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ABSTRACT. In this paper, by using a modified forward-backward
splitting method, the author introduces and studies an iterative al-
gorithm for finding a common element of the set of fixed points of
demicontractive mappings and the set of solutions of variational in-
clusion with set-valued maximal monotone mapping and inverse
strongly monotone mappings in real Hilbert spaces. The author
proves that the sequence x, which is generated by the proposed
iterative algorithm converges strongly to a common element of two
sets above. Finally, some applications are given.
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1. INTRODUCTION

Let H be a real Hilbert space. For a multivalued map A : H — 2%,
the domain of A, D(A), the image of a subset S of H, A(S), the range
of A, R(A), and the graph of A, G(A), are defined as follows:

D(A):={x e H : Az # 0}, A(S) :==U{Az : z € S},
R(A):= A(H), G(A) :={[z,u]: z € D(A), ue Ax}.
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A multivalued map A : D(A) ¢ H — 2% is called monotone if the
inequality

<U —U,T— y> >0
holds for each x,y € D(A), u € Az, v € Ay.

Let A: H — H be a single-valued nonlinear mapping is said a-inverse
strongly monotone if there exists a constant o > 0 such that

<A‘/E - Ayv xr — y> > aHACL‘ - Ay||2a v T,y € H.

It is immediate that if A is - inverse strongly monotone, then A is
monotone and Lipschitz continuous.
Let K be a nonempty closed convex subset of a real Hilbert space H.

Let A: H — H be a single-valued nonlinear mapping and B : H — 21
be a set-valued mapping. The variational inclusion problem is as follows:
find x € H such that

0 € B(z) + A(z). (1.1)

The set of solution of is denoted by (A + B)~1(0). If A = 0, then
problem becomes the inclusion problem introduced by Rockafel-
lar [18]. Splitting methods have recently received much attention due
to the fact that many nonlinear problems arising in applied areas such
as image recovery, signal processing, and machine learning are mathe-
matically modeled as a nonlinear operator equation and this operator
is decomposed as the sum of two possibly simpler nonlinear operators.
Splitting methods for linear equations were introduced by Peaceman
and Rachford [I6] and Douglas and Rachford [6]. A splitting method
for ([1.1) means an iterative method for which each iteration involves
only with the individual operators A and B, but not the sum A 4+ B.
A popular method for solving problem is the well-known forward-
backward splitting method introduced by Passty [15] and Lions and
Mercier [10].The method is formulated as

Tnr1 = (I = MB) "I = N\yA)zpn, A >0, (1.2)

under the condition that D(B) C D(A). It was shown, see for example
[4], that weak convergence of requires quite restrictive assumptions
on A and B, such that the inverse of A is strongly monotone or B is
Lipschitz continuous and monotone and the operator A + B is strongly
monotone on D(B). Hence, the modification is necessary in order to
guarantee the strong convergence of forward-backward splitting method
(see, for example, [7, 20, 19] and the references contained in them).
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Many problems arising in different areas of mathematics such as opti-
mization, variational analysis, differential equations, mathematical eco-
nomics can be modeled as fixed point equations of the form

x =Tz, (1.3)

where T is a nonlinear mapping. Recently, studies on solutions of ([1.3)
were extensively carried out in Hilbert spaces and in certain Banach
spaces; see, for example, [11, [12], [13] and the references therein.

Let X be a real normed space, K be a nonempty subset of X. A map
T : K — K is said to be Lipschitz if there exists an L > 0 such that

[Tx =Tyl < Ll —yll, Vz,y € K, (1.4)

if L <1, T is called contraction and if L = 1, T is called nonexpansive.
The set of fixed points of the mapping T is denoted by Fiz(T) := {z €
D(T) : © = Txz}. We assume that Fiz(T) is nonempty. A map T is
called quasi-nonexpansive if |7z — p|| < ||z — p|| holds for all x in K and
p € Fixz(T). The mapping T : K — K is said to be firmly nonexpansive,
if

1Tz = Ty|* < |l = ylI* = I(z — y) — (Tx = Ty)|]*, Yo,y € K.

