (z;,y;) in G145 G2, the degree
of (z3,y5) is da, (x;) + da,(y;). Thus

M= Y (de o)+ desln) + doy(on) + doa(u) ~2)

21€V(G1) y1y2€E(G2)

= Z Z (2alc:1 (x1) + (dgy, (1) + da, (y2)) — 2)2

11€V(G1) ylyQEE(Gz)

= Z Z <4dG1 (CL‘1)2 + (dGz (y1) + dc, (y2))2

1€V (G1) y1y2€E(G2)

+de, (21)(day (Y1) + day(y2)) — 8da, (21) — 4(da, (1) + da, (y2)) + 4)-

From the definitions of first and hyper-Zagreb indices, we obtain:
A1 = 4dmo M,y (Gl) —i—anM(GQ) + (8m1 —4n1)M1 (GQ) +4nimo—16m;.
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Next we find the value of the sum As.

Az = > > (dG1+S e ((x1,91)) +dey 16 6o ((2,91)) — 2)2

z122€E(S(G1)) y1€V(G2)

= Z Z (dS(Gl)(-"El) +da, (y1) + ds(ay)(v2) — 2)2

y1€V(G2) z122€E(S(G1))

= ) > ((dS(Gl)(fvl) +ds(ay)(€2))” + (da, (1) — 2)°
y1€V(G2) z122€ E(S(G1))
F2dg(ay (@) + ds(a) (22)) (e (31) — 2))
= nQHM(S(G]_)) + 2m1(M1(G2) + 4ng — 8m2) + 2(2m2 — 27’LQ)M1(S(G1))
(3.2)

Using M;(S(G1)) = Mi(Gy) + 4my and HM(S(G1)) = 4M,(Gy) +
F(G1) 4+ 8my in (3.2), we obtain

A2 = 4m2M1(G1) -+ TLQF(Gl) + leMl(Gg).

Adding A; and As, we obtain the required result.
Next we obtain the reformulated Zagreb index of the graph G +r Gbs.

Theorem 3.2. Let G; be a graph with n; vertices and m; edges, i =
1,2. Then EMy(G1+r G2) = 4ngHM (G1) +ni HM (G2) +4no F(Gy) +
(40?712 — 877,2)M1(G1) + (22’!711 — 4’1%1)M1(G2) + 4dming — 48mims.

Proof. By the definition of reformulated Zagreb index and the structure
of Gl +r GQ)

EMl(Gl +R GQ)

2
- > (6162 (@1, 1)) + 6 n (w2, 12)) — 2)
(#1,91)(z2,92)EE(G1+RG2)

- Z Z (dG1+RGz((€U17y1)) + dG1+RG2((CU17y2)) _ 2)2

1€V (G1) y1y2€E(G2)

Y Y (el )+ dosne((m ) —2)

z122€E(R(G1)) y1€V(G2)
= A+ Ao, (33)

where A; and A, are the sums of the terms, in order.
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We shall obtain the value of A; and As of (3.3) separately.

A= Z Z (dG1+RGQ((x1,y1)) + dey 4 ne (@1, 12)) — 2)2

1€V (G1) y1y2€E(G2)

2
= > (dR(Gl)(xl) +de, (y1) + drgy)(21) + de, (y2) — 2)
z1€V(G1) y1y2€E(G2)

= Y Y (4o (en) + () +doy () ~2)

1€V (G1) y1y2€E(G2)

= Y Y (Mdaylm) — 2 + (o) + da(we)?

1€V (G1) y1y2€E(G2)

+2(4dg, (21) = 2)(desy (1) + de (12)) )

From the definitions of first Zagreb index and hyper-Zagreb index, we
have

Ay = 16meM; (Gl) + anM(GQ) + (16m1 — 4n1)M1(G2) + 4dnimg — 32mims.

Next we obtain the sum As.

A2 = Z Z (dGH-RGz((xl,yl)) + dGl+RG2((l’2,y1)) _ 2)2

z122€ E(R(G1)) y1€V(G2)

= 2 > (d((iﬂl»yl))er((xz,yl))—2)2

y1€V(G2) z122€V (G1)

+ Z Z (d($17y1) + d(xa,y1) — 2)2

y1€V(G2) z122€E(R(G1))
1 EV(G1), IQEV(R(Gl))f‘/(Gl)

= AL+ AY, (3.4)
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where

Ay= > > (d($1,y1)+d($2ay1))—2)2

y1€V(G2) z122€V(G1)

