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ABSTRACT.

Let B be a Banach A — bimodule. We introduce the weak topo-
logical centers of left module action and we show it by Z&.. (A**).
For a compact group, we show that L'(G) = Z@(G)**(LI(G)**)
and on the other hand we have Zf(cé*) # ¢5*. Thus the weak topo-
logical centers are different with topological centers of left or right
module actions. In this manuscript, we investigate the relationships
between two concepts with some conclusions in Banach algebras.
We also have some application of this new concept and topological
centers of module actions in the cohomological properties of Banach
algebras, spacial, in the weak amenability and n-weak amenability
of Banach algebras.
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1. INTRODUCTION

Let B be a Banach A — bimodule. A derivation from A into B is a
bounded linear mapping D : A — B such that

D(zy) = xD(y) + D(z)y for all x, y € A.

The space of continuous derivations from A into B is denoted by Z!(A, B).
Easy example of derivations are the inner derivations, which are given
for each b € B by

dp(a) =ab—ba for all a € A.

The space of inner derivations from A into B is denoted by N'(A, B).
The Banach algebra A is said to be a amenable, when for every Banach
A —bimodule B, the inner derivations are only derivations existing from
A into B*. Tt is clear that A is amenable if and only if H!(A, B*) =
ZY(A,B*)/NY(A, B*) = {0}. The concept of amenability for a Banach
algebra A, introduced by Johnson in 1972, has proved to be of enormous
importance problems in Banach algebra theory, see [14]. For Banach A—
bimodule, B, the quotient space H'(A, B) is called the first cohomology
group of A with coefficients in B.

Let X, Y, Z be normed spaces and m : X XY — Z be a bounded bilinear
mapping. Arens in [1] offers two natural extensions m*** and m™***! of
m from X** x Y** into Z** that he called m is Arens regular whenever
m** = m™****_for more information see [1, 12, 19].

Recently, the subject of regularity of bounded bilinear mappings and
Banach module actions have been investigated in [6, 9, 12, 13]. In [§],
Eshaghi Gordji and Fillali gave several significant results related to the
topological centers of Banach module actions. In [19], the authors have
obtained a criterion for the regularity of f, from which they gave several
results related to the regularity of Banach module actions with some
applications to the second adjoint of a derivation. For a good and rich
source of information on this subject, we refer the reader to the Memoire
in [7]. We also shall mostly follow [4] as a general reference on Banach
algebras.

Regarding A as a Banach A — bimodule, the operation m: A x A —
A extends to 7*** and 7"**** defined on A** x A**. These extensions
are known, respectively, as the first (left) and the second (right) Arens
products, and with each of them, the second dual space A** becomes
a Banach algebra. The regularity of a normed algebra A is defined
to be the regularity of its algebra multiplication when considered as
a bilinear mapping. Suppose that A is a Banach algebra and B is a
Banach A — bimodule. Since B** is a Banach A** — bimodule, where
A*™* is equipped with the first Arens product, we define the topological
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center of the right module action of A** on B** as follows:

Zﬁ**(B**) = Z(m,) = {V" € B* : the mapd” — 7", d") : A™ — B**

T
is weak™ — weak™ continuous}.
In this way, we write Z5..(A™) = Z(m), Z%.(B*) = Z(r!) and
Zh (A*) = Z(xl), where mp: Ax B — Bandm, : Bx A — B
are the left and right module actions of A on B, for more information,
see [6, 9].

If we set B = A, we write Z4..(A™) = Z;(A*) = Z{(A**) and
Zhun (A**) = Zo(A*) = Z5(A*), for more information see [17]. Let B
be a Banach A—bimodule and n > 0. Suppose that B(™ is an n—th dual
of B. Then B™ is also Banach A — bimodule, that is, for every a € A,
b e B and b1 ¢ B"1) we define

B™a, by = (B qp(n=1)y,

(abt™  p(=y = (p™) p(n=Dg),

Let A™ and B™ be n — th dual of A and B, respectively. By [23],
for an even number n > 0, B is a Banach A™ — bimodule. Then
for n > 2, we define B B("~1) a5 a subspace of A1 that is, for all
b e B pn=1) ¢ Bn=1) and ¢(»=2) ¢ A("=2) we define

