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ABSTRACT. In this paper, considering the kth shape loop space
QP (X, z), for an HPol.-expansion p : (X, z) — ((Xx,zx), [par], A)
of a pointed topological space (X, z), first we prove that Q com-
mutes with the product under some conditions and then we show
that QP (X, ) = liin QP (X4, x;), for a pro-discrete space (X,z) =
liin(Xi, x;) of compact polyhedra. Finally, we conclude that these

spaces are metric, second countable and separable.
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1. INTRODUCTION

Cuchillo-Ibanez et al. [2] introduced a topology on the set of shape
morphisms between arbitrary topological spaces X, Y, Sh(X,Y).
Moszyniska [6] showed that for a compact Hausdorff space (X, x), the kth
shape group 7 (X, x), k € N, is isomorphic to the set Sh((S*, %), (X, x))
and Bilan [1] mentioned that the result can be extended for all topo-
logical spaces. Nasri et al. [11], considering the latter topology on the
set of shape morphisms between pointed spaces, obtained a topology on
the shape homotopy groups of arbitrary spaces, denoted by ﬁZOp (X, x)
and showed that with this topology, the kth shape group 7?,20” (X,z)isa
Hausdorff topological group, for all £ € N. Nasri et al. [11] introduced
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the kth shape loop space QF (X, ) as a subspace of [],c, QF(Xy,z)),
where QF(Xy,z)) is the set of all mappings (S*, %) — (X, z)) en-
dowed with compact-open topology. Also, they considered the quotient
topology ¢p : QE(X,CL‘) — 7x(X, x) on the kth shape group. Then they
showed that this quotient topology on the kth shape group coincides
with the topology of #,P. In [9], Nasri and Mashayekhy showed that
QE(X ,x) is an H-group for every topological space (X,z) and every
HPol,-expansion p : (X,z) — ((Xi,z)), [pav],A). Also, they proved
that Qz : Top, — Top, is a functor, for all £k € NU {0}, where c is the
Cech HPol,-expansion of spaces and then they showed that this functor
preserves the homotopy on compact Hausdorff spaces. It is well-known
that if the cartesian product of two spaces X and Y admits an Hpol-
expansion, which is the cartesian product of Hpol-expansions of these
space, then X x Y is a product in the shape category [7]. In this case,
Nasri et al. [10] proved that the shape groups and the coarse shape
groups commute with the product. Also, Nasri et al. [11] showed that
topological kth shape group ﬁZOp of compact Hausdorff spaces commutes
with finite products, for all k¥ € N. In this paper, we prove that if the
Cartesian product of two pointed topological spaces X and Y admits an
HPol,-expansion, which is the Cartesian product of HPol.-expansions
of these spaces, then €, commutes with the product. As a consequence
we show that if (X,z) and (Y,y) are two pointed compact Hausdorff
spaces with HPol,-expansions p : (X,z) — ((Xx,z)),[panv],A) and
a: (Y.y) = (Ya9r), [aav], A), then

QX XY, (2,y)) = QR (X, 2) x Y, y).
Also, we prove that QE(X, x) & li&n QE(Xi, x;), for a pro-discrete (X, x) =

hin(XZ-, x;) of compact polyhedra. Then we show that these spaces are

metric, second countable and separable.

2. PRELIMINARIES

In this section, we recall some of the main notions concerning the
shape category and pro-HTop (see [8]).

Let X = (Xx,pav,A) and Y = (Y}, quu, M) be two inverse systems
in HTop. A pro-morphism of inverse systems, (f, f,) : X — Y, consists
of an index function f : M — A and of mappings f, : Xy — Yy,

@ € M, such that for every related pair p < p/ in M, there exists a
AEN A= f(u), (1) so that,

Qupt FrPgyx = FuPpun-
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The composition of two pro-morphisms (f, f,) : X =Y and (g,9,) :
Y = Z = (Z,,r,,N) is also a pro-morphism (h, h,) = (9, 9.)(f, fu) :
X — Z, where h = fg and h, = g, fy). The identity pro-morphism
on X is the pro-morphism (14, 1x,) : X — X, where 14 is the identity
function. A pro-morphism (f, f,) : X — Y is said to be equivalent to a
pro-morphism (f’, f,) : X =Y, denoted by (f, fu.) ~ (f', f,,), provided
every u € M admits a A € A such that A > f(u), f'(¢) and

Fupsox = Fupp ux-

The relation ~ is an equivalence relation. The category pro-HTop
has as objects all inverse systems X in HTop and as morphisms all
equivalence classes f = [(f, fu)]. The composition of f = [(f, f,)] and
g = [(g9,9v)] in pro-HTop is well defined by putting

gf = h = [(h,h,)].

