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ABSTRACT. In this paper for two given sets of eigenvalues, which
one of them is the eigenvalues of circulant matrix and the other is
the eigenvalues of skew-circulant matrix, we find a nonnegative ma-
trix, such that the union of two sets be the spectrum of nonnegative
matrices.
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1. INTRODUCTION

The class of circulant and skew-circulant matrices and their properties
are introduced in [?]. A circulant matrix is a special kind of Toeplitz
matrix where each row vector is rotated one element to the right or
to the left relative to the preceding row vector. Circulant matrices are
very useful in digital image processing [?]. In numerical analysis, circu-
lant matrices are important because they are diagonalized by a discrete
Fourier transform, and hence linear equations that contain them may
be quickly solved by using a fast Fourier transform (FFT).
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The nonnegative inverse eigenvalue problem (NIEP) asks for neces-
sary and sufficient conditions on a list 0 = (A1, Ag, ..., Ay) of complex
numbers in order that it be the spectrum of a nonnegative matrix. In
this case, one says that o is realizable and a nonnegative matrix A with
spectrum o is said to realize o and it is referred to as a realizing ma-
trix. A number of necessary conditions for realizability are known, as
well as a number of sufficient conditions. In many cases, sufficiency is
established by direct construction of a realizing matrix [1-6]. So far, in
general, this problem has been solved for state n = 5. Of course, for
the symmetric case(SNIEP), many solutions have been presented so far.
Nagzari and Sherefat solved NIEP for n = 5 solved the problem in 17
different cases[?].

In this paper we solve the special case of nonnegative inverse eigen-
value problem(NIEP). For given set o(C) that is the spectrum of neon-
negative circulant matrix C' and the other set o(S) that is the spectrum
of skew-circulat matrix we find a nonnegative matrix that its spectrum

is the o(C) U o (9).

2. PROPERTIES OF CIRCULANT AND SKEW CIRCULANT MATRIX

Let s = (80,81, -, 8n-1)1,¢ = (co, 1, ..., cn1)T € R™ be given.

Definition 2.1. [?, 7] An n x n real right (left) circulant matrix is a
matrix of form:

[ o Cn—1

Cn—1 CO e Cn—2

CR(C): Cn—2 Cn—-1 Cp Cn—3
i C1 C2 .. Cp—1 C ]

where each row is a cyclic shift of the row above to the right (left).

Definition 2.2. [?] An n X n real skew right (left) circulant matrix is
a matrix of the form:

0 Sn—1
—Sn—1 S0 e Sn—9
SR(S) = |7 S%-2 —Sn-1 So ...... Sn—3

—S1 —S89 .. —S8p—1 S0 ]
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The next concepts can be seen in [?]. Define the orthogonal (anti-
diagonal unit) matrix J,, € R™*™as

0 0 1

0 10
Im = )

1 0 0

The matrix

11 0
L= o

is an orthogonal cyclic shift matrix (and a left circulant matrix). It
follows that,

L,=F -F'=F?
where F' = (fp,) are given by

1
qu _7wpq’ p=0,1,...,n—1, q=0,1, yn—1
n
where .
2r . . 2m 27
W = COS — —+18In — — exXp —.
n n n
For the orthogonal matrix
= |1 0
- 0|— n—1 ’
it is straightforward to verify that
Z,=G-GT,
where G = (gpq) with
1
Opg = —wP@T2) p=01,...n—1, ,q=01,....n—1.

\/ﬁ
is strongly related to the DFT(Discrete Fourier Transform) matrix, i.e.,
G := diag(1,7,...,7" HF
with

r=ws
Therefore, G is also unitary. Let M and N be two circulant (skew
circulant)matrices then (see, for instance [?]):
1. M+ M and MN are circulant(skew circulant) matrices;
2. M7 is a circulant (skew circulant) matrix;
3. M.N is a circulant (skew circulant) matrix;
4. Zle ayM' is a circulant matrix.
5. The rank of a circulant matrix C is equal to n — d, where d is the
degree of ged(f(z), 2™ — 1).
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1

6.The polynomial f(z) = cop+ci1x+---+cp_12" " is called the associated

polynomial of matrix C' (see in[?]).
7. One amazing property of circulant matrices is that the eigenvectors
are always the same.