A mapping T : K — H is called k-strictly pseudo-contractive if there
exists k € [0,1) such that

1T = Ty|* < llz = ylI* + kllz —y — (Tz = Ty)||* Va,y € K.

A map T is called k-demi-contractive if Fiz(T) # () and for k € [0,1),
we have

Tz —p||*> < ||z — p||* + k|jx — Tz||* VoK, pc Fix(T).

Remark 1.1. The class of demicontractive mappings is fundamental be-
cause it includes many types of nonlinear mappings arising in applied
mathematics and optimization. We can see from the above definitions
that the demicontractive mappings contains these mappings such as the
directed mappings, the quasi-nonexpansive mappings, and the strictly
pseudocontractive mappings with nonempty fixed point set.

Almost results existing for solving variational inclusion and fixed point
problems by using forward-backward splitting method have been done
for monotone operators and nonexpansive mappings.

In this paper, motivated by above results, the author introduces a
new iterative algorithm and proves a strong convergence theorem for

variational inclusion problem (|1.1) and the fixed point problem ([1.3))
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involving demicontractive mappings in Hilbert spaces without any com-
pactness assumption. Finally, application to optimization problems with
constraints is provided to support our main results.

2. PRELIMINARIES

The demiclosedness of T" usually plays an important role in dealing with
the convergence of fixed point iterative algorithms.

Definition 2.1. Let H be a real Hilbert space and T : D(T) C H — H
be a mapping. I — T is said to be demiclosed at 0 if for any sequence
{zn} C D(T) such that {x,} converges weakly to p and |z, — Tx,||
converges to zero, then p € Fiz(T).

Let a set-valued mapping B : H — 2" be a maximal monotone. We
define a resolvent operator J /{3 generated by B and A as follows:

JP = (I +AB)"\(z), vz € H,

where A is a positive number. It is easily to see that the resolvent oper-
ator J /{3 is single-valued, nonexpansive and 1-inverse strongly monotone
and moreover, a solution of the problem is a fixed point of the oper-
ator JP(I — M\A) for all A > 0 (see, for example, [9]).

Lemma 2.2. [10] Let B : H — 2% be a mazimal monotone mapping
and A : H — H be a Lipschitz and continuous monotone mapping. Then
the mapping B + A : H — 2" is mazimal monotone.

Lemma 2.3 ([5]). Let H be a real Hilbert space. Then for any x,y € H,
the following inequalities hold:

lz +yl1? < llzl|* + 2(y, « + ).
Az + (1= Nyl = Allzl* + (1 = Myl* = (1 = DAz =yl A€ (0,1).

Lemma 2.4 ( [20]). Assume that {a,} is a sequence of nonnegative real
numbers such that an+1 < (1 — ay)ay + oy for all n > 0, where {a, }
is a sequence in (0,1) and {0y} is a sequence in R such that

oo oo
(a) z;]ozn =00, (b) limsup o, <0 or Z |onan| < oo. Then nlgrolo an =
n—=

n—00
n=0

Lemma 2.5. [12] Let K be a nonempty closed convex subset of a real
Hilbert space H and T : K — K be a mapping.

(i) If T is a k-strictly pseudo-contractive mapping, then T satisfies the
Lipschitzian condition

1+E
1-k

[Tz — Tyl < [l —yl|.
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(it) If T is a k-strictly pseudo-contractive mapping, then the mapping
I —T is demiclosed at 0.

Lemma 2.6 ( [12], Proposition 2.1 ). Assume K is a closed convex
subset of a Hilbert space H. Let T : K — K be a self-mapping of C.
If T is a k-demicontractive mapping, then the fized point set Fix(T) is
closed and convex.

