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Abstract. Let (X̃, p) be the universal covering space of a compact
metrizable space X, which is compact and locally path connected.
In this paper, we show that there exist metrics d and d′ for X and
X̃, respectively, such that any contractive map f : X → X induces
a contractive map on X̃. As an application, it is obtained that
every iterated function system(IFS) on the space X with attractor

K, induces an IFS on X̃ with attractor K̃, such that p(K̃) = K.
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1. Introduction and preliminaries

Let X be a compact metrizable space, and let f be a continuous map
of X onto itself. Fix any metric d for X (which is compatible with the
topology of X). A mapping f : X → X is called contractive (with a
contraction constant λ), provided that there exists a number λ ∈ [0, 1)
such that d(f(u), f(v)) ≤ λd(u, v) for every u, v ∈ X. We say that
f : X → X is locally contractive, if for every x ∈ X there exist numbers
λ ∈ [0, 1) and ϵ > 0, which may depend on x, such that for all u, v ∈
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Nϵ(x), d(f(u), f(v)) ≤ λd(u, v). Moreover, a mapping f of X into itself
is said to be (ϵ, λ)-uniformly locally contractive, if it is locally contractive
and both ϵ and λ do not depend on x [11].

The Banach fixed-point theorem states that every contraction map-
ping on a complete metric space X has a unique fixed point, and that
for any x ∈ X the iterated function sequence {fn(x)}∞n=0 converges to
this fixed point. This concept is very useful for iterated function systems
where contraction mappings are often used. IFSs firstly introduced and
popularized by Hutchinson [6] and Barnsley [1]. According to Hutchin-
son [6], let (X, d) be a complete metric space and let f0, f1, . . . , fN be
contractive self-maps on X with contraction constants 0 ≤ ri < 1, then
the system {X; f0, f1, . . . , fN} is called an iterated function system(IFS)
with contractivity factor r = max1≤i≤N ri. In [6], the author proved that
for any IFS {X; f0, f1, . . . , fN}, there is a unique compact non-empty set
K satisfying K = f1(K) ∪ . . . ∪ fN (K), which is called the attractor of
the IFS [6]. Iterated function systems are among the basic methods for
constructing fractals; see [2, 6, 10]. On the other hand, Self-similarity
is the most important property of the classical fractals. Recently, iter-
ated function systems have proved to be useful tools in data and image
compression [3, 7] and in the theory of random dynamical systems [8].

Let X be a topological space, (X̃, p) is called a covering space of X

provided that X̃ is path connected, p : X̃ → X is continuous map and
for every x ∈ X, there exists an open neighborhood U of x, such that
p−1(U) is a union of disjoint open sets in X̃, each of which is mapped

homeomorphically onto U by p. We say that a covering space X̃ of X
is universal if π1(X̃) = 1. Also, a covering space X̃ of X with fiber F is
called finite-sheeted if |F | < ∞.

Let X be a compact metrizable space and (X̃, p) be a covering space
of X which is compact and locally path connected. This note, proves
that every contractive map f : X → X induces a contractive map on
X̃, for some compatible metrics on X and X̃. In particular, we show
that any iterated function system on the space X induces an IFS on
the covering space X̃. Moreover, the relation between the attractors of
these systems is obtained.

2. The contracting maps on the covering spaces

In this section, we show that any contractive map on a compact
metrisable space X, induces a contracitive map on the covering space
X̃.

Let (X̃, p) be a covering space of a metrizable space X. By [11, Theo-

rem 3], there exist metrics d on X and d′ on X̃ inducing the topologies of

X and X̃ respectively, such that the family S of unit spherical regions in
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(X, d) has the following property: for every S ∈ S, f−1(S) is a union of

a family F(S) consisting of pairwise disjoint open sets in (X̃, d′) each of
which is mapped isometrically onto S. In the sequel, we fix the metrics
d and d′ on the spaces X and X̃, respectively.

Following Ciesielski [11], a metric space X is said to be ϵ-chainable
if for every a, b ∈ X there exists an ϵ-chain from a to b, that is a
finite sequense ξ = {a = x0, x1, . . . , xn = b} such that d(xi−1, xi) < ϵ,
for i = 1, 2, . . . , n. The length of the ϵ-chain ξ is define as ℓ(ξ) =∑n

i=1 d(xi−1, xi). It is well known that any connected space is ϵ-chainable
for any ϵ > 0. The next lemma shows that in connected spaces a new
metric may be defined such that functions locally contractive in original
metric become globally contractive in the new one. Also, this metric is
topologically equivalent to the former.

Lemma 2.1. [4] Given ϵ > 0 and assume that (X, d) is connected or,
more generally, ϵ-chainable. Consider the metric Dϵ : X ×X → [0, 1) is
defined by

Dϵ(x, y) = inf{ℓ(ξ) : ξ is an ϵ-chain from x to y}.