(b(n)b(n—l)’ a(n—2)> — (b(”), b(n—l)a(n—2)>‘
If n is odd number, then for n > 1, we define B™ B(~1) as a subspace
of A that is, for all b e B p(n=1) ¢ B=1) 4pq (=1 ¢ A(n—1)

we define
(b(n)b(nfl)j a(n*1)> — (b("), b(nfl)a(n*1)>_

and if n = 0, we take A® = 4 and B® = B.
So we can define the topological centers of module actions of A on
B™ similarly.

2. Weak topological center of module actions

In this section, we introduce a new concept as weak topological center
of Banach algebras, module actions and we study their relationship with
topological centers of module actions with some conclusions in the group
algebras.

Definition 2.1. Let B be a Banach A — bimodule. We define the weak
topological centers of left module action as follows:

Z%..(A™) = {d" € A* : the maping b” — a'b" is weak* —weak continuous },

7% (B*) = {b" € B** : the maping a” — b"a" is weak* —weak continuous }.
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Definition of Z}..(A*) and Z';..(B**) are similar for right module
action. If B = A, we write Z4..(A*) = Z{(A*) and Z7..(A™) =
Z7(A**), and the spaces Z§(A**) and Zj(A**) have similar definitions
with respect to the second Arens product. It is clear that Z{(A**) and
Z7(A*) for each i € {1,2}, are subspaces of A** with respect to the both
Arens products. In general, by easy calculations, we have the following
results:

(1) If Z{(A™) = A* or Z](A**) = A*™*, then A is Arens regular.
(2) Let B C A*™. Then BZ{(A*™) C Z{(A*) and Z](A**)B C
Z7(A™).
(3) If Z{(A**) = A, then A is a right ideal in A**.
(4) If ZJ(A**) = A, then A is a left ideal in A**.
(5) If Z{(A™) = Z](A**) = A, then A is an ideal in A**,
(6) If A**A™ C A*, then Z{(A*") = Z;(A*) = A*.
(7) If A™A** C A* then Z7(A™) = A**
(8) Suppose that A**A C A*. If A is left strongly Arens irregular,
then
ZUA™) = A

In the following example, we show that if a Banach algebra A is Arens
regular or strongly Arens irregular on the left, in general, Zf(A**) is not
A** or A, respectively.

Example 2.2. (1) Let A be nonreflexive Arens regular Banach al-
gebra and ¢” € A** be a left unite element of A**. Then
Z{(A*) # A**. Since ¢f* = ¢ and Arens product in c¢f* co-
incide with the given natural product in £°°, ¢* is unital. Thus
ZHetr) #

(2) Suppose that G is a locally compact group. Then by notice to
[21], we know that in spacial case, M(G) is left strong Arens
irregular, but Z{(M(G)**) # M(G)**.

(3) By ([4], Example 3.6.22(i)), we know that ¢y is Arens regular,
and so Z1(ci*) = ¢, but we claim that Z{(c§*) = cp. Indeed
cy" = £°° with the point-wise product. We can identity £>° with
C(PN) the continuous functions on the Stone-Cech compacti-
fication, and then we find that (¢*°)* = M (SN) the measure
space, and so the weak topology center is those f € C(pSN)
with fu € ¢! for all u € M(BN). By considering point masses
in M(PN) (ultra-filter limits along N), it is easy to show that
f € co.

Definition 2.3. Let A be a Banach algebra. The subspace of A™**
annihilating A will be denoted by A+ = {a” € A*** . a" | 4= 0}.
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Theorem 2.4. Let A be a Banach algebra. Then we have the following
assertions.
(1) If A is a left ideal in A**, then A C ZfN(A**) N Zé(A**).
(2) If A is a right ideal in A™, then A C Z7(A™) N Z5(A™).
(3) If A is an ideal in A™, then A C ZHA™) N ZE( AN ZT(A*) N
Z5(A*).
(4) If A is a left (fesp. right) ideal in A™ and A™ has a left (resp.
right) unit in Z{(A**) (resp. Zj(A**)), then A is reflexive.