Lemma 2.7. [I7] Let t, be a sequence of real numbers that does not
decrease at infinity in a sense that there exists a subsequence t,, of t,
such that t,, such that t,, < t,,,., for all © > 0. For sufficiently large
numbers n € N, an integer sequence {T(n)} is defined as follows:

T(n) = max{k <n: tx <try1}.
Then, T(n) — 0o as n — oo and
max{t (n), tn} < trn)41-
Lemma 2.8. Let H be a real Hilbert space and A : H — H be an
a-inverse strongly monotone mapping. Then, I — 0A is nonexpansive
mapping for all x,y € H and 0 € [0, 2a].
Proof. For all x,y € H, we have
I = 04)z — (I —0A)|* = (= —y) - 0(Ax — Ay)|]”
= |z —yl® - 20(Az — Ay, x — y) + | Az — Ay|?
2 =yl + 6(8 — 20)|| Az — Ay]|*.

A

O

3. MAIN RESULTS

Theorem 3.1. Let K be a nonempty closed convex subset of a real
Hilbert space H. Let A be an a-inverse strongly monotone operator of
K into H. Let f : K — K be a b-contraction mapping and B be a
maximal monotone operator on H into 28 such that the domain of B
is included in K. Let T : K — K be a S-demicontractive mapping such
that Fix(T) N (A + B)~Y(0) is nonempty and I — T is demiclosed at
origin. For given xg € K, let {x,} be generated by the algorithm:

Tn+1 = Olnf(xn)jL(l*an) (an)i (I*)\nA)anr(l*en)TJ)]\i (I*)‘nA)xn) y
(3.1)

where {\p}, {0n} and {ay} be sequences in (0,1) satisfying the following

conditions: -

(1) nhﬁr{.lo oy, =0, Zan =00 and A, € [a,b] C (0, min{1, 2a}).

n=0

(i) 6, €]6,1[ and nh_)rr;o inf(1 —6,)(0, — ) > 0.
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Then, the sequence {x,} generated by (3.1)) converges strongly to z* €
Fix(T) N (A + B)~Y(0), which is the unique solution of the following
variational inequality:

(x* — f(z*),z* —p) <0, Vpe Fiz(T)N (A+ B)~10). (3.2)

Proof. From (I — f) is strongly monotone and Fiz(T)N (A + B)~1(0) is
closed convex, then the variational inequality has a unique solution
in Fiz(T)N(A+B)~1(0). Below we use z* to denote the unique solution
of . For each n > 0, we put z, := J)\ (I — \yA)x, and y, =
Onzn + (1 —60,)Tz,. Let p € T'. Then from Lemma [2.§ . we have

12 = pll = 175, (I = AnA)an = pl| < ||z — pll, Yn > 0.

By using (3.1), Lemma and T is S-demicontractive, we have

lgn = pl? = [|onCen = p)+ (1= 6) (T2 )|
= Onllzn — pH2 +(1- n)HTZn _pH2 — (1= 0n)0n || T2, — ZnHz
< Oullza = pIP + (1= 82) (Jlzn = pII? + Bllzn — Tza?) — (1
Hence,
lom = Bl < 20 = oI = (1 = 00)(0n = B T20 = 2al®. (33)

Since 6,, €]3,1[, we obtain,

lom = || < 20 = (3.4)
Therefore
lyn = Il < 120 — Il < |20 — pll- (3.5)
By using (3.1) and inequality (3.5]), we have
[zns1 —pll = llanf(@n) + (1 = an)yn — pl|
< o f(zn) = FO) + (1 — an)llyn — pll + ol f(p) — Pl
< [1 - (1 - b)an]Hxn _pH + an”f<p) _pH
Hf( ) pll
< max{||z, —pll, =———1}

By induction, it is easy to see that

Hf( ) pH}

[2n — pll < max {[lzo — pll;

