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positone systems involving nonlocal operator.

Keywords: Sub-Supersolution, Infinite semipositone systems, Sin-
gular weights, Kirchhoff-type.

2000 Mathematics subject classification: 35J55; Secondary 35J65.

1. INTRODUCTION

We study the existence of positive solutions to the singular infinite semi-
positone system

fMl(fQ |Vuypdx) div(|z|~P|Vu|P~2Vu)
0%, sea
My ( Jo IVoltda ) div(|z| 54| Voj=2Tv) w1)
= |a|~FHaTe (auT 1 — fo(u) — %)7 z€Q,

v=e=h x € 09,
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where Q is a bounded smooth domain of RN, N > 3 with 0 € Q,
N-—-p N —q
,0< 8 <

ai,az,bi,bs, c1,co are positive constants and

fi :[0,00) — R, i = 1,2, are continuous functions and M; : [0, 00] — R*,
i = 1,2, aside from being continuous and nondecreasing functions and
0 < Mo < M;(t) < M; for all t € [0,00), verify:

M;(t2) _ M;(t1)
Er

1<pg< N,0< a<

» 71,72 € (0,1), and

(H) There exist ta > t; > 0 such that , see ([10]).
t

A typical example of a function satisfyian this condition is M;(t) =
M;o+ati = 1,2 with a > 0 and for all ¢t > 0. We make the following
assumptions:
(A1) There exist L > 0 and b > 1 such that f;(u) < Lu®, for all u > 0
and 1 =1, 2.
(A2) There exists a constant S* > 0 such that max{ajuP~!—f1 (v), agv? 1 —
fa(u)} < 8%, for all u,v > 0.
A simple example of f; satisfying these assumptions is f;(u) = ub,i = 1,2
for any b > 1.

System (1.1) is related to the stationary problem of a model intro-
duced by Kirchhoff [12]. More precisely, Kirchhoff proposed a model
given by the equation

2 N-2
tl

2 L 2 2
0“u B (Po E ou dx)(? u _ 0. (1.2)

Poer ~ \'n " 2L Jy loxl ") 022

where p, Py, h, E are all constants. This equation extends the classical
D’Alembert wave equation. A distinguishing feature of equation (1.2) is

. . P Lyou .
that the equation has a nonlocal coefficient — + — —’ dx which
h 2L 0 8.’1}'
1 [Lou2 .
depends on the average o 8—‘ dx; hence the equation is no longer
0 X

a pointwise identity. we refer to [19] for additional result on kirchhoff
equations.In recent years ,there has been considerable progress on the
study of nonlocal problems,(see [15, 17, 18]). Nonlocal problems can
be used for modeling, for example, physical and biological systems for
which u describes a process which depends on the average of itself, such
as the population density. On the other hand, elliptic problems involving
more general operator, such as the degenerate quasilinear elliptic oper-
ator given by —div(|x|~*?|Vu[P~2Vu), were motivated by the following
Caffarelli, Kohn and Nirenberg’s inequality (see [4, 16, 21]).
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The study of this type of problem is motivated by its various appli-
cations, for example, in fluid mechanics, in newtonian fluids, in flow
through porous media and in glaciology (see [3], [7]). So, the study of
positive solutions of singular elliptic problems has more practical mean-
ings. Let F'(h, k) = athP~L — fi(k) — 2, and G(h, k) = ask?™ — fo(h) —

k,%' Then lim F(h,k) = lim G(h,k) = —oo, and hence we
(h,k)—(0,0) (h,k)—(0,0)

refer to (1.1) as an infinite semipositone system. In [13] the authors
discussed the single problem (1.1) when Mi(t) =1, a =0, p = ¢1 = 2,
and see [20] for the single equation case when M;j(t) = 1. Here we fo-
cus on further extending the study in [20, 13] for infinities semipositone
Kirchhoff type systems involving singularity. Our approach is based on
the method of sub-supersolutions, see [5, 8].