Proof. (1) Assume that (al), € A*™ and a, WS o, Let o’ € A***.
Since A** = A* @ AL, there are ¢’ € A* and t € AL such that

a” = (d’,t). Then for every a € A, we have
<a///7 aag) = <(CLI, t)7 aa/o/z> = <(ICLZ, (1/>

"

— {ad”,d")y = (", aad").

It follows that A C Z{(A**). Since for every a € A and a” € A*™,
we have aa” = aoa”, similarly it follows that A C Z§(A**). Thus
the result holds.

(2) The proof similar to (1).

(3) Obvious.

(4) Let e € Z{(A*) be an unit element for A**. Set a" € A** and
(a?)q € A* such that a Y3 @”. Since A = A* @ AL, there
are a’ € A* and t € A+ such that o = (d/,t). Thus

<a///7ag> = (a/",eag) = <(a/?t)7eag¢> = <ea/o/ua/>

- (6@”, a/> — <al//’all>.

It follows that a” % a”. Hence A is reflexive.
(]

Corollary 2.5. Let A be a Banach algebra. Then we have the following
assertions.

(1) If A is a left ideal in A** and left strongly Arens irreqular, then
Z{(A™) = A, and so A is an ideal in A™.

(2) If A is a right ideal in A*™* and right strongly Arens irregular,
then Z(A*) = A, and so A is an ideal in A**.

(3) If A is an ideal in A*™* and strongly Arens irreqular, then Z{(A*) =
Z7(A™) = A.

(4) If A is a left (resp. right) ideal in A** and A** has a left (resp.
right) unit in Z{(A*) (resp. Zj(A**)), then A is reflexive.

Proof. By using Theorem 2.4, the proof holds. U
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Example 2.6. (1) Let G be a compact group. By using [16], we
know that L'(G) is a strongly Arens irregular and L'(G) is an
ideal in its second dual. Then by using the preceding corollary,
we have L'(G) = Z{(LY(G)™) = Z] (LY (G)*™).

(2) Let G be a locally compact group. Then, in general, by the
preceding corollary, M (G) is not a left or right ideal in its second
dual.

Theorem 2.7. Let B be a Banach A — bimodule. Then for every even
number n > 2, we have the following assertions.

(1) Zﬁl(n)(B(n—H)) B+ if and only if ZA(n>(B(”)) = B0,
(2) 2%, (AHD) = ACHD i and only if Zj(A™) = A™),
(3) 27,y (ATD) = AT if and only if Z{(AM™) = AM).
(4) Z4. (ACFDY = A if and only if A(n)(B(n ) =B,

Proof. 1) Suppose that Z¢ ) (B™D) = B+ and (™ ¢ B™. We
show that the mapping a(™® — (b is weak* — weak continuous.
Assume that (a (")) C A such that o' “s a(™. Then for all b+1 ¢
B0+ | we have b+ Dg{" % p(+D g™ Tt follows that
D qMpM)y = (pntD) () )y
— (b D) pn)y
= ("D q(Mpm)y,

Thus we conclude that (™ e Z ) (BM),
The converse is the same.
Proofs of (2), (3) and (4) similar to (1). O

Example 2.8. Let A be a non-reflexive Banach space and let (f,x) =1
and || f|| <1 for some f € A* and x € A. We define the product on A
by ab = (f,b)a. It is clear that A is a Banach algebra with this product
and it has right identity x. By easy calculation, for all ' € A*, a” € A**
and a” € A**, we have

d'a=(d,a)f,
d'a — <a//’ f>a’,
a///a// — <a//7a//><.,f>'
Therefore we have Z¢ e (A**) # A**. So by Theorem 2.7, we have
Similarly, if we define the product on A as ab = (f,a)b for all a, b € A,

then we have Zt per (A***) = A*** By using Theorem 2.7, it follows that
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Theorem 2.9. Let n > 0 be an even number and let B be a left
(resp. Tight) Banach A — module such that A™=2) B C B(=2) (regp.
B A(n=2) c gn=2))
(1) Then A("=2) C Zé
(2) If B™ has a left (resp. right) unit element in Z*

L B(n)
Z 5w (AM)), then A is reflezive.

