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ABSTRACT. In this article, we unify the system of functional equa-
tions defining a multi m-Jensen mapping to a single equation. Using
a fixed point theorem, we study the generalized Hyers-Ulam stabil-
ity of such equation. As a result, we show that the multi m-Jensen
mappings are hyperstable.
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1. INTRODUCTION

Speaking of the stability of a functional equation we follow the question
of Ulam: “when is it true that the solution of an equation differing
slightly from a given one, must of necessity be close to the solution
of the given equation?”. The first stability problem concerning group
homomorphisms was raised by Ulam [23] in 1940 and affirmatively solved
by Hyers [12]. The result of Hyers was generalized by Rassias [20] for
approximate linear mappings by allowing the Cauchy difference operator
flz+y)— f(z) — f(y) to be controlled by e(||z|[? + ||y]|P). In 1994, a
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generalization of Rassias theorem was obtained by Gavruta [11], who
replaced €(||z||”+||y||”) by a general control function ¢(z,y) by following
Rassias’ approach.

The stability of the Jensen functional equation

J(x—;—y) _ J(x);rj(y) (1.1)

was studied by a number of mathematicians (see for instance [13], [14],
[15], [17] and [22]), whereas the stability of bi-Jensen equation was in-
vestigated by Bae and Park [1] and Jun et al., [16].

Prager and Schwaiger [19] introduced the notion of multi-Jensen map-
pings f : V®" — W (V and W being vector spaces over the rationals)
with the connection with generalized polynomials and obtained their
general form. The aim of this note was to study the stability of the
multi-Jensen equation. After that, the stability of multi-Jensen map-
pings in various normed spaces have been investigated by a number of
authors (see [9], [10], [18] and [24]).

Let V be a commutative group, W be a linear space, and n > 2
be an integer. In this paper, we define the multi m-Jensen mappings
f:V® — W which are m-Jensen in each variable, that is f satisfies
the equation

J(z1+...—|—zm> It T ()

- - (m > 2). (1.2)
in each variable and then present a characterization of such mappings.
In other words, we reduce the system of n equations defining the multi
m-Jensen mappings to obtain a single functional equation. We also
prove the generalized Hyers-Ulam stability for multi m-Jensen functional
equations by using the fixed point method which was used for the first
time by Brzdek in [6]; for more applications of this approach for the
stability of various multi-mappings in Banach spaces see [2], [4], [5] and
[21].

2. CHARACTERIZATION OF MULTI m-JENSEN MAPPINGS

Throughout this paper, N and Q stand for the set of all positive
integers and rationals, respectively. In addition, Ny := N U {0} and
Ry = [0,00). For any | € No,n € N, t = (t1,...,t,) € {0,1}"
and z = (x1,...,2,) € V" we write lx := (lz1,...,lz,) and tz =
(tyz1, ..., thxy,), where ra stands, as usual, for the rth power of an ele-
ment a of the linear space V.

In what follows, let V and W be vector spaces over the rationals,
n € N and 27 = (215, 22;,...,2nj) € V", where j € {1,...,m}. We
shall denote z7 by z; or simply z if there is no risk of ambiguity. A
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mapping f : V* — W is called multi m-Jensen if f is m-Jensen in all
variables.

In this section, we wish to show that the mapping f : V" — W is
multi m-Jensen if and only if it satisfies the equation

m" f <$1++xm) - Z flzuy, vy, -y Tnl,)  (2.1)

m
I,..0ln€{l,...,m}

for all z; = (15, 22j, .. .,2Tnj) € V¥ where j € {1,...,m}.
Here, we reduce the system of n equations defining the multi m-Jensen
mapping to obtain a single functional equation.

Theorem 2.1. Let n € N. Then, a mapping f : V" — W is multi
m-Jensen mapping if and only if f satisfies the equation (2.1).

Proof. Suppose that f is a multi m-Jensen mapping. We prove f satisfies
the equation (2.1) by induction on n. For n = 1, it is trivial that f
satisfies the equation (1.2). Assume that (2.1) is valid for some positive
integer n > 1. Then,

1
; (x}’f* +...+a;%+1>

m

g ey 5

:f 11+ ... +T1m Tpl+ ...+ Tpm Tpnt1l + ...+ Tntim
m m m

. 1 j : Tp4+11 + ..o+ Tptim
- mn f x1l17x2l25"'7xnln)

m
l,..ln€{l,...,m}
1
= W Z f (xlllaxQZQa oo 7xn+lln+1) .
U,eelnt1€{1,....m}

This means that (2.1) holds for n + 1.

Conversely, assume that f satisfies the equation (2.1). Now, fix j €
{1,...,n}, put 2z, = zy, and for all k € {1,...,n}\{j}, where [ €
{1,...,m}. We have

l’j1+...—|—l'jm
f Ry vy Rj—1, y Rj+1s s 2n

m

1
— n—1
= Wm E / (Zla'"azjfla$jljazj+1a---azn)

LE(1,....m}

1

:E E f(21,...,Zj—lalej,2j+1,...,Zn).
lje{l,...,m}

It follows from the above relation that f is m-Jensen in the jth variable.
Since j is arbitrary, we obtain the desired result. U
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Recall that a mapping f : V* — W is called multi-additive if it is
additive (satisfies the Cauchy’s functional equation A(x +y) = A(z) +
A(y)) in each variable.