2. MAIN RESULT

In this paper, we denote by Wol’p(Q, |z|~P), the completion of C§°(2),
1

with respect to the norm |u| = </ |z| =P |Vu|Pdzx " To precisely
Q

state our existence result we consider the eigenvalue problem

{ —div(ja| [V TIV) = A TG, a e Qg g

For r =p, s = a and t = ¢y, let ¢1, be the eigenfunction correspond-
ing to the first eigenvalue Ay, of (2.1) such that ¢1,(z) > 0 in Q and
|61,pllc = 1 and for r = ¢, s = f and t = ¢, let ¢1 4 be the eigenfunction
corresponding to the first eigenvalue A 4 of (2.1) such that ¢ 4(z) > 0

OP1,r
in ©, and ||¢14]/oc = 1 (see [14, 22]). It can be shown that o1, <0

n
on 0f2 for r = p, q. Here n is the outward normal. We will also consider
the unique solution (¢,(),{,(x)) € Wo(Q, |z|7P) x Wo(K, |z|~P9) for
the system

—div (2|~ P| VG, P2V, = [al-@H Itz e,
—div(\x|_5q|VCq|q_2V(q) = |1:]_(5+1)q+‘32, T € €,
szngoa xGaQ,

to discuss our existence result. It is well known that (,(z) > 0 in Q and

8%(:8) < 0 on 09, for r = p, q (see [14]).
n

A pair of nonnegative functions (¢1,12), (z1,22) is called a sub-
solution and super-solution of (1.1) if they satisfy (¢1,%2) = (0,0) =




On a class of Kirchhoff type systems 31

(21, 22) on 0N and

M1< / |V¢1|pd:v) / 2| =P |V P2V, - Vwda:
Q Q

_ b
S/ |~ CFDPr (@t — 1 (1) — —p Jwd,
Q 1/’1

M2</Q|Vz/;2]qd:c)/Q\x]_ﬁq\quQ\q_2V¢2.dem

_ b
ngr”mﬁ%@%l—ﬁWD—fpmm
2

Ml(/ |Vz1\pda;>/ 2| 7P|V 21 [P~V 21 - Vwdz
Q Q
_ b
> [ el P @™ ) - s,
Q 21

Mg(/ |V22\qu>/ 2| 7P|V 25|92V 29 - Vwdz
Q Q

. o b
2 / |l" (B+1)(I+ 2(@22% 1 — fQ(Z]_) — Zi,i)ﬂ)dfﬁ,
Q 2

forallw e W ={w € C°(N) | w > 0,z € N}.

A key role in our arguments will be played by the following auxiliary
result. Its proof is similar to that presented in [6], the reader can consult
further the papers [1, 2, 11].

Lemma 2.1. Assume that M : Rg — RT is continuous and increasing,
and there exists mo > 0 such that M(t) > mq for all t € R}. If the
functions u,v € WyP(Q, |z|~*P) satisfy

M(/ |x|ap\Vu|pdx)/ || P|Vul|P~2Vu - Vodx
Q Q

< M(/Q ]aﬁ\*o‘p|Vv\pdx> /Q |z|~*P| VP2V - Vda

for all o € Wy P(,|z|~°P), ¢ >0, then u < v in €.
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From Lemma 2.1 we can establish the basic principle of the sub-and
supersolution method for nonlocal systems. Indeed, we consider the fol-
lowing nonlocal system
—Mi( [q ]Vu|pd:v>div(|x]_“p|Vu|p_2Vu) = ||t Drteip(z u,0), x€Q,
—Ms( [q ]Vv|qu)div(|$\_5q|Vv|q_2Vv) = |z|~ BVt gz u,v), x€Q,
u=v=0, x € 090,
(2.2)
where Q is a bounded smooth domain of RN and h,k: Q2 x RxR — R
satisfy the following conditions:
(HK1) h(z,s,t) and k(z,s,t) are caratheodory functions and they are
bounded if s,t belong to bounded sets.
(HK?2) There exists a function g : R — R being continuous, nondecreas-
ing, with g(0) = 0, 0 < g(s) < ¢(1 + |s|™{P9}) for some ¢ > 0, and
applications s — h(x,s,t) + g(s) and t — k(z,s,t) + g(t) are nonde-
creasing, for a.e x € €.
If u,v € L>®(Q), with u(z) < v(x) for a.e x € Q, we denote by [u,v]
the set {w € L*(Q) : u(z) < w(x) < v(x) for a.e x € Q}. Using
Lemma 2.1 and the method as in the Proof of Theorem 2.4 of [14] (see
also section 4 of [5]), we can establish a version of the abstract lower
and upper-solution method for our class of the operators as follows.