- Y ¥ (dR(Gl)(xl)+dG2(y1)+dR(Gl)(x2)_2>2

Y1 GV(Gz) l’l(EQGV(Gl)

= Z Z <2dG1 (1) + 2dg, (x2) + 2dg, (y1) — 2)2

y1€V(G2) z122€V(G1)

= Y Y (Mde )+ doy ) + (2de ()~ 2

Y1 GV(GQ) xleEV(G1)

F4(dey (1) + day, (22)) (2da, (1) - 2)
= 4n2HM(G1) + 4TTL1M1(G2) + (167712 — 8712)M1(G1) + 4dmino — 16mims.

and

A=Y > (d(fﬂlayl) + d(x2, 1) —2)2

y1€V(G2) zr12x2€E(R(G1))
xlev(Gl),CEQGV(R(Gl))*V(Gl)
2
= ) > (dR(Gl)(fBl) +da, (1) + dr(ay) (2) — 2)
y1€V(G2) r12€E(R(G1))

z1€V(G1), 22€V (R(G1))—-V(G1)

S > (2de, 1) +de ()

y1€V(G2) z122€E(R(Gh))
1€V (Gh), xQEV(R(Gl))—V(Gl)

= Y Y daue)(4dey (@) + (doa () + 4, (21)deu (1))

y1€V(G2) z1€V(G1)
= 4?7,2F(G1) + 2mq My (GQ) + 8m2M1(G1).

From Af and AY, we have

Ay = 4n2HM(G1)+4n2F(G1)+6m1M1 (G2)+(24m2—8n2)]\/[1 (G1)+
4dmino — 16mims.

Using (3.3) and the sums A;,As, we obtain the desired result.

Next we find the reformulated Zagreb index of G +¢ Gbs.

Theorem 3.3. Let G; be a graph with n; vertices and m; edges, i = 1, 2.

Then EMl(Gl +q GQ) = 2n2HM(G1) —|—TLQHM(L(G1)) —i—anM(GQ) +
7n2F(G1)+(16m2—26n2)M1(G1)+(12m1—4n1)M1(G2)+12n2MQ(G1)4n1m2+
20n2m1 — 32m1m2.
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Proof. By the definition of reformulated Zagreb index,
E M, (Gl +q Gg)

2
= Z <dG1+QG2((‘Tlﬂy1)) +dG1+QG2((x27y2)) - 2)
(z1,y1)(22,92)€E(G1+qQG2)

= Y Y (el m) +daga (@) —2)°

1€V (G1) y1y2€E(G2)

+ Z Z (dG1+QG2((x1’y1)) + dG1+QG2(($27y1)) - 2)2

z122€ E(Q(G1)) 1€V (G2)
= A + A, (3.5)

where A; and Ay are the sums of the terms, in order.
We shall calculate A; and Ay of 3.5 separately.

A= Z Z (dG1+QG2(($1,y1)) + dG1+QG2((aj17y2)) _ 2)2

1€V (G1) y1y2€E(G2)

2
= Y Y (do(@) + day () + doiy(@1) + day (1) — 2)
z1€V(G1) y1y2€E(G2)

= Z Z <2dG1 (1) + (dgy (1) + da, (y2)) — 2)2

1 EV(Gl) ylyQEE(Gz)

= Y Y (e (@) - 8day (@1) + 4) + (dan(91) + daa(v2)?
21€V(G1) y1y2€E(G2)
+2(2dg, (1) — 2) (e (1) + do, (1)) )

= m2(4M1(G1) — 16mq + 4n1) + anM(Gg) + (8m1 — 4n1)M1(G2)

= n HM(G2) + 4maoM;i(G1) + (8m1 — 4n1)M1(G2) + 4nymg — 16mymea.

f= 3 S (o) +dogan(m) ~2)

z122€E(Q(G1)) y1€V (G2)

= 2 > (dar,mn) + dlas, ) —2)°

y1€V(G2) r122€E(Q(G1))
z1€V(G1), 22€V(Q(G1))—V(G1)

> > (dar.m) + daz.yn) —2)°

n€eV(Ga)  m1@2€E(Q(Gh))
x1, IQEV(Q(Gl))*V(Gl)

! 1
= Ay + Ay,
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where
2
A= 3, > (A, y) + d((@2,3)) — 2)
y1€V(G2) z122€E(Q(G1))
1€V (G1),22€V(Q(G1))—-V(G1)
2
- > X > (dacen (@1) + ez (1) + do(en) (22) - 2)
y1€V(G2) y2€V(G2) z122€E(Q(G1))
z1 €V (G1), 22€V(Q(G1))—V(G1)
2
- > (e (21) + doy (41) + daien) (22) - 2)
y1EV(G2) z122€E(Q(G1))
z1 €V (G1), 22€V(Q(G1))—V(G1)
- > (dey (21)” + (doa (91) = 2% + daan) (22)°
y1€V(G2) z122€E(Q(G1))

z1 €V (G1), 22€V(Q(G1))—V(G1)