(3) If An=2) ¢ B(=2) and A=2) is left (resp. right) Arens irrequ-
lar, then

(n)(A(”)) (resp. An=2) C Z;(n) (A("))).
(A™) (resp.

A2 = 78 (A™) (resp. AD =77 (AM)).

Proof. (1) Assume that (b&n))a C B™ such that 6" 5 ™ in B™.
Let b(tD) ¢ B+l Since Bt = B—1) g BL there are
b= ¢ B(=1) and t € B+ such that b+ = (b(»=1) ). Then
for every a("=2 e A("=2) we have

<b(n+1)’ a(n—Q)b((xn)> _ <(b(n_1),t), a(n—@b&n))
_ (a2 pn-)

— (a=2p) pn=1))
= (b g2y,

It follows that A2 c Z¢  (A™).

(2) The proof is clear.

(3) Since A2 ¢ B2, Z¢ (AM) C Z,(AM) = A"~ Thus
by using part (1), since Zé(m(A(”))) - ng(n) (A™)), we are
done.

U

Example 2.10. Let G be a compact group. We know that L'(G) C
M(G) and LY(G) is an ideal in M (G)**. Since L(G) is strongly Arens
irregular, by preceding theorem, we conclude that

Zir(ey(LHG)™) C Zyyay (LHG)) € Z{(LHG)™) = LY(G).

By Theorem 2.9, we have L' (G) C Zﬁ/I(G)** (L'(G)**). Thus we conclude
that

LY(G) = Zyy gy (LH(G)™).
It is similar that

LY(G) = Zyy gy (LH(G)™).
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3. Weak amenability of Banach algebras

A Banach algebra A is said to be a weakly amenable, if every deriva-
tion from A into A* is inner. Similarly, A is weakly amenable if and
only if HY(A, A*) = Z'(A, A*)/N'(A, A*) = {0}. The concept of weak
amenability was first introduced by Bade, Curtis and Dales in [2] for
commutative Banach algebras, and was extended to the noncommuta-
tive case by Johnson in [15]. In every parts of this section, n > 0 is an
even number.

Theorem 3.1. Assume that A is a Banach algebra and Z{(A™) =
AM where n > 2. If AM s weakly amenable, then AM™2) is weakly
amenable.

Proof. Suppose that D € ZI(A(”_2), A(”_l)). First we show that

D" e Zl(A(n)7A(n+l))
Let a™, b € A™ and let (a&nﬂ))a, (bghm)ﬂ C A2 such that
a5 o™ and b/(B"72) 3 (). Since ZHAM) = A we have

1i£n lién a&"_z)D(b(Bnﬁ)) = a™ D" (b)),

On the other hand, we have
1i£n lién D(a((l"_m)b(ﬁnfm = D" (a™)p™.

Since D is continuous, we conclude that

D//(a(n)b(n)) = n;n hén D(a&n—z) b(6n72))
= li;n lién a&”—%D(bé"*?)) + thxn lién D(a((;z—Q))b(ﬂnfz)

= a™ D" (™) + D" (a™M)p™,

In the above equalities, the convergence are with respect to weak*
topology. Since A" is weakly amenable, D" is inner. It follows that
D"(a™) = a™ a1 _q(+1) () for some a1 € A+ Set a1 =
a™th) | g(n—2) and

a"2 ¢ A("=2) Then

D(a(n—Q)) _ D//(a(n—Z)) _ a(n—Q)a(n—l) _ a(n—l)a(n—Q) _ 5a(n_1)(a(n—2)).