Proposition 2.2. Let M; : Rar — RT, i = 1,2, are two continuous
and increasing functions 0 < M; < M;(t) < M, for all t € RT.
Assume that the functions h, k satisfy the conditions (HK7) and (HK3).
Assume that (u,v), (u,v) are respectively, a weak subsolution and a weak
supersolution of system (2.2) with u(z) < u(x) and v(z) < v(z) for
a.e x € Q. Then there exist a minimal (us,vs) (and, respectively, a
mazimal (u*,v*) ) weak solution for system (2.2) in the set [u,u] x [v, v].
In particular, every weak solution (u,v) € [u,u] X [v,V] of system (2.2)
satisfies ux(z) < u(z) < u*(z) and vi(x) < v(z) < v*(x) for a.e x € Q.

p—1
Theorem 2.3. Assume if a1 > M <L> AMp,
p—1+4+m

q—1
a ) Mg, then there exists ¢ > 0 such that if

as > M27oo <7
qg—1+7
max{by, b2} < ¢, then the system (1.1) admits a positive solution.

Proof. We start with the construction of a positive subsolution for (1.1).
To get a positive subsolution, we can apply an anti-maximum principle
(see [9]), from which we know that there exist a §; > 0 and a solution
zy of

{ —div(|z| 7| V2|" 2V z) = |z| -Gt (A1 — 1), e Q,

z=0 x € 09, (23)
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for A€ (A1, A1y +01), for r=p,q, s=a,p and t = ¢1, cp.

. -1
Fix )\1 S ()\LP, min {(W)p_lal, )\17p + 51} ) and
p
. —1
Ay € ()\17(17 min {(qu)qlag, )\17,1 + 61} )
Let 0; = ||z || for i = 1,2. It is well known that zy ,z¢ > 0in 2 and
aZX aZX
5 L 3 2 < 0 on 01, where n is the outer unit normal to Q). Hence
n n
there exist positive constants e, d, 0}, o4 such that
2|~ Vg |" 2 €, z€ Qs, (2.4)
Z):i >0p, XE Qo = Q\m, (25)

with r = p,¢; s = a,3; i = 1,2 and Q5 = {z € Q | d(z,00)
6}. Choose 71,12 > 0 such that n; < min|z|~TD* and 7,
max |z| =D in Qs, for r = p,q, s = a, B and t = ¢1,¢co. We con-
struct a subsolution (t1,12) of (1.1) using zy , 2y . Define (¢1,12) =

<M(p7+ My e (= + 72),2;*””2), where
p 1 q 2

<
>

1
p U=vD@=1 \ p—pt1
9 p—l+7
Ml’oo (q71+72> 91
qb ’
q—1+72

M:min{

1
p (=72)(e=1) b—q+1
p =142
Moo (52557 ) b

pb )

Loy

1
p(p—1) b—p+1

—1 ~
(5 )6y [ ()" oy~ Mok

b _gb
qg—1+72 9 q—1+72
2

q
1
1 'Z(li—l) 1+ q—1 R b—q+1
— _ + —
(qu)HQq 72 |:<q q’YQ) a2_M2,oo)\2i|
b —pb '
(m) pr—1+m

P 1

Let w € W. Then a calculation shows that
1-m

_ p—1+v1 R
Vi = MZX1 vle’
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- —2
Ml(/ |V¢1|pd$>/ |z[ PV [PV - Vwd
Q Q
A—v1)(p=1)
< M, OOMP_I/ x| 7Py P |Vzy p_2VzX Vwdz
’ Q A1 1 1
A=v1)(p—1) A=) (p—1)
AP—1+’Y1 w d.%'

p_QVzXI V(lep_lﬂl w) — (Vz}\l

= My o P! / 2P|V 2y
Q

(I=vyp(p=1)

= My o MP! “x!f(o‘ﬂ)p“lz P (Xlzpfl - 1)
? Q A1 A1
| —ap(l_’yl)(p_l) |szlp d
p ’Yl 2,’13714”‘{1
A1