The metric Dϵ on X is topologically equivalent to d. Moreover,
(i) If (X, d) is complete, then so is (X,Dϵ),
(ii) If f : (X, d) → (X, d) is (γ, λ)-uniformly locally contractive for
some γ > ϵ and λ ∈ [0, 1), then f : (X,Dϵ) → (X,Dϵ) is contractive
with constant λ.

Let (X̃, p) be a covering space of compact metrizable space X. Con-

sider the metric d onX and d′ on X̃, as described above and suppose that
X̃ is locally path connected. In the following, we show that for any con-
tractive map f : (X, d) → (X, d), the lifting map g : (X̃,D′

ϵ) → (X̃,D′
ϵ)

is contractive, for some metric D′
ϵ topologically equivalent to d′.

Theorem 2.2. Let (X, d) and (X̃, d′) be compact metric spaces, where

(X̃, p) is a covering space of X and is locally path connected. If the

map f : X → X is contractive and (f ◦ p)∗(π1(X̃, x̃1)) ⊆ p∗(π1(X̃, x̃)),
for some x̃ ∈ p−1(x) and x̃1 ∈ p−1(f−1(x)), then there exists a metric
D′

ϵ, for some ϵ > 0, which is topologically equivalent to d′ such that the

map g : (X̃,D′
ϵ) → (X̃,D′

ϵ) satisfying p ◦ g = f ◦ p and g(x̃1) = x̃, is
contractive.

Proof. By the definition, for the contractive map f : X → X there is a
number 0 ≤ λ < 1 such that for all x, y ∈ X, d(f(x), f(y)) ≤ λd(x, y).

Since X̃ is locally path connected and (f◦p)∗(π1(X̃, x̃1)) ⊆ p∗(π1(X̃, x̃)),

there is a lifting map g : X̃ −→ X̃ of f ◦p with p◦g = f ◦p and g(x̃1) = x̃

[9, Theorem 10.13]. For x̃ ∈ X̃, take a spherical region Sx of the point
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x := p(x̃) ∈ X with p−1(Sx) = ∪jUj , where Uj ’s are pairwise disjoint

open sets in X̃ such that p|Uj : Uj −→ Sx is an isometric. Similarly for

g(x̃) ∈ X̃, take a spherical region Sf(x) of the point f(x) = f(p(x̃)) =

p(g(x̃)) ∈ X with p−1(Sf(x)) = ∪jVj , where Vj ’s are pairwise disjoint

open sets in X̃ such that p|Vj : Vj −→ Sf(x) is an isometric.
Since g is continuous, we can choose an open set Cx̃ of x̃ such that

g(Cx̃) ⊆ Vj . For an open neighborhood Uj of x̃, let Vx̃ := Nγx̃(x̃) ⊆
Cx̃ ∩ Uj , for some γx̃ > 0. So for all ũ, ṽ ∈ Vx̃,

d′(g(ũ), g(ṽ)) = d(pg(ũ), pg(ṽ))

= d(fp(ũ), fp(ṽ)) ≤ λd(p(ũ), p(ṽ))

= λd′(ũ, ṽ).

Thus the mapping g|Vx̃ is contractive. Since X̃ is compact, there exists
the Lebesgue number γ > 0 for open covering {Vx̃}x̃∈X̃ . Therefore for
all ũ, ṽ ∈ Nγ(x̃),

d′(g(ũ), g(ṽ)) < λd′(ũ, ṽ),

so g is (λ, γ)-uniformly locally contractive map. Since X̃ is connected,

for x̃, ỹ ∈ X̃, put

D′
ϵ(x̃, ỹ) = inf{ℓ′(ξ) : ξ is an ϵ-chain from x̃ to ỹ},

where ℓ′ is the length of ϵ-chain ξ. Applying Lemma 2.1 implies that the
mapping g : (X̃,D′

ϵ) → (X̃,D′
ϵ) is contractive for some ϵ < γ and has

the contraction constant λ. �

The following results are immediately obtained from Theorem 2.2.

Corollary 2.3. Let (X, d) and (X̃, d′) be compact metric spaces, where

(X̃, p) is a universal covering space of X and is locally path connected.
If the map f : X → X is contractive, then there exists a metric D′

ϵ,
for some ϵ > 0, which is topologically equivalent to d′ such that the map
g : (X̃,D′

ϵ) → (X̃,D′
ϵ) satisfying p ◦ g = f ◦ p, is contractive.

Corollary 2.4. Let (X, d) and (X̃, d′) be metric spaces, where X is

compact and (X̃, p) is a universal finite-sheeted covering space of X and
is locally path connected. If the map f : X → X is contractive, then there
exists a metric D′

ϵ, for some ϵ > 0, which is topologically equivalent to

d′ such that the map g : (X̃,D′
ϵ) → (X̃,D′

ϵ) satisfying p ◦ g = f ◦ p, is
contractive.