Proposition 2.2. Let n € N. Consider the mapping f: V" — W. If
there ezists a multi-additive mapping g : V" — W such that f(z) =
g(x) + f(0) in which f(0) is a constant, then f is multi m-Jensen.

Proof. Fix j € {1,...,n}. We have

l‘jl—l—...—FCL‘jm
f Ry w9 Rj—1, y Rj+1ls- -y ”n

m
i1+ ...+ Tjm

:g<zlv"‘7zj—1) ,Zj+1,...,2n>+f(0,...,0)

m
1 m
:%Zg(Zl""’zj*blej?’zjdrla'"7ZTL)+f(0a...70)
lj=1
1 o
:EZ[g(zl""7Zj_17$jlj7zj+17"~7zn)+f(0,...70)]
lj=1
:iZf(Zl""’ijl’lej’ZjJrl?"'azn)’ (22)
ml 1
i=

Thus, g is m-Jensen in the jth variable. This completes the proof. [

3. STABILITY OF MULTI m-JENSEN MAPPINGS

In this section, we prove the generalized Hyers-Ulam stability of equa-
tion (2.1) by a fixed point result (Theorem 3.1) in Banach spaces. Through-
out, for two sets X and Y, the set of all mappings from X to Y is denoted
by YX. Here, we introduce the oncoming three hypotheses:

(A1) Y is a Banach space, S is a nonempty set, j € N, g1,...,9; :
S — S and Ll,...,LjZS—>R+,
(A2) T :Y® — Y is an operator satisfying the inequality

j
ITA@) = Tu(@)| <D Li() [Agi()) = wlgi(@))ll, A peYszes,
=1

(A3) A: RS — RY is an operator defined through
J
Ad(z) = Li(z)d(gi(x)) SeR,z€S.
i=1
In the following, we present a result in fixed point theory [7, Theorem
1] which plays a key tool to obtain our aim in this paper.
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Theorem 3.1. Let hypotheses (Al)-(A3) hold and the function 6 :
S — Ry and the mapping ¢ : S — Y fulfills the following two condi-
tions:

ITé(@) = d(@)| < b(x), 6°(x):=) Ao(z)<oo (z€S).
=0

Then, there exists a unique fived point ¥ of T such that
[¢(z) —Y(2)]| <0°(z)  (z€S).
Moreover, (x) = limy_,oo T'¢(z) for all x € S.

Here and subsequently, for the mapping f : V™" — W, we consider
the difference operator Jf : V" x V*» — W by

jf(l’l,...,xm) = m”f (M>

m
- Z f(xlllax2lza"‘7ajnln)

ll,...,lne{l,.‘.,m}

for all x; = (w1, 724, ..., 7nj) € V¥ where j € {1,...,m}.

We recall the upcoming lemma from [3] which will be useful in the
proof of our stability result. For simplicity, given a k € N, we write
S :={0,1}*, and S; stands for the set of all elements of S having exactly
1 Z€eros, i.e.,

Si{(s1,...,s,) € S:card{j: s; =0} =i}, ie€{0,...,k}.
Lemma 3.2. Let ke N, [ € Ng and ¢ : S — R. Then

k k k
SN e = > @ = 1) (p).

v=0 w=0 s€S,, tES, =0 peS;

From now on, S stands for {0,1}" and S; C S for i € {0,...,n}. We
have the following stability result for the functional equation (2.1).

Theorem 3.3. Let V' be a linear space and W be a Banach space. Sup-

m—times

———
pose that ¢ : V" x - x V" — R is a function satisfying the equality

: 1 R l 7 l l
lim <m”> 22(2 —1)'¢(m'pxy,...,m'pry) =0 (3.1)

l—o0 ‘
1=0 peSs;

for all z1,..., 2y € V™. Assume also f : V" — W is a mapping
satisfying the inequality

T f(1s - wm)l| < @21, 2m) (3-2)



204 Mohammad Maghsoudi, Abasalt Bodaghi

forallxy,...,xp € V. If

n +1 n
o)=Y <W1m> S5 @ = 1)ig(mlps,0,...,0) < 00, (3.3)

1=0 i=0 pes;

for all x € V™, then there exists a unique solution F : V" — W of
(2.1) such that

1f(z) = F(z)]| < @(x) (34)
forall x € V.