(I—7)—1)

p(p—1)
- M |: T —(a+1)p+cr MP=Ix, 22y —(a+1)p+eci MP—Ll, P
1o [ [l 2T g N
_‘x|—041?Mp—1(1—71)(p—1) Vax, 1P wdax
p—14+m ‘l—p:ﬂfﬁ ’
29
(2.6)
and
—(a+1)p+er p—1 by
|| a1y — fi(Ye) — —5 |wdz =
Q Uy
p(p—1)

|:|x‘*(a+1)17+01a M1 (p —1+m )p_lzpilJr’yl
Q ' P M
q—1+2 Wgﬁ)

_ ||~ (@t D)pter (
|z fil M( - 5
b
el | wda. (2.7)
Mmn (M)’y L P
p by
Similarly
MQ(/ |V¢2|ng;> / || 09| Vo | T2 Vipo Vanda
Q Q
q(g—1)
< Moo [, |xy—(5+1)q+02Mq_1)\2252_1+72 B
(1—v2)(g—1) »
|x’7(/8+1)Q+C2Mq71ZA‘11217+?Y2 _ ’x‘,ﬁqu,l (I—=72)(g—1) |VZ{2\§| i,
A2 q— 1+’}/2 qu—l-Mz
A2

(2.8)
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and

/ |x’_(ﬂ+1)‘I+(32 |:a2,¢12]1 _ f2(7,[}1) /(/}72
q(g—1)

_f [|x| (B+1)a+ez g, ppa— 1(q 1+vz)q’1zq;1+wz

] wdzx

q A2

||~ B+ Dater f, (M (m)zm> (2.9)
p M
—’x‘*(ﬁJrl)quCz b | wda
M2 (M) L1
q )\”2

Let ¢ = min {Ml MP—1+m (I—y)p—1) <p— 1 +71>71i
- 2’

p—1+4+m p
M M 1472 (1=2)(g—1) (Q*1+’Y2)’Y2L
q—1+2 q n2’
A4P Hnop—1 v —1 p—1 .
) (p p+ 71> 105[(1’;’71) ay _MLOOM}’

1
M1+ (g—14v \7? _q[(g=1472\? .
. (q - vz) o! % ay — My soXa| ¢

First we consider the case when z € Q5. We have |z|7*P|V¢y,| > €

_ p—1 .
on 5. Since M o (#) A1 < aj, we have
p—1+m

p(p—1)
| ~OFIPEELN oo M X 2

p(p—1)

< |x’_(a+1)p+clalMp_1 (Zﬂ)p_lzzzfﬂrvl (2.10)
< ;. 7 ’
and from the choice of M, we know that
3 p (=1DE-1)
LMb7p+162<171+72 < Mloo(L> 91 p—1+v1 ' (211)
I Al S i
A=y (p=1)
By (211) and (Al) we have _|x|_(a+1)p+01Ml,ooMp_12X p—1+71
1
b
< 7’x|_(a+1)p+C1LMb(m>bzq:f7+vg
q Xy
-1 _q
< —|x|—(a+1)p+01 f1 (M(qu)z;;*” ) (2.12)

Next, from (2.4) and definition of ¢, we have

b1

|x|—apM1 OoMp—l (1 —71)( )|v |p > |x|—(a+1)p+c1 — ’
) M (p7p+71 )’Yl

p—1+m
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and
(1—m)p—1)Vag P

Y1P

p—1+m L PoLEL

AL 2!

X1
— (o c by
< —|z| (ot lpte — (2.13)
p—1lr7 p—1+71
an () e
Hence by using (2.10) , (2.12) and (2.13) for b; < ¢, we have
Ml( / lelpdx) / ||V [PV - Vwda
Q (o
_ (p—
< / [|x|—<a+1>p+clalMp—1(M)p L
- Ja; p A
—1 + %
_ |y~ (a+D)pter ( (u) a 1+72>_
|z fi(M . 2
||~ (et Dpten b _ }wdaj
M (P—1+’y1 )71211—1+v1
P X1
= / || (et pten [aﬂbf—l — fi(i2) — 71}wal:z:. (2.14)
Qs (0
Similarly
Mo [ 19wt [ G0l - Vs
Qs
1 a(g—1)
<f “ﬂ (B+1) ate2 g MI~ 1<q 1+72)q 123_1“2
q Xo
- —1+m\ =
_ (B+1)g+c2 < (7) P +71>_
|| f2( M 5 2y
|~ (B+Dater br Jwde
M2 <¢I—1+’Y2 )VQZqiuw
q Xo
_ . _ b
= /Q | =Pt [a2¢g Y= o) — %}wdw. (2.15)
5 2