Consequently, we have H' (A2 A=1)) = 0, and so A2 is weakly
amenable. O
Corollary 3.2. Let A be a Banach algebra and let wap,(A™—1) € A

whenever n > 1. If A™ s weakly amenable, then A2 is weakly
amenable.
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Proof. Since wapy(A"—D) € AM™ Z{AM™) = A Then, by using
Theorem 3.1, proof holds. U
Corollary 3.3. Let A be a Banach algebra and Z* 4y (A+D)) = A(HD)
wheren > 2. If A™ is weakly amenable, then A2 is weakly amenable.
Corollary 3.4. Let A be a Banach algebra and let D : A"=2) — A(n—1)

be a derivation where n > 2. Then D" : A s A1) e o derivation
when Z{(AM) = A,

Theorem 3.5. Let A be a Banach algebra and let B be a closed subal-
gebra of A™ that is consisting of A2 where n > 2. If Z{B) = B
and B is weakly amenable, then A™2) is weakly amenable.

Proof. Suppose that D : A2 — A1) ig a derivation and p :
A+ 5 B* is the restriction map, defined by P(a(®t1)) = o+ |5
for every a1 € A"t Since Z{(B) = B, D = PoD" |g: B — B’
is a derivation. Since B is weakly amenable, there is b’ € B* such that
D = 6y. We take a® D =¥/ | s(n-2), then D = D on A(=2) " Conse-
quently, we have D = §,n-1). O
Corollary 3.6. Let A be a Banach algebra. If A***A** C A* and A is
weakly amenable, then A** is weakly amenable.

Proof. By using Corollary 2.4 and Theorem 3.2, proof holds. U

Corollary 3.7. Let A be a Banach algebra and let Zf(A(”)) be weakly
amenable whenever n > 2. Then A™~2) s weakly amenable.

Theorem 3.8. Let B be a Banach A — bimodule and D : A™ —
Bt be a derivation for n > 0. If Z¢ ymie)(BU2)) = B2 then
D" : Ant2) 5 B(n+3) s g derivation.
Proof. Let a2, yn+2) ¢ A+ and let (z8V),, (yén))ﬁ c A
such that 2™ 5 z(*+2) and yén) &N y™t2) in A"+2) " Then for all
bE”“‘Q) € B2 we have b(n+2) ") & p(nt2) 4 (n+2), Consequently, since
Z€A<n+2>(B("+2)) = B("+2) e have
<$((1n)D”(y(n+2)), b(n+2)> _ <D”(y("+2)), b(n+2)1‘((ln)>
N <D//(y(n—&—2))7 b(n+2)x(n+2)>
_ <$(n+2)D//(y(n+2))’ b(n+2)>_
Also we have the following equality
(D" (& 2)y D) = (D" (2 ), b))
. <D//(x(n+2)), y(n+2)b(n+2)>
_ <D//(x(n+2))y(n+2)’ b(n+2)>
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Since D is continuous, it follows that

D;/(x(n+2)y(n+2)) = lim 1jén D(x&")y("))

= lim lién x&")D(y(n)) + lim lién D(x&"))yén)
_ x(”+2)D”(y(”+2)) + D//($(n+2))y(n+2).
O

Corollary 3.9. Let B be a Banach A—bimodule and Z'..(B**) = B**.
If HY(A, B*) = 0, then H'(A™, B***) = 0.

Corollary 3.10. Let B be a Banach A — bimodule and ZNZA**(B**) =
B**. If D: A — B* is a derivation, then D"(A**)B** C A*.

Proof. By using Theorem 3.8, Corollary 3.3 and [19] proof holds. O

4. Cohomological properties of Banach algebras

Let A be a Banach algebra and n > 0. Then A is called n — weakly
amenable if H'(A, A™) = 0, and is called permanently weakly amenable
when A is n—weakly amenable for each n > 0. In [5] Dales, Ghahramani,
and Gronbaek introduced the concept of n-weak amenability for Banach
algebras for each natural number n. They determined some relations
between m- and n-weak amenability for general Banach algebras and for
Banach algebras in various classes, and proved that, for every n, (n +
2)- weak amenability always implies n-weak amenability.

