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ABSTRACT. In this paper, by making use of g-derivative we intro-
duce a new subclass of meromorphically univalent functions. Pre-
cisely, we give a necessary and sufficient coefficient condition for
functions in this class. Coefficient estimates, extreme points, con-
vex linear combination Radii of starlikeness and convexity and fi-
nally partial sum property are investigated.
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1. INTRODUCTION

The g-theory has important role in various branches of mathematics and
physics as for example, in the areas of special functions, ordinary frac-
tional calculus, optimal control problems, ¢-difference, g-integral equa-
tions, g-transform analysis and in quantum physics (see for instance, [1],
121,61, [11]).

The theory of univalent functions can be described by using the the-
ory of the g-calculus. Moreover, in recent years, such g-calculus as the
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g-integral and g¢-derivative were used to construct several subclasses of
analytic functions (see, for example,[4], [5], [§],[9], [10]).
Let ¥ denote the class of meromorphic functions of the form

flz) = 2 + a2t (1.1)

which are analytic in the punctured unit disk
A*={zeC: 0<|z] <1}

Gasper and Rahman [3] defined the ¢- derivative of a function f(z) of

the form by
D,f(x) = =) (19

where z € A* and 0 < g < 1.

From ([1.2)) for a function f(z) given by (1.1]) we get

[e.9]

-1 k—2 *
D,f(z) = e + ;[k —1]gap2""7, z € A7, (1.3)
where
1— qkfl
[k‘—l]q¢=17_C_,=1+Q+q2+--~+q'“‘2- (1.4)

also [k — 1], = k — 1 as ¢ — 1. So we conclude

lim D, f(2) = f'(2) , z € A",
q—1
see also [7, 12].
For0<g<1,0<A<1,0<a<1andg>0.
Let > (X, «, B) be the subclass of ) consisting of functions f of the
form and satisfying the condition

zﬂDJuwww%DJu»+j

MNDJ@»—;+“ff”

< B. (1.5)

2. MAIN RESULT

Unless otherwise mentioned, we suppose throughout this paper that
0<g¢g<1,0< A< 1,0<a<1andf > 0. First we state coeflicient
estimates on the class > (X, «, 8).
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Theorem 2.1. Let f(2) € }_ , then f(z) € 3_ (A, a, B) if and only if

+oo
STl - 1y ((k— 2%+ A8) a < PEFNEZ) o
k=1
and the result is sharp for G(z) given by
G = L4 LU NA—0) (22)

: k=1 (k—22+A8)

Proof. Let f(z) € Zq()\,a,ﬁ), then ((1.5)) holds true. So by replacing
(1.3) in ([L.5) we have

w1k — g(k = 2)(k — 3)ar2® + 37,5 [k — 1g(k — 2)axz*

I (14N

3 < B,
—Z SNk = 1garzk — = +
q Zk_l [ ]qk q q

or

ik — 1g(k — 2)%a2*

< B.
1+ A
BN a) - S Ak~ 1ot
Since Re(z) < |z| for all z, therefore
Ok — 14 (k — 2)%ay2*
Re k=1 1 < p.

<”qA><1 ) = S A — Ugagst

By letting z — 1 through real values, we have

io[k— 1, (k=2 + AB) q < 2LFEVA =)

k=1
Conversely, Let ([2.1]) holds true, it is enough to show that

A (Dyf(2)) + 2 (Dyf(2)) + ‘q‘

X(f) = RSN < B.
A2 (Dyf(2)) = =
X(f) = | (Daf(2)" + 2 (Daf () + 3 [—BIA2 (D f(2)) — ; + MqA)a =
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But for 0 < |z| =r < 1 we have

+oo

X(f) =D Ik = 1g(k — 2)%a2* B(IJ;A 1-a) /\Z — 1] a2
k=1

<Z — gk — 2)?|ag|r* — 6(1+A2(1_a +ZA5[k—1]q!ak!?”k

k=1

<3l 1 (06~ 27 4 28 gyt - 20ENOZ ),
k=1

Since the above inequality holds for all r (0 < r < 1), by letting r — 1
and using (2.1) we obtain X (f) < 0, and this completes the proof. [

Next we obtain extreme points and convex linear combination prop-
erty for

1) € X, 000 B).
Theorem 2.2. The function f(z) of the form belongs to Zq()\, a, B)

if and only if it can be expressed by f(z) = > po o Okfi(2), D peo Ok =
1,01 > 0,where

fo(2) :%
and B(L+ N1 —a)
z)=— i k= cee
&) = 4 k-2 g P LR
Proof. Let
:Zkak:(z)
k=
ﬁ(1+)\)(1—04)
ol +Z"’“[ N[ Y
1 - 1"‘)\)(1—@) ook
—ﬁ,; —22408) 7

Now by using Theorem [2.1{ we conclude that f(z) € > (A, «, B).