Theorem 2.3. [?] C(c) = F* - A - F where
A(s) = diag(Mo(c), M(0), -, An1(6))

and
n—1

)\k(c):chwkj, k=0,1,...,n—1
j=0

Theorem 2.4. [?] S(s) = G- M - G* where
M(s) = diag(po, i1, - - - s fn—1)

and

n—1
=y s, k=0,1,...,n—1
=0

Theorem 2.5. [7]

1. M—k(c) = Me(c), for k=1,2,....n — 1 and \o(c) = Z;l;ll ¢j
2. tp—1-k(s) = pux(s), for k=0,1,...,n —1

3. MAIN RESULT

In this section we will generalize the method that introduced in [?].
Let o be a spectrum of order 2n + k, we will solve the NIEP by circulant
matrices and skew-circulant matrices. At first we express an important
theorem.

Theorem 3.1. [?] Let C' = (¢;;) be a nonnegative matriz of order n +
land consider the S = skewcirc(sg, s1, ..., Sn—1) := (8ij) whose spectra
(counted with their multiplicities) are (Ao, A1y ..oy An)and(po, (i1, vy fin),
respectively. Moreover, suppose that |s;j| < ¢;j, 1 < 4,5 < n and 0 <
v < 1.Then the nonnegative matrix

rcuitysin cuiFysu CintYSin  ClnFYSIn Clng1 ]
5 5 e e 5 ) n
cuiFysii cudysn CinFYS1n  ClntYSin ¢
5 5 e e 5 5 1n+1
My, =
v : : : :
Cnli')’snl Cn1FYSnl Cnni'Vsnn CnnF¥YSnn ¢ 11
5 5 e e 5 5 n
Cnl1+YSnl cn1EYsn1 CnnTYSnn cnntYSnn Crnt1
5 5 e e 5 5 nn
(1) (2) 1) (2) c
L Pnt1,1 Pn+1,1 T e Pn+in Prt+1n n+1,n+1]
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where
1 2 )
o+ 02 =g, 1<i<n
realizes the list
{05 A1y eve s Any Evp0, TV, -+ V-1

Now we present the extension of above theorem.

Theorem 3.2. Suppose that A = (A;j) is an into block square matriz
of order 2n + k where

aij bij 1<i,57<n
bij aij
Ay =4 | 1<i<n, ntl<j<n+k
aij
ajj bij} 1<j<n, n+1<i<n+k
[ Qi n+1<,7<n+k
If
ai; +bi; 1<i,57<n
e — J i n+1<j<n+k 1<i<n
N aij+b; n+l1<i<n+k 1<j<n
@ij n+1<45<n+k
and
Sij:a@'j—bij, 1§i,j§n
Then
o(A)=0c(S)Uac(C)
where

S = (Sij) and C = (Cz’j)
Proof. Let (A, v) be an eigenpair of C, with v := (v1,v2, ..., Un+k), and
(w;)
Wn+1
consider the (2n + k)-by-1 block vector | “n+2 || where

_wn+k_
we — vj e 1<5<n
Y n+1<j<n+k
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Since

A -w; = |,7 Y cvie= Y Y wi=cv-e
ij - Wj [bz‘j aij| bij +ai | T Y
,7=1,2,...,n
Aij Wy = |:am] cWj = Cj;.v5.€
aij
1<i<n, n+1<j<n+k
Ajj - wj = aijvj = 505 ntl1<ij<n+k
Aij-wy = [aij byg]-wj = [ag biy]-vje =
(aij —i—bij).vj = Cjj.Vj

n+1<i1<n+k 1<j<n

Notice that, for every i € {1,2,...,n}

n+k n n+k n+k
Z Ajjowj = ZAij.wj + Z Ajjow; = chvﬂe + Z cijvje = Avie = Awj.
j=1 j=1 j=n+1 j=1 j=n+1
and for every i € {n+1,...,n+ k}
n+k n+k n n+k
ZAij.wJ ZA]wJ + Z Ajjwj = Zciﬂ’j + Z Cijvj = A\v; = Aw.
j=1 j=n+1 j=1 j=n+1
i.e (A\,w) is an eigenpair of A. Thus o(C) C o(A).
Similarly, let (i, ) be an eigenpair of S, with x = (1, 29, ..., z,)” and
Y5
0

consider the (2n + k)-by-1 block vector Y := 0 | where yj = x; f and

f=(1,-1)T. Since
Qi s b Qi _b
Acoys = [Y G g (YT
i [bz’j %‘] #1 [bw _aw] 3= o]
notice that, for every i =1,2,...,n
n+k n+k

Z Aijy] Z Amy] + Z A’L]y] Z SijY; = (sz)f = KLY
j=1

Jj=n+1 7j=1
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i.e (1,y) be an eigenpair of A. Thus o(S5) C o(A). Suppose that

O, = {(x1i, x2, - .