Proof. Replacing * = x1 by mz and putting zx = (0,...,0) for k €
{2,...,m} in (3.2), we have

Hf(a:) — S fema)|| < —6(,0,....,0) (3.5)

seS

where z € V™. Set §(z) := 2-¢(x,0,...,0) and TO(z) := 1= 3" o f(smz)

m" m™

where § € WV" x € V™. Then, the relation (3.5) can be modified as
() =Tf(@)| <b(x)  (zeV"). (3.6)

Define An(z) := 1= > o n(sma) for all n € RY", 2 € V™. We now see
that A has the form described in (A3) with S = V", g;(z) = gs(z) = smx
and L;(z) = - for all i and « € V™. Furthermore, for each A, n € WV"
and x € V", we get

[T () = T

— [Z(A@mx) - u(smw))] H

sES

1
< > IA(sma) — p(sma)]| -
seSs

The above relation shows that the hypothesis (A2) holds. By induction
on [, one can check for any [ € Ny and z € V" that

I n
AO(z) = (Tin) S @ - 1)1 Y O(mipa). (3.7)
=0 pES;

Fix an € V™. Here, we adopt the convention that 0° = 1. Hence, the
relation (3.7) is trivially true for [ = 0. Next, assume that (3.7) holds
for a I € Ng. Then, using Lemma 3.2 for & = n and (s) := 8(m!*'sx)
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for s € S, we find

AG(z) = A( LSS () (mta
v=01teS,
1\t n
= ( n) Z Z O(m*sta
m v=0teS, w=0 seS.

Therefore, (3.7) holds for any | € Ny and = € V™. The relations (3.3)
and (3.7) necessitate that all assumptions of Theorem 3.1 are satisfied.
Hence, there exists a mapping F : V" — W such that

F(z) = hm (Tl Z]: smx) (x e V™),
s€S
and also (3.4) holds. We shall to show that

||D(Tlf)(x1,..., ) < < > Z Z mlpxl,...,mlpxm)

1=0 peSs;
(3.8)

for all z1,...,z,,, € V™ and | € Ny. We argue by induction on [. The

inequality (3.8) is valid for [ = 0 by (3.2). Assume that (3.8) is true for
an [ € Ng. Then

IDTH ) (@1, 2m)

— ZD(Tlf)(Smxl, ey ST

seS
1\ 1
I+1 I+1
§<m> S5 S @ - Ve st sty
s€S 1=0 teS;
L\
I+1 I+1
:<m"> ZZ 25 — Dig(m!Tpzy, ..., m M pr,,)
1=0 peS;

for all z1,...,z,, € V™. We note that the last equality follows from
Lemma 3.2 with &k := n and (s) := ¢(m!Tlszy,...,mHsz,,) (s € 9).

)

Letting I — oo in (3.8) and applying (3.1), we arrive at DF (21, ..., Zm) =
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0 for all z1,...,z,, € V™. This means that the mapping F satisfies
(2.1). Lastly, assume that § : V" — W is another mapping satisfying
the equation (2.1) and inequality (3.4), and fix z € V", j € N. By the
relation (3.3), we have

| F(z) — S(:;)H .
_ | Wlm>jf(2jx) - <T;n>]i§(2jw)

< (o) (7 @) - @)l + 15C70) - fE])

] i (1>l+1 zn: Z(zl — 1)i¢(mlpm, 0,...,0).

Consequently, letting j — oo and using the fact that series (3.3) is
convergent for all z € V", we obtain F(z) = §(x) for all z € V", which
finishes the proof. O

n

k
No with n > k by n!/(k!(n — k)!). In the next corollary, we show that
the functional equation (2.1) is stable.

In the sequel, ( is the binomial coefficient defined for all n, k €

Corollary 3.4. Let 6 > 0. Let also V be a normed space and W be a
Banach space. If f: V"™ — W is a mapping satisfying the inequality

1T f(@1,. . am)| <0

for all x1,...,x, € V™, then there exists a unique solution F : V" —

W of (2.1) such that

)

mn_2n

1f () = F(a)|l <

forall x € V.
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Proof. Setting the constant function ¢(x1,...,x,) =dforallzy,..., 2y, €
V", and applying Theorem 3.3, we have

[e'e) +1 n
o)=Y (nin) SO 3@ = 1)ié(mlps,0....,0)

1=0 i=0 peSs;
/1NN l A ,
— _ _1)\¢ n—i
_5;%(”1”) Z%<i>(2 1) x1
= 1=

[+1
1 [
(mn) 2
=0

O

We note that the above corollary is valid only for any integer m with
m > 2.

Let A be a nonempty set, (X, d) a metric space, ¢ € ]Rﬂn, and F1, Fo
operators mapping a nonempty set D C X4 into X4". We say that
operator equation

Fiplar,...,an) = Faplay,...,an) (3.9)
is ¥-hyperstable provided every ¢¢ € D satisfying inequality

d(Fipo(al, ... an), Fapolal,...,a,)) < ¥(ai,...,an),
fulfils (3.9) for all a1,...,a, € A. This definition is introduced in [8].
In other words, a functional equation F is hyperstable if any mapping
f satisfying the equation F approximately is a true solution of 7. Un-
der some conditions the functional equation (2.1) can be hyperstable as
follows.

Corollary 3.5. Suppose that 6;; > 0 fori € {1,...,n} andj € {1,...,m}
fulfill 3774 3750 6ij <. Let V be a normed space and W be a Banach
space. If f: V" — W is a mapping satisfying the inequality

1T (1, o)) < TT T llwisl®

i=1j=1
forall x1,..., x5 € V", then f is a multi m-Jensen mapping.
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