An HPol-expansion of a topological space X is a morphismp : X — X
of pro-HTop, where X belongs to pro-HPol characterized by the following
two properties:

(E1) For every P € HPol and every map h : X — P in Top, there is a
A€ A and a map f: Xy — P such that fpy ~ h.

(E2) If fo, f1 : X\ — P satisfy fopx >~ fip, then there exists a X' > A
such that fopayx =~ fipar-

Let p: X — X and p’ : X — X’ be two HPol-expansions of the same
space X in HTop, andlet q : Y — Y and ¢ : Y — Y’ be two HPol-
expansions of the same space Y in HTop. Then there exist two natural
isomorphisms i : X —+ X’ and j : Y — Y’ in pro-HTop. A morphism
f: X — Y is said to be equivalent to a morphism f’ : X’ — Y’, denoted
by f ~ f’, provided the following diagram in pro-HTop commutes:

X . x

lf f"l (2.1)

Yy 21— v

Now, the shape category Sh is defined as follows: The objects of Sh
are topological spaces. A morphism F' : X — Y is the equivalence class
< f > of a mapping f : X — Y in pro-HTop.

The composition of F =< f > X - Y and G =<g>Y — Zis
defined by representatives, i.e., GF =< gf >: X — Z. The identity
shape morphism on a space X, 1x : X — X, is the equivalence class
< 1x > of the identity morphism 1x in pro-HTop.

Let p: X - X and q : Y — Y be HPol-expansions of X and Y,
respectively. Then for every morphism f : X — Y in HTop, there is
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a unique morphism f : X — Y in pro-HTop such that the following
diagram commutes in pro-HTop.

X +— X

1Y
|t 7| (2.2)
Y <T Y.

If we take other HPol-expansions p’ : X — X’ and ¢’ : Y — Y/, we
obtain another morphism f’ : X’ — Y’ in pro-HTop such that f'p’ = ¢’ f
and so we have f ~ f’. Hence every morphism f € HTop(X,Y) yields
an equivalence class < [f] >, i.e., a shape morphism F': X — Y which
is denoted by S(f). If we put S(X) = X for every topological space X,
then we obtain a functor § : HTop — Sh, called the shape functor.

Similarly, we can define the categories pro-HTop, and Sh, on pointed
topological spaces (see [8]).

3. SHAPE LOOP SPACE OF PRO-DISCRETE

Recall that for an HPol.-expansion p : (X, z) — ((Xx,z)), [panv], A)
of a pointed topological space (X, x), a k-shape loop in X is defined as an
element (ay) € []yca QF (X, zy) such that pyyv(ay) =~ ay, for all X' > \.
The set of all k-shape loops in X is called the kth shape loop space and
it is denoted by QF(X,z). Then QP(X,z) is a topological space as a
subspace of []ycx QF(Xy, ) [11]. In [9] Nasri and Mashayekhy proved
that Qz : Top, — Topy is a functor, for all k € Ny, where c is the Cech
HPol,-expansion of spaces. Now, we intend to prove that Qg commutes
with the product under some conditions. First, we need the following
results.

Lemma 3.1. Let (X, x) and (Y, y) admit HPol,-expansionsp : (X, z) —
(X,X)—((X)\,;U)\), [p/\)\/]v A) andq : (Yay) — (Yay) = ((Y)\vy)\)a [q/\)\/]vA)z
respectively and let f : (X, z) — (Y,y) be a continuous map represented
by [(fn)] + (X,x) — (Y,y). Then the map Qu(f) : Qp(X,z) —
QY. y) given by Q(f)(ar) = (fr o an) is continuous.