Conversely, if f(z) given by belongs to > (A, a, ), by letting

op=1-— Z,J;’(l’ o}, where

glk — 1g[(k —2)* + 28]
B(1+AN)(1—a)

we conclude the required result. O

ag, k:]-?za

O —
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1
Theorem 2.3. Let forn =1,2,--- ,m, fn(z) = f—i—zzfl’ ak.n 2" belongs
z

to D2, (A, B), then F(z) = 3700 onfn(2), is also in the same class,
where Y70 op = 1. (Hence 3 (A, a, B) is a convex set.)

Proof. According to Theorem for every n =1,2,--- ,m, we have

+oo
> k= 1g((k —2)* + AB)apy < pA+ N1 =)
n=1
But
F(Z) = Zgnfn(z)
n=1
= ZU” (1 —|—Zaknzk>
n=1 “ k=1
! m . 00 m . Zk
> on Y onay,
o n=1 k=1 \n=1
— %4-2( Onay ) 2"
k=1 n=1
Since
> k=1 ((k = 2> + A8) (D _onay,)
k=1 n=1
= o (Dl = Ua((k =22 + A8)a,
n=1 k=1
n=1
CBA+N1 ) “ B+ N1 -«
a q ;U" a q ’
then by Theorem [2.1] the proof is complete. O

3. RaDII CONDITION AND PARTIAL SUM PROPERTY

In this section we obtain radii of starlikeness and convexity and in-
vestigate about partial sum property.

Theorem 3.1. If f(z) € Eq()\,a,ﬁ), then f is meromorphically uni-
valent starlike of order ~ in disk |z| < Ry, and it is meromerphically
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univalent convex of order v in disk |z| < Rg where

Ry =inf alk— 1], (k=2 +A8) (1= ) |
. BA+N )k +2+7)

and

e
Tl
p

s alk — 1, ((k = 2)* +25) (1 =)
Bk(1+X)(1—a)(k+2+7)

Proof. For starlikeness it is enough to show that

}’?c+1\<1—7,

but
af+4 Sk + Dag | S (ke + Dagef !
f 1+E akzk+1 1— +oo ak\Z\k‘H >
or
it (b g2 <1 - — (1) 202 agl2[*,
or
s B2 g <1,

By using ([2.1]) we obtain

pon B2 o <
e BN )k +2+0a)
=gl — 1]y (k= 2)2 +A8) (1 - a)

So, it is enough to suppose

et < A== 22 4 A1 — )
- A+ N1I-a)(k+2+ )

|z|F+1 < 1.

1_77

Hence we get the required result . For convexity, by using the
Alexander,s Theorem(If f be an analytic function in the unit disk and
normalized by f(0) = f'(0) — 1 = 0, then f(2) is convex if and only
if 2 f/(z) is starlike.) and applying an easy calculation we conclude the

required result (3.2). So the proof is complete.

O
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Theorem 3.2. Let f(z) € Y, and define
S(z)—1 S(z)—l—i-mzzazk (m=2,3,--) (3.3)
1 - y POm - > - k y — 459, . .

Also suppose Z,J;’(l’ rrap < 1, where

qlk — 14 ((k = 2)* + \p)
B(1+N)(1—a) ’

Re <5{§2>) >1- xlm . Re <Sﬂz)> > _f";m (3.5)

Proof. Since Z:ﬁ zrar < 1, then by Theorem f(z) € >2,(\a,B).
k—1
Also by (1.4) we have [1](1 > 1, so
o'

(3.4)

T —

then

q ((k —2)2+ )\[3)

> , 3.6
T BN (3.6)
and {zx} is an increasing sequence, therefore we obtain
m—1 +00
Zak—i—meak <1 (3.7)
k=1 k=m
Now by putting
f(2) 1
X(z) =xm -(1-—)1, .
@ =on |4 - D) (35
and making use of ﬂ we obtain
Re <X(z)—1) 'X ‘_ xmf( )—.’L‘m S (z)
X(z)+1 + 1| |zmf(2) = 2mSm(2) + 25m(2)

Lm Z;:O az"
1 _
T Z;rfom apzk + 2(* + Z?;l)akzk

< me |ak| _ <1
2 — S0 an| = 2m 30425, lax]

By a simple calculation we get

Re (X (2)) > 0, therefore Re (X (Z)> >0,

Tm
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1
S{,E?z)’) —(1— xm)} > 0, and this gives the first

or equivalently Re [

inequality in (3.5]).