Example 2.5. For I = [0, 1], the map

p : I × I −→ S1 × S1

(t, s) 7−→ (e2πit, e2πis)
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is a universal covering map of the Torus. Using Theorem 2.2, implies
that contarctive map f : S1 × S1 → S1 × S1 given by

f(e2πit, e2πis) = (e2πitr, e2πisr)

for some 0 < r < 1, induces a contractive map g on I × I satisfying
p ◦ g = f ◦ p.

Remark 2.6. Let (X, d) and (X̃, d′) be compact metric spaces, where

(X̃, p) is a covering space of X satisfying the assumption of Theorem
2.2 and is convex. If the map f : X → X is contractive, then the
arguments in the proof of the Theorem 2.2, show that the mapping
g : (X̃, d′) → (X̃, d′) is (λ, γ)-uniformly locally contractive and since
any uniformly contractive map on the convex space is contractive [5],

yields that g : (X̃, d′) → (X̃, d′) is contractive.

A mapping f : X → X is said to be expansive, if there is an number
λ > 1 such that d(f(x), f(y)) ≥ λd(x, y), for any x, y ∈ X. It is called
(ϵ, λ)-uniformly locally expansive(where ϵ > 0 and λ > 1) provided that
for any x ∈ X, f |Nϵ(x) is expansive with the same constant λ.

With the assumptions of Theorem 2.2, the following result is obtained.

Proposition 2.7. If the map f : (X, d) → (X, d) is an expansive open

map and (f ◦ p)∗(π1(X̃, x̃1)) ⊆ p∗(π1(X̃, x̃)), for some x̃ ∈ p−1(x) and
x̃1 ∈ p−1(f−1(x)), then there exists a metric D′

ϵ, for some ϵ > 0, which

is topologically equivalent to d′ such that the map g : (X̃,D′
ϵ) → (X̃,D′

ϵ)
satisfying p ◦ g = f ◦ p and g(x̃1) = x̃, is expansive.

Proof. Suppose that f is expansive with constant λ. Let g : X̃ −→ X̃ be
a lifting map of f◦p satisfying p◦g = f◦p and g(x̃1) = x̃. For x̃ ∈ X̃, take
a spherical region Sx of the point x := p(x̃) ∈ X with p−1(Sx) = ∪jUj ,

where Uj ’s are pairwise disjoint open sets in X̃ such that p|Uj : Uj −→ Sx

is an isometric. Similarly for g(x̃) ∈ X̃, take a spherical region Sf(x) of

the point f(x) = f(p(x̃)) = p(g(x̃)) ∈ X with p−1(Sf(x)) = ∪jVj , where

Vj ’s are pairwise disjoint open sets in X̃ such that p|Vj : Vj −→ Sf(x)

is an isometric. Take an open set Cx̃ of x̃ such that g(Cx̃) ⊆ Vj . For
an open neighborhood Uj of x̃, let Vx̃ := Nγx̃(x̃) ⊆ Cx̃ ∩ Uj , for some
γx̃ > 0. So for all ũ, ṽ ∈ Vx̃,

d′(g(ũ), g(ṽ)) = d(pg(ũ), pg(ṽ))

= d(fp(ũ), fp(ṽ)) ≥ λd(p(ũ), p(ṽ))

= λd′(ũ, ṽ).

These implies that g|Vx̃ is expansive and therefore g−1|g(Vx̃) is contrac-
tive. The same argument as in the proof of the Theorem 2.2, shows that
g−1 : (X̃,D′

ϵ) → (X̃,D′
ϵ) is contractive for some ϵ > 0. �
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3. The attractors of induced iterated function systems

In this section, it is obtained that any iterated function system on the
space X induces an iterated function system on the covering space X̃
and the connection between the attractors of these IFSs is studied.

Lemma 3.1. Let (X, d) and (X̃, d′) be compact metric spaces, where

(X̃, p) is a covering space of X and is locally path connected. If the sys-
tem {X; f0, f1, . . . , fN} is an IFS with contractivity factor r and (fi ◦
p)∗(π1(X̃, x̃)) ⊆ p∗(π1(X̃, x̃)), for all x̃ ∈ p−1(x) and 0 ≤ i ≤ N ,
then there exists a metric D′

ϵ, for some ϵ > 0, such that the system

{X̃; g0, g1, . . . , gN} is an IFS with contractivity factor r(with respect to
metric D′

ϵ), with p ◦ gi = fi ◦ p.