—0,)0,|| T2 — 20|
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Hence, {z,} is bounded.
Thus from inequality (3.3)), we have

|zt = pI? = llen(f(za) = p) + (1 = an)(yn — p)|
< apllf(@a) =Pl + (1= an)?llyn — plI* + 200 (1 = an) | f(20) = pllllyn — 2|
< anllf(@n) = pl? + (1= an)?[lyn — plI* + 200 (1 = an) [ £ (20) = 2l llyn — pl
< apllfxa) = plP + (1= an)llzn = plI* = (1 = an)*(1 = 6,) (G — B)|Tz0 — 2
+ 20o(1 — an)||f(zn) — pllllzn — pl|-
Hence,

(1= an)* (1= 02)On = DTz — 2zl < Nl = pl* = lzns1 = pl* + aqllf (zn) — 2l
+ 2an(1 — o)l f(zn) = pllllen — pll-
Since {z,} and {f(xy)} are bounded, then there exists a constant C' > 0,

we have

(1= an)’(1 = 00) (00 = D) Tz — 20ll* < [lzn = pII* = 2041 = plI* + nC.
(3.6)

Next, I prove that z,, — x*. To see this, let us consider two possible

cases.

Case 1. Assume that the sequence {||x,, —pl||} is monotonically decreas-
ing. Then {||x,, — p||} must be convergent. Clearly, we have

i |2 = |2 = a1 —pl?] =0. (3.7)
It then implies from (3.6)) that
lim (1 — 6) (0 — B) | T2n — z||* = 0. (3.8)

Since li_>rn inf(1 —6,,)(0,, — 5) > 0, we have

lim. ‘Tzn —zll=o0 (3.9)
From and Lemma it follows that
|zt = pI? = llen(f(za) = p) + (1 = an)(yn — p)|
< anllf(@n) = I 4 (1= an)®llyn — plI* + 200 (1 = @) [ f(2n) = pllllyn — 2|
< apllf(@n) = pl? + (1 = an)?(lzn — plI* + 20 (1 — )| f(2n) = plllyn — pll
= ol f@n) = pl* + (1 — an)?|l T3 (I = AnA)zn — I3, (I = A A)p|?
+ 200(1 = an)| f(zn) = pllllyn — ol
< aplf(@a) = pl? + (1 — an)? [Hxn —pl* + a(b - 20)|| Az, — Ap|?
+ 2an(1 = o)l f(zn) = pllllyn — pI|-
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Therefore, we have

(1= an)a(2a = b)[|[ Az, — Ap|* < lan = pl” = [2ns1 = P + 200 (1 = 7)) || f(2n) = pllllyn — pll
+2an(1 — an)[|f(@n) = pllllyn — -

Since, o, — 0 as n — 00, inequality (3.7) and {x,} is bounded, we

obtain
lim | Az, — Ap|? = 0. (3.10)
Since J /ﬁ is 1-inverse strongly monotone and , we have
| 2n _pH2 = Hj)i([ — A A) Ty — J)i (I - )\nA)sz
S <zn — D, (I - )\nA)xn - (I - )\nA)p>
1
= ST = XAz = (1= 20 Al + 2 = Pl = (1 = MaA)n = (I = M A)p = (20 — 1)
1
< 5| lzn = pIP + 1120 = pI? = llon = 2l + 2\n(zn — p, A = Ap) = Aa?|[ Aza — Ap]?).

So, we obtain

l2n=plI* < lzn—pl*~llzn—znl*+22n(zn—p, Azn—Ap)=An?| Azn—Ap|®,

and thus

[Zni1 —pI* = llon(f(@n) —p) + (1= an)(ya — p)|?
< apllf(zn) = plI* + (1= an)?(|lzn — plI* + 200 (1 — an) | f(z0) = llllyn —
< ol | f(@n) = plI* + llan — plI* = (1 = on)?[lzn — 20 — (1 — an)®An? || Az, — Ap|?
+ 2M(1 - O‘n)2<zn —p, Az, — Ap) + 20, (1 — o) || f(20) — pll|lyn — Pl