+2dc, (#1)(da, (Y1) — 2) + 2day (1)dg(cy) (w2) + 2(da, (Y1) — Q)dQ(G1>($2))

= Z Z dGl (xl) (dG1 (371)2 + +(dG2 (yl) - 2)2 + 2dG1 (xl)(dc’z (yl) - 2))

y1€V(G2) z1€V(G1)

+ > (dQ<G1>($2)2 + 2de, (z1)dg ) (22)
y1€V(G2) z122€E(Q(G1))
z1€V(G1),22€V(Q(G1))—V(G1)
+2(dy (1) — 2)do(an (22) )
= ’nzF(Gl) + le(Ml (Gg) + 4ng — 8m2) + 2(2’/TL2 — 2n2)M1 (Gl)
+ Z (nng(Gl)(mg)Q + (27L2dcl (a:l) =+ 2(2m2 — 271,2))dQ<G1)(x2)) .

z122€E(Q(G1))
z1 €V (G1),22€V(Q(G1))—V(G1)

One can see that for a vertex z2 € V(Q(G1)) — V(G1), dg(a,)(z2) =
de, (z) + dg, (w), where xo = zw € E(Gy). Thus

A/2 = ngF(Gl) + 2m1(M1(G2) + 477,2 — 8m2) + 2(27712 — 2712)M1 (Gl)
+ > (na(das, (@) + das, (w))?

z122€E(Q(G1))
1€V (G1),22€V(Q(G1))—V(G1)

+(2n2da, (21) + 2(2ma — 202))(de, (x) + g, (w)))
= noF(G1) + 2my(M1(G3) + 4ng — 8ma) + 2(2my — 2n9) M1 (G1)
120 HM (G1) + 2na(F(G1) + 2Ms(G1)) + 4(2ma — 2n) My (G1)
= 2noHM(G1) + 3n2F(G1) + (12mg — 12n9) M, (Gh)
+2m1 M1 (G2) + 4no M2(G1) + 8ming — 16mima.
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2
Ay = Z Z (d($17y1)+d($27y1)—2)
y1€V(G2) z1x2€E(Q(G1))
z1,22€V(Q(G1))-V(G1)

> > > (dcz(Gl)(fEl) +do(an) (22) — 2)2

y1EV(G2) y2€V(G2) z122€E(Q(G1))
w1, 22€V(Q(G1))—V(G1)

2

= ne > (dea(w) + dey (wy) + dasy (wy) + do () — 2)

wiwj,wjw, €E(G)
2
= n2 > (ducl)(Xz‘) + dren (X5) +2) ;
X, X;€B(L(G1))
where X; and X are vertices of the line graph L(G1)
= ne > (e (X)) + duen(X) + 4+ 4(dien (X0) + duen) (X))

X;X;€E(L(G1))

= n (HM(L(Gl)) +4n2 M1 (L(G1)) + 4 |E(L(G1))] ) :

Since |E(L(G1))| = ME0) _my and My (L(G1)) = F(G1)—4M,; (G1)+
2M2(G1) +4m;y. Thus A,Q/ = nQHM(L(Gl)) + 4n2F(G1) + 8n2M2(G1) —
1477,2M1 (Gl) + 12n2m1.

From the sums A} and A, we have Ay = 2no HM (G1)+noHM (L(G1))+
7n2F(G1)—|—(12m2—26n2)M1(G1)+2m1M1(G2)+12n2M2(G1)+20n2m1—
16m1m2.

Adding A; and Ag, we get the desired result.

Finally, we obtain the reformulated Zagreb index of G1 +7 Go.

Theorem 3.4. Let G; be a graph with n; vertices and m; edges, i = 1, 2.
Then EMl(Gl +7 Gz) = 6712HM(G1) +n2HM(L(G1)) +n1HM(G2) +
127’LQF(G1)+16TL2MQ(G1)+(48m2—38n2)M1(G1)+(22m1—4n1)M1 (G2)+
24ming + 4nimeo — 64dmimo.