Theorem 4.1. Let B be a Banach A — bimodule and let n > 1. If
Hl(Aa B("+2)) =0, then HI(A,B(”)) =0.

Proof. Let D € Z'(A, B™) and i : B™ — B(+2) be the canonical lin-
ear mapping as A — bimodule homomorphism. Take D = ioD. Then we
can be viewed D as an element of Z1(A, B("2)). Since H!(A, B"+2)) =
0, there exist b("1t2) ¢ B("*2) guch that

ﬁ(a) _ ab(n+2) _ b(n+2)a’

for all a € A. Set a A — linear mapping P from B2 into B(™
such that Poi = Igm). Then we have PoD = (Poi)oD = D, and so
D(a) = PoD(a) = aP (b)) — P(b("+2))q for all a € A. It follows that
D € N'(A, B™). Consequently H'(A, B™) = 0. O

Theorem 4.2. Let B be a Banach A—bimodule and D : A — B®") be g

continuous derivation. Assume that Zg(Qn)(B@”)) = B®") . Then there

is a continuous derivation D : A" — B2n) sych, that D(a) = D(a) for
alla € A.
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Proof. By using Proposition 1.7 from [5], the linear mapping D" : A** —
B(+2) is a continuous derivation. Take X = B(*"~2) Since Z g2y (X*) =
Z gy (BPM) = B") = X** by Proposition 1.8 from [5] the canoni-
cal projection P : X® — X** is a A* — bimodule morphism. Set
D = PoD". Then D is a continuous derivation from A** into B2,
Now by replacing A** by A and repeating of the proof, result holds. [

Corollary 4.3. Let B be a Banach A — bimodule and n > 0. If
7! omy (BC™M) = BCM and H' (AC+2), BEH2)) = 0, then H'(A, B®M) =
0

Proof. By using Proposition 1.7 from [5] and preceding theorem the
result holds. O

Corollary 4.4. [5]. Let A be a Banach algebra such that A" is Arens
reqular and H'(AC"+2), AC+2)y = 0 for each n > 0. Then A is 2n —
weakly amenable.

Assume that A is Banach algebra and n > 0. We define A" as a
subset of A as follows

Al — {arag...an : a1,as,...a, € A}.
We write A" the linear span of A as a subalgebra of A.

Theorem 4.5. Let A be a Banach algebra and n > 0. Let A" dense
in A and suppose that B is a Banach A —bimodule. Assume that AB**
and B** A are subsets of B. If H'(A, B*) = 0, then H'(A, B?"+1) =0,

Proof. For n = 0 the result is clear. Let BT be the space of functionals in
B+ which annihilate i(B) where i : B — B(®" is a natural canonical
mapping. Then, by using lemma 1 [23], we have the following equality
B(QTH—l) — Z(B*) D BJ_7
it follows that
HY (A, By = HY(A4,i(B*)) ® H'(A, BY).

Without lose generality, we replace i(B*) by B*. Since H'(A, B*) = 0,
it is enough to show that H'(A, B*) = 0.

Now, take the linear mappings L, and R, from B into itself by L,(b) =
ab and R,(b) = ba for all a € A. Since AB* C B and B*A C B,
L") = ab” and R*(V') = bV'a for every a € A, respectively. Conse-
quently, L, and R, from B into itself are weakly compact. It follows that
for each a € A the linear mappings Lg%) and R((f") from B into B™
are weakly compact and for every 62" € B(2%)  we have LELQ”)(b(Z”)) =
ab® € B@n=2) and R (5) = p)q € B2 Set ay, ay, ..., an €
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A and 5@ € B2") Then ajas...and® and b?Vayas...a, are belong
to B. Suppose that D € Z'(A, B*) and let a,z € A" Then for every
b2 e B2 since b (2" q € B, we have the following equality

(D(az),b®V) = (aD(z), b)) + (D(a)z, b))

= (D(z),b®a) + (D(a), zb®™) = 0.
It follows that D |4p2m= 0. Since A" dense in A, D = 0. Hence
H'(A, BY) = 0 and result follows. O

Corollary 4.6. (1) Let A be a Banach algebra with left bounded ap-
proximate identity, and let B be a Banach A—bimodule. Suppose
that AB** and B**A are subset of B. Then H'(A, B@"+1) =0
for all n > 0, whenever H'(A, B*) = 0.

