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ABSTRACT. In this work we study numbers and polynomials gen-
erated by two type of composition of generating functions and get
their explicit formulae. Furthermore we state an improvement of
the composita formulae’s given in [7, 3]. Using the new composita
formula’s, we construct a variety of combinatorics identities. This
study go alone to define new family of generalized Bernoulli polyno-
mials which include Hermite-Bernoulli polynomials introduced by
Dattoli and al [1].
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1. INTRODUCTION

In the literature several works are done about composition of gener-
ating functions and their properties [7, 8, 9, 10]. In this work we are
interested by the formal calculus on the composition of generating func-
tions without regarding the problem of convergence in order to state
explicit formulae of associated numbers and polynomials. We introduce
new tools for computing successive derivatives such that Faa di Bruno
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formula [6] and Leibnitz identity used for the first time in [4]. Through-
out this paper a generating function means an ordinary or exponential
generating function. Let the generating function Q(t) = >, <o qnt"
where g, are numbers or polynomials of one or more variables. In the
case o = 0 the composita of the function Q(t) (see [7]) is the function
with two variables

TLECH

where C), the set of all partitions of an integer n and 7y, is the partition
of n into k parts such that Z§:1 i; = n. It is showed in the work [10]
that

QR (t) =D Q%(n, k)t". (1.2)

n>k

On general when ¢g is not forcedly zero, an improvement of the iden-
tity (1.2) is established in our recent work [3] as follows.

UOEDYD S G |t

n>0 \i1+-+ig=n

where i; € {0,1,2,--- ,n} for 1 < j < k. Let us denoting

i1+ Fig=n

this quantity is connected to Q*(n, k) by the following relation

k .
min{k,n}
k\ ki ‘ n
QW =|aw+>d wt"| =D | D <.>q§ 7Q%(n,j) | t
n>1 n>0 §=0 J
and then
min{k,n} L s
k= 3 (j.)qoﬂ@ﬁ(n,j). (1.4)
j=0

If Q is a polynomial of degree m on the variable ¢; Q*(t) is a polynomial
of degree km on ¢, which means that QV(n,k) = 0 for n > km + 1.
We take for example Q(t) = qo + qit, then QF(t) = Zﬁ:o (Z) qlg_”q?tn
furthermore

K\ _k-n n
Vi ) o "d  for n<k,
Q" (n. k) { 0 otherwise.
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Let f(t) = Y450 axt” the generating function of numbers a;. From the
definition of the composition law we get

FoQ(t)=> a@Q (1) =) ary_ QV(n,k)t".
k>0 k>0 n>0
Thereafter

FoQ®) =YD a@(nk)|t" (1.5)

n>0 \ k>0

and f o @ generates numbers or polynomials of one or more variables ¢,
of the form

_ f(qo0) for n=0,
= { Zkzo arQY (n, k) otherwise. (1.6)

This result is an improvement of the formula [9, 10] of the special case
g0 = 0.

ag for n =0,
o { > k=0 arQ=(n, k) otherwise.

Let F(x,t) = 2,50 Pn(z)t" the generating function of polynomials

(1.7)

P, () = > 1o p(k,n)z* of degree at most n and we can consider p(k,n) =
0 for k£ > n. In the same way as for f o @, it is easy to show that F o Q)
generates polynomials C,(z) of one variable z or more variables of the
form
Co(z) =Y QY (n, k) Py() (1.8)
k>0
and for gy = 0 we deduce that

Cn(z) = Q%(n, k) Py(x). (1.9)
k=0

Additionally to ordinary composition of the functions F'(z,t) and Q(t),
we define the pseudo-composition F' o, () to be

FopQ(t) = F(Q(t), ).

Let P,oQ the numbers or polynomials of one or more variables generated
by the function F o, ), then we write

Fo,Q(t) =) PyoQt",
n>0
This notation conducts to a new law of composition © of polynomials.
We develop a new method for finding explicit formula of P,oQ) and
state new generalizations of well known families of polynomials such as
Bernoulli and Hermite-Bernoulli polynomials. But first we investigate
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the successive derivatives of the function foQ) to get new explicit formula
for the coefficients ¢,,.

2. NEW EXPRESSION OF ¢, AND AN IMPROVEMENT OF THE
COMPOSITA FORMULA

In this section we give a new formula for ¢, and we revisit the com-
posita formula of @ given in the work [7] when ¢y = 0. We recall that

k R
ki, kn) Kl kgl

is the multinomial of order n, with the condition that ki +---+ k, = k.
By means of this notation, a new reformulation of the coefficients ¢, is
given by the following theorem.

Theorem 2 1.

k A A )
cn—z > <k1 ’kn>qf R LAR o (21

=0 ki1+ko+-+kn=k
k14+2ko+--+nkp=n

The following corollary holds true.