Since, o, — 0 as n — oo, inequalities (3.7]) and (3.10)), we obtain
lim ||z, — 2,||> = 0. (3.11)

n—oo

Next, i prove that limsup(z* — f(2*),2" — z,,) < 0. Since H is reflexive
n—-+0o00

and {z, } is bounded, there exists a subsequence {zy, } of {z,} such that

Zn, converges weakly to ** in K and

limsup(z™ — f(z¥), " —x,) = lm (2 — f(z¥), ¥ — ay,).
n——+o00 k—+o00
From and [ — T is demiclosed, we obtain z** € Fiz(T). Let us
show x** € (A + B)71(0). Since A be an a-inverse strongly monotone,
A is Lipschitz continuous monotone mapping. It follows from Lemma
that B + A is maximal monotone. Let (v,g) € G(B + A), ie.,
g—Av € B(v). Since 2y, = ink (Tn), — An, Az, ), we have T, — Ay, Tn, €
1

(I + A\, B)zn,, ie., )\—(mn,c — Zn,, — An, Ay, ) € B(zp, ). By maximal
n
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monotonicity of B 4+ A, we have

(v—2n,,9— Av — (@n), — 2ny, — AnAzp,)) >0

Ane

and so

1
(V= zn,9) > (0= zn,, Av — T(wnk = Zny, — Anj AZp,))
n,

= (v—zp,,Av — Az, + Az, + (Tn), = 2ny, — A Azp,))

1
Ay,
1
> (v — 2y, Azny, — Azpy) + (v — 2, T(xmc — Zn))-
n
It follows from ||z, — || — 0, |[Az, — Az,|| — 0 and z,, converges
weakly to z**, we get

kgl—lI—loo@) - an7g> = <U - $**,g> Z 0

and hence ** € (A+ B)~1(0). Therefore, z** € (A+ B)~1(0) N Fiz(T).
On other hand, the fact that x* solves (3.2]), we then have
limsup(z® — f(z%),2* —x,) = lim (2% — f(z%), 2" —x,,)
n——+o0 k—400
= (" — f(z"),x" —a™) <0.
Finally, we show that z,, — z*. From (3.1)) and Lemma we get that

Hanf(xn) + (1 - O‘n)yn - ‘T*H2

|41 — 2|

< lan(F () — F@) + (1= an)gn — 27 + 200 (@* — F(57),2" — 2nsa)

< (anllflan) — F 410 = an)on — "))+ 200(" — Fa?).0" — 20)
< (awbllan — 2"+ (1~ @)y — *[)) + 200 (0" — F@). 2" — o)

< (1 —an( = B)llan — 1))+ 200{e" — f(@").2" — 2i)

< (1— an(l = B)an — 2"+ 200(a” — F(£"), 2" — nsa).

From Lemma its follows that x,, — z*.

Case 2. Assume that the sequence {||x, — z*||} is not monotonically
decreasing sequence. Set I';, = ||, — 2*||> and 7 : N — N be a mapping
for all n > ng (for some ng large enough) by 7(n) = max{k € N :
k<n, I'y <Tki1}. We have 7 is a non-decreasing sequence such that
7(n) — 0o as n — oo and I'r(,) < 741 for n > ng. Let 7 € N, from
(3.6)), we have

(1 - a‘r(n))2(1 - 97’(71))(97(71) - ﬁ)”z‘r(n) - TZT(n)”2 < a‘r(n)c-
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Furthermore, we have

lim (1 - ar(n))z(l - Gr(n))(er(n) - B)HZT(’VL) - TZT(n)”2 =0.

n—-+o0o
Since 0,y €8, 1] and nlingo inf(1 — 0-())(07n) — B) > 0, we have
nh—>rgo Hzr(n) - TZT(’VL)H =0. (3'12)
By a similar argument as in case 1, we can show that z.(,) is bounded

in K and limsup (z* — f(z"), 2" — 2-(;,))) < 0. We have for all n > no,
7(n)—+oo

0 < Jlarr iy 1= 2=y =2 (1 < Qr(m) [ (1=) |27y =2 || +2(2" = f(&"), 2"~y 11)],
which implies that