Proof. By the definition of reformulated Zagreb index,
EM; (G1 +7 GQ)

2
= > (dovr as((@1,90)) + diy 1 Ga((02,32)) — 2)
(z1,91)(22,92) EE(G1+71 G2)

N Z Z (dG1+T G ((w1,91)) +day 17 6o ((1,92)) — 2>2

1171€V(G1) ylyQEE(Gz)

oYY (derraslGum) + o el ) - 2)

xleEE(T(Gl)) y1€V(G2)

Note that E(T(G1)) = E(G1) U E(S(G1)) U E(L(G1)). Thus
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EM(G1 +r1 G2)
N Z Z <dG1+TG2((CU17y1))+dG1+TG2((x27y2)) _2>2

1€V (G1) y1y2€E(G2)

DI G SR 2

y1€V(G2) :E11‘2€E(T(G1)) x1$2€E(T(G1))
r1,22€V(G1)  21€V(G1),22€V(T(G1))-V(G1)
2
+ > ) (derr 6o ((@1,90)) + e o (@2 31)) = 2)
z122€E(T(G1))
z1,22€V(T(G1))-V(G1)
= A1+ A+ Az + Ay, (3.6)

where A; to Ay are the sums of the terms, in order.
We shall calculate A1 to A4 of 3.6 separately. A similar arguments of
A; and A5 in Theorem 3.2, we have

A= Z Z (dGH-T GQ((xlyyl)) +da, 4+ Gg((l'l,yz)) _ 2)2

1€V (G1) y1y2€E(G2)

= > > <2dT<Gl>(l’1) +da, (y1) + dey (y2) — 2)2

1€V (G1) y1y2€E(G2)

= Z Z (4dG1 (1'1) + ng (y1) + dG2 (yg) - 2)2

z1€V(G1) y1y2€E(G2)
= 16moMi(G1) + niHM(G2) + (16m1 — 4nq) M1 (Gz) + 4nima — 32mima.

and

Ay = Z Z (dG1+T G2((x1>y1)) + dG1+T G2((x27y1) - 2))2

y1€V(G2) z122€E(G1)

- Z Z (dT(Gl)(xl) + 2dG2 (yl) + dT(Gl)(xg) — 2))2

y1€V(G2) xleEE(Gl)

=YY (2 ) + 2y ) + 2 () 2)

y1€V(G2) xleEE(Gl)
= 4n2HM(G1) + 4mq My (GQ) + (16m2 — 8n2)M1 (Gl) + 4dming — 16mims.
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2
As= Y 3 (derr 62 ((@1,90)) + doy iz 6 (@2,10) - 2)
y1EV(G2) z122€E(T(G1))
z1€V(G1), 22€V(T(G1))—-V(G1)
2

= Z Z (dT<G1)($1) +da, (Y1) + drey) (x2) — 2)

y1€V(G2) z122€E(T(G1))

z1EV(G1), z2€V(T(G1))—V(G1)

- > (46, (21)* + (doa (1) = 2)° + dr (o (22)°

y1E€V(G2) z122€E(T(G1))

z1€V(G1), z2€V(T(G1))-V(G1)

+dda, (#1)(day (Y1) — 2) +2(da,y (y1) — 2)dr () (w2) + 4de, (ml)dT(Gl)(m))

= Z Z da, (z1) (4dG1 (21)% + (day (1) — 2)° + 4da, (1) (day (Y1) — 2))

y1€V(G2) 1€V (G1)

Dy > (dren (@2)* +2(de, () - 2)dr(c,)(2)
y1€V(G2) z122€E(T(G1))
z1€V(G1),22€V(T(G1))—V(G1)
+4da, (z1)dray) (mz))
= 4n2F(G1) + le(M1 (Gz) +4ng — 817’L2) + 4M1(G1)(2m2 — 2”2)
+ > (n2(dey (w) + da, (v))?

z122€E(T(G1))
1€V (G1), 22€V(T(G1))—V(G1)

+2(dey (1) — 2)(doy () + ey (v) +4da, (@1)(do, (u) + dey (v))
= 271,2HM(G1) =+ 8712F(G1) + 877,2M2(G1) =+ (16777,2 — 16712)M1(G1) + 277’L1M1(G2)

+8mings — 16mime.
A similar argument of A% in Theorem 3.3 , we obtain

Ar= ) > (dG1+T G ((z1,11)) + dey+ Gg(($2,y2)))2

y1€V(G2) z122€E(Q(G1))
z1,22€V(Q(G1))—V(G1)

= ’ILQHM(L(Gl)) —|— 4712F(G1) + 8712M2(G1) — 1471,2M1(G1) —|— 127127711.
Adding the sums A; to A4, we get the desired result.
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