Corollary 2.2. For the special case gy = 0 we have

. k
w=Yo B (L @2
k=0 ) ) 'vn

ky+ho+-+hn=Fk
k1+4+2ko+---+nkn=n
We have already proved the following theorem which represents an
improvement of the formula (1.1).

Theorem 2.3.

Q% (n,k) = > (k1 . k kﬂ) ayt g (2.3)

k1+ko+-+kn==k
k14+2ko+-+nknp=n
We attract attention that if Q(¢) is a polynomial of degree m, we

will have the same formula, just replacing the sum > ;_, by the sum
min{n, m}
k=0

2.1. Proof of Theorem 2.1, Corollary 2.2 and Theorem 2.3. To
prove Theorem 2.1 we Apply Faa di Bruno formula ( see [6] for the proof
of the formula) for the composition f o Q. Then the n-th derivative of

foQ@is

N ki
) — n! o QY
(foQ) Z Z M(f(k)oQ>i1_[1<i! .

k=0 kitko+-+kn=k
k1+4+2ko+---+nkn=n
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Since
F&) =D axt’, foQ(t) = et and Q(t) =Y aut*
k>0 k>0 k>0

we deduce that

[P0 (fe@MO) L QW(0)

n! n! n-

— Yn, | — tn
n:

Thus

d"foQ " n!
q |t=0 = Z Z qufl g f™ (q0)

k=0 ki+ko+ —+kn==k
k14+2ko+--+nknp=n

and the result (2.1) Theorem 2.1 follows. But if g = 0 we deduce that
f*)(0) = agk!, and the identity (2.2) Corollary 2.2 follows.

For example if
1 k
fO)=1—=> =
k>0

we conclude that

= k
a=Y X ()

k=0 Fkitkot--t+kn=Fk
k1+2ko+--+nkn=n
Comparing this result with the identity (1.7) applied to above func-
tion,one obtains

k

ky+ko+-+kn=k
k1+2ko+--+nknp=n

and the result (2.3) Theorem 2.3 follows.

2.2. Application to combinatorics calculus. The algebraic compu-
tations based on combinatorial objects are an important direction of
research in combinatorics and related fields of mathematics. We explain
this idea by the following example. If f o () is a polynomial of degree p
then ¢, = 0 for n > p, which means that

. k k o f®(q0)
)DED DI RN VR SR

k=0 kitko+--+kn=k
k1+2ko+--+nknp=n
A large family of combinatorics identities follow. If we consider the
sequence ¢y, such that ¢o = 0 and for n > 1; ¢, = 1, the following
proposition holds true.
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Proposition 2.4. For n > 2 only we have

n 1—[;1: _% ki
> > kl'l(kn)' = 0. (2.4)

k=0 ky+ko+---+kn=k
k1+2ko+--+nknp=n

Proof. Let us consider
t" t"
flt)y=e'=) —and Q(t) =log(l—1)=— —,

. n
n>0 n>1

then go = 0 and f o Q(t) = 1 — t. Furthermore ¢p = 1, ¢; = —1 and the
others are zero. Applying the identity (2.2) Corollary 2.2 to f and Q to
conclude. O

3. EXPLICIT FORMULA OF P,0Q).

In addition to Faa di Bruno formula, we use the Leibnitz formula for
the derivative of the product fg of two functions f and g explained in
the article [4]:

(o) =3 (Z) R gnh,
k=0

Theorem 3.1. The composition o is given by the following expression.

noJj (k)
Ps0=%% YT (kl 7kj)q11...qjj o) ()

=0 k=0 ky+kyt-+kj=k
k1+2kg+-+ikj=j

Remark 3.2. If qo = 0 then 34— = p(k,n—j) for £ < n and 0

otherwise. Furthermore

noJj
PaQ=>>" > (kl’f ’kj>q’1€1...q;?fp(k,n—j).

j=0 k=0 ky+ko+ +k;j=k
oy +2k+--- ik =3

3.1. Proof of Theorem3.1. We have
F(Q(t),t) = p(0,0) + > _ Py o Q(t)t’

i>1

then

n\ &Py o Q(t) dniti
' i dtni

d"F (Q(t),t) S
dtn N Z Z <

and
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d"F (Q(t), 1) A"t~ (@ P o Q(t) d" It

But

dJPo ! DA
Yy M(pimow))g(@“())

k=0 kitko+--+k;j=k
k1+2k2+'“+Jk]':j

and (Z;ilj _ (Z.)nijti—n—&—j, where (Z)j — i(i* 1) e (Z'fjjtl) is the falling

number. Furthermore

an(Q(t)vt):Z POQ tz n+z<)dJPOQ()() tz n+j

dtn ,
i>1
and then
&P (Q(1),1) , "\ diPu o Q)
—0=n!Py( _— — i)
din lt=0 = n!Pn(qo +j§::1 di lo(n — )
which means that
1dF(QU).1) Enjl P 0 Q)
nl dtr a2 dti 0

Since

dJP oQ 4! k k.