Proof. Since f : (X,z) — (Y,y) is represented by [(f\)] : (X,x) —
(Y,y), forall X' > X\ gavofn =~ fropan. The map Qp(f) : QE(X,J:) —
QA (Y, y) given by Qp(f)(ar) = (fr o ay) is well defined; because for all
N >

O (fvoax) = faxopavoay = faoay.
Q(Y,y) is a subspace Ova/\eA QF(Yy,ya) and fy o ay is continuous, for
all A € A. Thus the map Q(f) from product topology is continuous. O



246 Tayyebe Nasri

In the following remark, we show that QF(f) is continuous, for some
spectial maps.

Remark 3.2. (i) Let f : (P1,p1) — (P2, p2) be a continuous map be-
tween two pointed polyhedra. Because the HPol,-expansions of polyhe-
dra are trivial, then Q(P;,p;) = Qi(P;, p;), for i = 1,2. Thus we can
define Qk(f)v Qk(Pl,pl) — Qk(Pg,pg) by Qk(f)(a) = foa. It is easy
to see that Q(f) is continuous.

(7i) Let p : (X,z) — ((Xx,zx), [pax],A) be an HPol.-expansion of
pointed topological space (X,z). Let (P,p) be a pointed polyhedron
and f : (X,z) — (P,p), g : (P,p) — (X, z) be continuous maps
reprosented by [(f3)] © (X, %) — (P,p) and [(gx)] : (P.p) — (¥, ),
respectively. Because for all N> A, fxoay =~ fyoay, then we can define
QP (f) + (X, @) — (P, p) by QF(f)(ax) = froay, for any A € A.
Also we can define QF (g) : Qi (P, p) — QP (X, z) by QP (9)(a) = (groa),
for all A € A.

The following theorem is one of the main result of this paper.

Theorem 3.3. Let (X, x) and (Y,y) admit HPol,-expansionsp : (X, z) —
(X, x)=((Xx,22), [pav], A) and q = (V,y) = (Y, y) = (Yx, u), [ow] A),
respectively such that p x q : (X x Y, (x,y)) — (X xY,(x,y)) is an
HPol,-expansion. Then

P*UX x Y, (z,)) 2 P (X, 2) x QLY y).

Proof. Let mx : X XY — X and 7y : X XY — Y denote the canonical
projections and assume that Qy(7x) : QP YX x Y, (z,y)) — QP (X, 2)
and Qi(my) @ B UX x Y, (2,9)) — QLY,y) be the induced mor-
phisms of canonical projections which are continuous, by Lemma 3.1.
Then there is a continuous map « : QP *4YX x Y, (z,y)) — QF(X,z) x
Q1 (Y,y). We define amap 3 : QP (X, z)xQX(Y,y) = QB UX <Y, (z,y))
by B((ax), (bx)) = ((ax,bx)), where (ay,by) : S¥ — X\ x ) is given
by (ax,bx)(s) = (ax(s),ba(s)), for all A € A. The map S is well defined;
because for all X' > \,

(Pax X @) (ax, b)) = (Pax (ax) X g (ba)) = (ax, by).
It is routine to check that o 8 =id and 8o a = id. U

Mardes$i¢ showed that if p : X — X and q : Y — Y are HPol-
expansions of compact Hausdorff spaces X and Y, respectively, then
pxq: X xY — XxY is also an HPol-expansion of X xY [8, Lemma 2
and Theorem 4]. Therefore we have the following result from Theorem
3.3.
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Corollary 3.4. If (X, z) and (Y,y) are two pointed compact Hausdorff
spaces with HPol.-expansions p : (X, z) — ((Xa,zx), [pan], A) and q :
Y,y) = (Vaun), [, A), then

QP X % Y, (z,9) = QP(X,2) x QY p).