On the other hand, on Qg = Q\Qs, we have z5, = Op and z5, = Oqs
for some 0 < 0,04 < 1, and from the definition of ¢, for by < ¢ we have

b 1 -1 p—1 -
1 < ZMPlgP p—1+m ar — My N
M (10—14-71 7 D P D ,
P

-1 p—1 -
pMp 1 i{(ﬂ) al_Ml,oo)\l:|-

(2.16)
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Also from the choice of M, we have

b p(p—1) -
LAo—PH g=1+% bz‘i‘g”? < 2P ST A bl e A 1CL1—Ml oo |-
q A2 A1 P P ’

(2.17)
Hence from (2.16) and (2.17) we have
iy ( / Vi e / |||V [P~V o Vada:
Qo Qo

el (I=v1)(p=1)
< Ml,oo fQo |:|x|—(oc+1)p+01Mp—l)\lz§;1+71 _’x|_(a+1)p+61Mp—lz TPl

A1
1-y)p-1) IV P
p— 1+ et ijllf“ﬂ
N

_|$|—0<pMp—1

} wdx

p(p—1)

< Ml,oo/ ‘$|_(a+1)p+clMp_l)\lz;fH“ wdz
Qo

=M fQo iR e p—— [ X MpP1 p +p L\ mp—t i}wdﬂv

LP 1t
Al
_ 1 _ -1+ p—1 b
S/ |:L" (atDpte 1P {<7Mp 1<p 71) a12§ - _1 71)+
A1
MP-1p <p 1+ 71)19—1((1? —Da
M P p
%‘W
b 1—pz?
_LbepH(qfqurw) (pﬂ;m) 2 ﬂwdm
P!
Al
_ (p—1)
_ —(a+1)p+er pot (P Ldy\et Pt g =1yt e
= || a1 M z% LM —=) z<
2 p M q A2
—7PpP
p—1+71
by 125 }
5 |wdx
M"yl (p 1+'Yl)
P
p(p—1)

= / ol 0t [aypgr! (w)p_lzfi‘l*ﬂ —f (M(w)zﬁ>
QO p /\1 q /\2

_ b 5 }wdx:/Q |x|~ a+1p+cl[ 1/1p 1_f1(1/12) dﬂl}wda:

7
Mm (P—1p+71 ) P !

A1
(2.18)
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Similarly
Mo [ (Fotde) [ fal STV
Q0 Qo
_ b
=< / | ~(FHDate: [awg L falyn) — %]wdx. (2.19)
Qo 2

By using (2.14), (2.15), (2.18) and (2.19) we see that (¢1,1)2) is a
sub-solution of (1.1).
Next, we construct a super-solution (z1, z2) of (1.1) such that (21, z2) >

1 1
(61,02). et (21,20) = [(55)77Gl@), (55) " @) By (42) and
choose a large constant S*, we shall verify that (z1, z2) is a super-solution
of (1.1). To this end, let w € W. Then we have

M1</ |Vz1]l’dx)/ |x‘_ap|VZ1|p_2V21dexZS*/ |x|—(a+1)p+clwdx
Q [¢) Q

_ b
> / ||~ (@t Dpter {alz{ b fi(z) — 711}7”5[55- (2.20)
Q 1
Similarly,

MQ(/ ]sz|qda7)/ || P9V 2|2V 2 Vwda:
Q Q

_ b
= / jar| (e [a22§1 Y~ falz1) - %]wdx. (2.21)
Q 2]

Thus (21, 22) is a super-solution of (1.1). Finally, we can choose S* >
1 such that (11,19) > (21, 22) in Q. Hence, if max{by, b2} < ¢, by Lemma
2.1 there exists a positive solution (u,v) of (1.1) such that (¢1,12) <
(u,v) < (z1,22). This completes the proof of Theorem 2.3. O
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