() — 2| < Tt~ f@7), 2" = arya)-
Then, we have
Jim [l — 27|* = 0.
Therefore,
lim ',y = lim I'7p)41 = 0.

n—o0 n—o0

Thus, by Lemma we conclude that
0< Fn < maX{FT(n)a P’T(?’L)—‘rl} = FT(n)—l-l'

Hence, li_>m Iy, = 0, that is {z,,} converges strongly to z*. This com-
n o

pletes the proof. O

In the special case, where T is a strictly pseudo-contractive mapping,
then Theorem [3.1]is reduced to the following;:

Theorem 3.2. Let K be a nonempty closed convex subset of a real
Hilbert space H. Let A be an a-inverse strongly monotone operator of K
into H. Let f : K — K be a b-contraction mapping and B be a maximal
monotone operator on H into 25 such that the domain of B is included
in K. Let T : K — K be a B-strictly pseudo-contractive mapping such
that Fiz(T) N (A + B)~Y(0) is nonempty. For given zo € K, let {z,}
be generated by the algorithm:

Tn+1 = Olnf(xn)jL(l*an) (an)i (I*)\nA)anr(l*en)TJ)\B; (I*)‘nA)xn) )

(3.13)
where {\n}, {0n} and {a,} be sequences in (0,1) satisfying the following
conditions:

(1) ILm a, =0, Zan =00 and A, € [a,b] C (O, min{1, Qa}).
n=0

(i) 6, €]6,1[ and nh_)rgo inf(1 —6,)(0, — ) > 0.
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Then, the sequence {z,} generated by (3.13)) converges strongly to x* €
Fix(T) N (A + B)~Y0), which is the unique solution of the following
variational inequality (3.2)).

Proof. Since every strictly pseudo-contractive is demicontractive map-
ping, then, the proof follows Lemma [2.5] and Theorem O

Finally, the following the minimization of composite objective func-
tion of the type

Problem 3.3.

xrréi]ril F(x)+ g(z), (3.14)

where F': H — R U {400} is proper, convex and lower semi-continuous
functional and g : H — R is convex functional.

Many optimization problems from image processing [3], statistical
regression, machine learning (see, e.g., [21] and the references contained
therein), etc can be adapted into the form of .

Observe that problem is equivalent to find x € H such that

0 € 0F(x)+ Vyg(z). (3.15)
It is well known OF is maximal monotone (see, e.g., Minty [14]).

Lemma 3.4. (Baillon and Haddad [2]) Let H be a real Hilbert space,
g a continuously Fréchet differentiable, convex functional on H and Vg
the gradient of g. If Vg is é-Lipschitz continuous, then Vg is a-inverse
strongly monotone.

Hence, one has the following result.

Theorem 3.5. Let H be a real Hilbert space and g : H — R a con-
tinuously Fréchet differentiable, convex functional on H and Vg is é—
Lipschitz continuous. Let f : H — H be a b-contraction mapping and
F:H — RU {400} is proper, conver and lower semi-continuous func-

tional. For given xg € H, let {z,} be generated by the algorithm:

Tn+l = Oénf(l'n) + (1 - aTL)J)?f‘(I - )‘nvg)xm (3'16)
where {\n,} and {a,} be sequences in (0, 1) satisfying the following con-
ditions:

o
(7) nh_)rrolo an =0, E:Oan =00 and A\, € [a,b] C (0, min{1, 2a})

n—
Suppose that Problem is consistent. Then, the sequence {x,} gener-
ated by (3.16) converges strongly to a solution of Problem which is

the unique solution of the following variational inequality:

(x* — f(z*),z* —p) <0, Vpe (Vg+oF) H0). (3.17)
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Proof. We set B =0F, Vg = A, K = H and T = I into Theorem [3.1}

Then, the proof follows Theorem [3.1] O
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