Proof. By Theorem 2.2, any gi : (X̃,D′
ϵ) → (X̃,D′

ϵ) is contractive
with the same contraction constant of the map fi. Thus the system
{X̃; g0, g1, . . . , gN} is an IFS and has the contractivity factor r(with re-
spect to metric D′

ϵ). �

Now, we study the the attractor of induced IFS {X̃; g0, g1, . . . , gN}.
Let (X, d) be a complete metric space. Denote by H(X) the space of
all non-empty compact subset of X. For x ∈ X and B ∈ H(X) the
distance between the point x and the set B is defined as follows:

d(x,B) = min{d(x, y) : y ∈ B}.

Let A,B ∈ H(X) the distance from the set A to the set B is defined as

d(A,B) = max{d(x,B) : x ∈ A}.

Note that d(A,B) 6= d(B,A). Since d : H(X) → [0,∞) is not a metric,
for A,B ∈ H(X), the Hausdorff metric h := h(d) on H(X) is defined by

h(A,B) = d(A,B) ∨ d(B,A), where x ∨ y = max{x, y}.

Suppose that IFS {X; f0, f1, . . . , fN} has a contractivity factor r. Then
the Hutchinson operator F : (H(X), h(d)) → (H(X), h(d)) defined by
F (B) = ∪N

i=1fi(B) for all B ∈ H(X), is a contractive map with contrac-
tivity factor r (see [6]). Therefore, by the Banach fixed-point theorem it
has a unique fixed point K = F (K) and is given by K = limn→∞ Fn(B)
for any B ∈ H(X). The fixed point K ∈ H(X) is called the attractor of
IFS {X; f0, f1, . . . , fN}.

Proposition 3.2. Let (X̃, p) be a covering space of compact space X
which is compact and locally path connected. If the IFS {X; f0, f1, . . . , fN}
has an attractor K, then the IFS {X̃; g0, g1, . . . , gN}, which is described

in Lemma 3.1, has an attractor K̃, with p(K̃) = K.
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Proof. Suppose that IFS {X; f0, f1, . . . , fN} has a contractivity factor r.
By Lemma 3.1, there exists a metric D′

ϵ, for some ϵ > 0, such that the

transformation G : (H(X̃), h(D′
ϵ)) → (H(X̃), h(D′

ϵ)) defined by G(B) =

∪N
i=1gi(B) for all B ∈ H(X̃), is a contractive map with the same factor

r. So there exists a compact set K̃, such that G(K̃) = K̃. Now, we show

that p(K̃) = K. Indeed, we have

p(K̃) = p(G(K̃)) = p(∪N
i=1gi(K̃))

= ∪N
i=1p ◦ gi(K̃) = ∪N

i=1fi ◦ p(K̃)

= F (p(K̃)),

so p(K̃) is a fixed point of transformation F . Since the mapping p is

continuous, the set p(K̃) is compact. But the set K is unique fixed point

of transformation F , therefore p(K̃) = K. �

Example 3.3. Let f0, f1 be contractive maps on S1, defined by

f0(e
2πix) = e2πix/3, f1(e

2πix) = e2πi(x/4+1/4).

The IFS {S1; f0, f1} has an attractorK ⊂ S1([6]). Consider the covering
space (I = [0, 1], exp) of the circle S1, where exp : I → S1 is given by
exp(x) = e2πix. By Proposition 3.2, The induced IFS {I; g0, g1} has an

attractor K̃ with exp(K̃) = K.

References

[1] M. F. Barnsley, Fractals everywhere, Academic Press, Harcourt Brace
Janovitch, 1988.

[2] M. F. Barnsley and A. Vince, Fractal tilings from iterated function systems,
Discrete Comput. Geom. 51 (2014), 729-752.

[3] S. Bhavani and K. G. Thanushkodi, Comparison of fractal coding methods
for medical image compression, IET Image Processing. 7 (2013), 686 - 693.

[4] K.C. Ciesielski and J. Jasinskic, On fixed points of locally and pointwise
contracting maps, Topology Appl. 204 (2016), 70-78.

[5] M. Edelstein, An extension of Banach’s contraction principle, Proc. Amer.
Math. Soc. 12 (1961) 7-10.

[6] J. E. Hutchinson, Fractals and self-similarity, Indiana Univ. Math. 30
(1981) 713-747.

[7] S. Liu, Z. Pan and X. Cheng, A novel fast fractal image compression
method based on distance clustering in high dimensional sphere surface,
Fractals. 25 (2017), 11 pages.

[8] L. Montrucchio and F. Privileggi, Fractal steady states in stochastic opti-
mal control models, Ann. Oper. Res. 88 (1999), 183-197.

[9] J. Rotman, An Introduction to Algebraic Topology, Springer-Verlag New
York, 1988.

[10] S. L. Singha, B. Prasada and A. Kumar, Fractals via iterated functions
and multifunctions, Chaos Solitons Fractals. 39 (2009), 1224-1231.



92 Zahra Shabani , Tayyebe Nasri

[11] A. Zabrodsky, Covering spaces of paracompact spaces, Pacific J. Math. 14
(1964), 1489-1503.