For the second inequality we consider

Sm(z)_ Tm }
f(2) 1+ z,

Y(z)—1

Y(z)+1
Y Sm

therefore Re <1—&—(Zx)m> > 0, or equivalently Re [ 7 (z) 7 i";m

and this shows the second inequality in (3.5)). So the proof is complete.

O

Y(2) = (14 20)]

and by using (3.7) we have ‘ < 1, and Hence Re (Y (2)) > 0,

> 0,

4. SOME PROPERTIES OF }_ (A, «, 3)

1
Theorem 4.1. Let f(2),9(z) € >, (A, o, ) and given by f(z) = St

::i akzk_l,
1 1
g(z) = St S bR Then the function h(z) = St S (a2 +
b2)2F1 s also in >4, @, B) where v < % - (k;;)Q.

Proof. Since f(z),g(z) € >_ (A, a, B) therefore we have

+oo [+o0 2
Sk =10y (k=224 28)] 0k < | Y [k — 1y ((k = 2)* + A8) ak]
k=1 Lk=1
[BL+N)(1-a)]”
< _ . ] , (4.1)
and
+o00 ) [+o0 2
oMk =1 (k=2 +28)] b < | D[k =g (k= 2)> + A8) bk]
k=1 Lk=1
BA+ N1 -a)]?
< _ . ] . (4.2)
The above inequalities yield us
S L ), (= 2024 08)]2 (@) < [BAENA =)
L 1l ) )

k=1
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Now we must show

+o0 2
Z [k —1]q (k—2)* + 75)]2 (a3 +b3) < [’8(1 + A;(l — O‘)] . (4.4)
k=1

But above inequalities holds if
[k = 1]g ((k =2)% +748) < § [[k = 1y ((k = 2)* + A8)],
or equivalently
2k —2)2 + 298 < (k— 2)2 + A8,

or

(k—2)?

A
Y<35~ "33

Theorem 4.2. The class (A, «, B) is a convex set.
Proof. Let

and

be in the class > (A, «, 8). For t € (0,1), it is enough to show that the
function h(z) = (1 — 1) f(z) + tg(2) is in the class > (X, «, B). Since

h(z) = % + f(u ~ Bag + the)2F L, (4.5)

then -
:Ol = 1y ((6 =22+ 39)] (1-tap-+tv) <« ZEEDEZ )
o h(z) € (e B). O
Corollary 4.3. Let f;(z) (j = 1,2, ,n), defined by f;(z) = %+

72X ak j2¥7L be in the class >_q(Na,B), then the function F(z) =
> i ¢ifi(2) ds also in 37 (N, a, B) where 375, ¢j = 1.
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5. HADAMARD PRODUCT

Theorem 5.1. If f(2),9(z) € 3_,(A, o, B) then Hadamard product of f
and g defined by

fxg(z *‘f’zakbk?«’k g

is in the class Zq(% a, B) where

o ([k—l]qq(<k—2>2+w>2 B <k—2>2)'
A1+ A)(1—a) B
Proof. Since f(2), 9(2) € ¥y(A, e, B), so by 2]
f[k—l]q ((k —2)% + AB) ax, < B(lJ“A(i(l_o‘), (5.1)
w
STlk 1y ((k—2)% + A8) by < B(HA;“_“). (5.2)
pot

We must find the smallest « such that

+oo
1+9)(1 -«
S0k 1)y (5~ 22 98) ag < TEEVLZD g
k=1 q
By using the Cauchy-Schwarts inequality we have

+oo
Sl 1l (k= 202+ 29) Ve < LIV o
k=1

Now it is enough to show that

[k = 1g ((k = 2)* +98) apby, < [k = 1q (k = 2)* +v8) Varbg, (5.5)

or equivalently
k 2) Y
vaby < EEEeE

But from

50112
Vagby < - (k)( 2)24)->\6)

so it is enough that

BUHN(—a) (k=223
qlk—1]g((k=2)2+28) — (k—2)2+7B’
[k—1]qq((k—2)*+A8 k—2)2
or Vs ( 63(1(+A)(1—a) k- 7 )
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