O = {(y1i v2is - - -

-5 Tniy Tnt-1is - - -:L'n—i—ki)

i) ti=1,2,...,n}

T.i=1,2,....,n+k}

are bases of eigenvectors of C and S, respectively. The result will follow
after proving the linear independence of the following set T = T U T,

where
T T T\T
T ={(r1e" ,mee" ..., xpipe’ )" : (z1,22,..
T T T T.
TQZ{(ylf 7y2f 7"'7ynf ,O,...,O) '(y17y27”'
To this aim, we study the next determinant:
yir .- Yin T11 Tin T1n+1
—Y11 —Yin T11 Tin T1,n+1
d= Yn1 .. Ynn Tnl Tnn Tnn+1
—Uni —ynn Tnl Tnn Tnnt1
0 e 0 Tn+1,1 Tn+1in  Tnt+ln+l
0 s 0 Tn+k,1 Tn+kn Tntkntl

. ,l‘n_HC)T S @C}

7yn)T € @s}

T1n+k
T1n+k

Tnn+k
Tnn+k
Tn+1,n+k

Tn+kn+k

Note that d stands for the determinant of a (2n + k)-by-(2n + k) matrix
obtained from the coordinates of the vectors in Y. As before, adding
rows and making suitable row permutations we conclude that the abso-
lute value of d coincides with the absolute value of the following deter-

minant
Yyir .-+ Yin
Ynl --- Ynn
0 0

d=|: Lo
0 0
0 0
0 0

T11

Tnl
2:1)11

23,'”,1
Tn+1,1

Tn+k,1

Tin

Tnn
2:131n

2Tp.n
Tn+1,n

Tn+kn

T1n+1

Tnnt1
271 n+1

2xn,n+1
Tn4+1,n+1

Tn+kn+1

L1n+k

Tnn+k
2le,n—l—k

2xn,n+k
Tn+1,n+k

Tn+kn+k

which is nonzero by the linear independence of the set ©. and ©,. Thus

the statement follows.
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Example 3.3. Let o(S) = {Hé‘/g,—l, 1*;‘/5} and o(C) = {21,-3 —
3iv/3, -3 —iv/3, -3, -3 +iv/3, =3 + 3iv/3}.Then by theorem ?? and ??

we have:

(1 2 3 4 5 6]
6 123 45

00 —1
56 1 2 3 4
S:(l)(l)g C=1l45612 3
3456 1 2
2 3 4 5 6 1]

whose that C is a circulant matrix and S is a skew-circulant matrix.
Then the matrix A obtained from S and C with the techniques above:

N

|
DO O H IO CR| TR~ 0|
O O O NIUBII U =10l UBO| b0 =
W B UTIO =10 = = =
O O ONIUO|H|— = =
B O YNNI = = DN =
O O ONFIE = —H = N
TTO NN WWk &
=N W Wk & OOt
=N W kR ROt O

All eigenvalues of matrix M is

14+14vV3 1—-14vV3
o(A) = {21, —3-3iV/3, —3—i/3, -3, —3+i/3, —3+3iV/3, +2“f,—1, ;\f} — o(C)Uo(S)
Example 3.4. Let 0(S) = {3+,3—i} and 0(C) = {15,2+45i,1,2—5i}.
Then we can compute matrix S and C' by theorems 7?7 and ?77. So we

have:

S W = Ot
W= Ut
— Ut Oy W
T Oy W+
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where C'is a circulant and S is a skew-circulant matrix. Then the matrix
A obtained from S and C' with the techniques above:

[
2]
B8l
(4]
(5]
(6]

41%%31
Lol s
A=1011 46 3
301056
6 0 3 0 1 5]
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