For every topological space one can associate an inverse system
C(X) = (X, [pax],A) in the category HPol which is called the Cech
system of X [8]. The set A is the set of all normal coverings A of
X ordered by the relation of being a finer covering. X, = |N()\)|
is the nerve of A and [pyx], A < ), is the unique homotopy class to
which belong the projections pyy : |[N(X)| — |[N(A)|. For A € A let
[pA] : X — X\ be the unique homotopy class of the canonical mappings
pr: X — X = |N(A)|. For every topological space X the morphism
p = (py) : X — C(X) of pro-HTop is an HPol-expansion [8, Appendix
1,Theorem 3.8] which is called it Cech HPol-expansion. In [9] Nasri and
Mashayekhy proved that Qi : Top, — Top, is a functor, for all k € Ny.
By Theorem 3.3 we obtain the following result.

Corollary 3.5. Let p : (X,z) — (C(X),x) = ((Xx,zn), [pan], A)
and q : (Y,y) = (C(Y),y) = ((Ya,y»), [oxn],A) be the Cech HPol,-
expansions of the pointed topological spaces (X,x) and (Y,y), respec-
tively such that p x q : (X x Y, (z,y)) = (C(X) x C(Y), (x,y)) is an
HPol,-expansion. Then

OP*UX x Y, (z,y)) 2 P (X,z) x QLY y).

Now, we intend to prove that QE commutes with the inverse limit
under some conditions.

Remark 3.6. Let (X,z) be a pointed topological space with HPol,-
expansion p : (X,z) — (X,x) = (Xx,zn),pan,A). If X)\’s are dis-
crete, then the homotopies in the definition of QF(X,z) = {(a)) €
[Thea Q8(Xn, z2)| pav(an) = ay, for all N > A} will become equality
and therefore

QP (X,z) = lim QF (X, xy).

The following theorem is the second main result of this paper.

Theorem 3.7. Let (X, z) = lim(X;, z;) be an inverse limit space of an
P

inverse system {(X;, x;),pij}1, where X;’s are discrete compact polyhe-
dra. Then for all k € Ny,

QP (X, x) = lim QP (X, ).

Proof. Since X;’s are compact, | [;cy X is compact by [4, Theorem 3.2.4]
and since X;’s are Hausdorff, X = liin X is a closed subspace of HieN X;



248 Tayyebe Nasri

by [4, Proposition 2.5.1]. Hence liin X, is compact by [4, Theorem 3.1.2].
Therefore, the limit p : X — (X, psit1,N) is an HPol-expansion of X
by [5, Remark 1]. Since X;’s are discrete, QE(X,I‘) = liinﬂk(Xi,mi),
by Remark 3.6. Because the HPol,-expansions of polyhedra are trivial,
then QF (X;, ;) = QF(X;, z;) which completes the proof. O

Corollary 3.8. Let (X, x) = lim(X;, x;) be an inverse limit space of an
—

inverse system {(X;,x;),pij}1, where X;’s are discrete compact polyhe-
dra. If I is countable, then for all k € Ng, The space QE(X, x) is a

(i) metric space.

(ii) second countable space.

(#i7) separable space.

Proof. (i) Since X;’s are metric, the loop spaces Q¥(X;, z;)’s are metric

by [3, Theorem 12.8.2], for all k € Ng. Since QF(X;, x;)’s are metric and

I is countable, the limit lim Q¥(Xj, z;) is metric, by [4, Corollary 4.2.5].
e

Since X;’s are discrete compact polyhedra, QF (X, z) = liin OP (X, 2;) =
lim Q*(X;, z;), by Theorem 3.7. Therefore OP(X,z) is a metric space.
e

(7i) The argument is similar to part (¢). Since X;’s are compact polyhe-
dra, they are second countable, by [4, Theorem 4.2.8]. Thus QF(X;, z;)’s
are second countable by [3, Theorem 12.5.2]. Since QF(X;,x;)’s are
second countable and I is countable, the limit liin QOF (Xi,x;) is second

countable by [3, Theorem 8.6.2]. Since X;’s are discrete compact poly-
hedra, QF(X,z) = limQP(X;,2;) = limQ*(X;,2;), by Theorem 3.7.
«— —

Therefore QF (X, z) is a second countable space.
(i7) It follows from part (i7) and [3, Theorem 8.7.3]. O
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