=0 ki1+ko+-- +k: =k
k1+2ko+-- +Jk =j

then

1 d"F(Q(1),t) gl U m o m ks
a din = Pn(Q0)+ZZ Z k1!~~-k:j!P"_j(QO)q11'”qj .

J=1 k=0 kit+kot+kj=k
k1+2ko+-+jkj=j

4. APPLICATION TO BERNOULLI POLYNOMIALS
(@)

We define generalized Bernoulli numbers or polynomials By,
of the generating function

by means

teQb)t B B1(1Q) .
et —1 n!
n>0

if Q(t) =0, B = B, the ordinary Bernoulli number and if Q (t) = =
then BT(lQ) = B, (x) the Bernoulli polynomial. This definition is different
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of that given in our recent work [5, Identity (8)]. It is well known that
By, (x) is defined by

By(z) = zn: (Z) Bp_pa*.

k=0

By means of this identity an explicit formula of B7(1Q) is given in the

following proposition.

Proposition 4.1.

3 ()
E g k k; B i (q0)
BgQ) - Z <k . k) qfl o 'q]'] * (4.1)
j=0 k=0 ki+ko+-+k;=k 1 y g |
k1+2k2+...+jkj:j

and if go = 0 we obtain

n J
W55 E (e

j=0 k=0 ky+ho+tkj=k J
k1 +2kg+-+ik;=j

Proof. In one hand we have P, (z) = 2 B,,(z) and then p(k,n) = 5 (}) Bn—y.

n!

Furthermore the identities (4.1) and (4.2) Proposition 4.1 result from the
identity (3.1) Theorem 3.1. O

4.1. Explicit formula of Hermite-Bernoulli polynomials. G. Dat-
toli and al. introduced (see [1]) new classes of Bernoulli polynomials,

text+yt2 tn

n>0

n!

useful to evaluate partial sums of Hermite and Laguerre polynomials.
These polynomials are so called Hermite-Bernoulli polynomials, an in-
teresting generalization is given in the work [5]. The following corollary
gives the explicit formula of g B, (z,y).

Corollary 4.2. We have

n ()
B, (x) .
=0
for x =0 we obtain
n n _
HBn (0, y) = ( ,)Bn_jyj (44)
=0\

and for y =0 we get
1B (2,0) = By(x). (45)
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Proof. Regarding the generating function of g B, (x,y), we remark that
Q(t) =z +yt. Then gy = x, ¢1 =y and g = 0 for k > 2. Furthermore

Z <k1,---,kj>q11"'qj']:q1:y]

kythot =k
k1+2kg+-+jk;j=j

and I
" B (z) .
B, (z,y) = Bl¥) = T
1B (2,y) ; 7
Finally the identities (4.4) and (4.5) follow. O

Remark 4.3. The formula (4.3) Corollary 4.2 improves the [1, identity
1.7,p.386]:

" /n
B (7,y) = Z <j>Bn—jHj (z,y)
5=0
where H,, (z,y) is the Kampé de Fériet polynomials [2] defined by

I-%J " 2r ™n

yn
H = _
n(@y) ; rl(n— 2r).
and usually generated by the function

2 t"
Y =N " Hy(,y) -
> n:

Finally in means of the formula (4.3) Corollary 4.2 new sample proofs
of the identities (1.9), (1.10), (1.11) and (1.12) in [1] are established, we
left the details as an exercise.

4.2. Explicit formula of co-Laguerre-Bernoulli polynomials. Only
in the work [1], G. Dattoli and al. introduced the Laguerre-Bernoulli
polynomials B, (x,y) generated by

3 t
1 e’ Cy (xt) ZﬁB x,y)
n>0
where (1)
CO (t) = Z (T!)2 .
r>0

Inspired from this definition, we introduce new family of polynomials
B (x,y) so called co-Laguerre-Bernoulli polynomials by means of the

following generating function
7’L

ti VO = LBy () 7-

&
n>0



Composition of generating functions 265

The following corollary is immediate.
Corollary 4.4.
cBy (z,y) =
n j J r B(k) )
DIDS C ) ) 25 e
kl, ce ,kj (7’!)2 k! . ’

J=0 k=0 Fkitkot+k;j=k r=1
k1+2kg+-+jk;=j

Proof. To get the result (4.6) Corollary 4.4 we must take F(z,t) = &

et—1

and Q(t) = yCo (xt) = 3,5 % thereafter ¢, = (_(12# To end

the proof use the formula (3.1) Theorem 3.1.
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