(2) Let A be an amenable Banach algebra and B be a Banach A —
bimodule. If AB** and B** A are subset of B, then H'(A, B®"+1)) =
0.

Example 4.7. Assume that G is a compact group.
(1) We know that L*(G) is M (G)—bimodule and L*(G) is an ideal in
the second dual of M(G), M(G)**. By using corollary 1.2 from
[18], we have HY(L'(G), M(G)*) = 0. Then for every n > 1, by

using preceding corollary, we conclude that

HYLYG), M(G)®n+h)) = 0.

(2) Since L'(G) is an ideal in its second dual , L!'(G)**, by using
[15], L}(G) is a weakly amenable. Then by preceding corollary,
LY(G) is (2n + 1) — weakly amenable.

Corollary 4.8. Let A be a Banach algebra and let A" be dense in A.
Suppose that AB** and B**A are subset of B. Then the following are
equivalent.

(1) HY(A,B*)=0.

(2) HY(A,B®"t1) =0 for somen > 0.

(3) HYA,B®"t1)) =0 for each n > 0.

Corollary 4.9. [5]. Let A be a weakly amenable Banach algebra such
that A is an ideal in A**. Then A is (2n + 1) — weakly amenable for
each n > 0.

Proof. By using Proposition 1.3 from [5] and preceding theorem, result
holds. O

Assume that A and B are Banach algebras. Then A$ B , with norm
I (a,0) [I=llall+ 101,
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and product (aj,by)(az,b2) = (ajag,biby) is a Banach algebra. It is
clear that if X is a Banach A and B — bimodule, then X is a Banach
A& B — bimodule.

In the following, we investigated the relationships between the cohomo-
logical property of A @ B with A and B.

Theorem 4.10. Suppose that A and B are Banach algebras. Let X be
a Banach A and B — bimodule. Then, H'(A® B, X) = 0 if and only if
HY (A, X)=HYB,X)=0.

Proof. Suppose that H'(A@® B, X) = 0. Assume that D; € Z!(A, X)
and Dy € Z1(B, X). Take D = (D1, D). Then for every aj,as € A and
b1,by € B, we have
D((a1,b1)(az,b2)) = D(araz, bibz) = (D1(araz), D2(b1b2))
= (a1D1(az2) + D1(a1)az, by Da(b2) + Da(b1)b2)
= (a1D1(az),b1D2(b2)) + (D1(a1)az + Da(b1)bz)
= (a1,b1)(D1(az), D2(b2)) + (D1(a1), D2(b1))(az, b2)
= (al, bl)D(CLQ, bg) + D(al, bl)(ag, bg)

It follows that D € Z'(A @ B, X). Since H'(A & B, X) = 0, there is
r € X such that D = §, where §, € N'(A® B, X). Since 6, = (3.,52)
where 61 € N1(4, X) and §2 € N1(B, X), we have D; = 6. and Dy = §2.
Thus H'(A, X) = HY(B,X) = 0.
For the converse, take A as an ideal in A® B, and so by using Proposition
2.8.66 from [4], proof holds. O

Example 4.11. Let G be a locally compact group and X be a Banach
LY(G)—bimodule. Then by [5], pp.27 and 28, X** is a Banach L!(G)** —
bimodule. Since L'(G)** = LUC(G)* @ LUC(G)*, by using preceding
theorem, we have

Hl(Ll(G)**,X**) -0
if and only if HY(LUC(G)*, X**) = HY(LUC(G)*, X**) = 0.
On the other hand, we know that L'(G)** = LY(G) @ Co(G)*. By
[15], we know that, H'(L'(G),L°(G)) = 0. Then by using preceding
theorem, H'(L'(G)**, L>(G)) = 0, if and only if H'(Co(G)*+, L®(G)) =
0.
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