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ABSTRACT. Let L be a lattice with the greatest element 1. Follow-
ing the concept of strongly hollow elements of commutative rings,
we define strongly hollow elements of lattices and we will make an
intensive investigate the basic properties and possible structures of
these elements.
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1. INTRODUCTION

Let M be a module over a commutative ring R. An R-submodule N of
M is said to be irreducible if N is not the intersection of two submodules
of M that properly contain it. An ideal I of R which is irreducible if
it is irreducible as a submodule of the R-module R. Heinzer et al. in
[7], generalized the concept of irreducible ideals as follows: a proper
ideal I of R is said to be strongly irreducible if for ideals J and K of
R JN K C I implies that J C I or K C I. The notion of strongly
irreducible submodules was introduced and studied in [4]. A submodule
N of an R-module M is said to be strongly irreducible if for submodules
Ny and Ny of M, the inclusion N1 NNy C N implies that either Ny C NV
or Nog C N. A non-zero submodule N of M is strongly hollow in M
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if for any submodules N; and Ny of M, if N C Ny 4+ No, then either
N C Ny or N C Ns, also a non-zero submodule N of M is completely
hollow in M if for any non-empty family {N;};cs of submodules of M,
if N = 3 ,c;Ni, then there is j € J such that N = N;. A non-zero
ideal I of R is strongly hollow (resp. completely hollow) whenever I is a
strongly hollow (resp. completely hollow) submodule of the R-module R.
The notion of strongly hollow submodules was introduced and studied
in [1] as a dual notion of strongly irreducible submodules. The notion of
strongly hollow ideals (resp. strongly hollow elements) was introduced
and studied in [8].

Let L be a distributive lattice with 1. In the present paper, we are
interested in investigating strongly hollow elements of L to use other
notions of strongly hollow, and associate which exist in the literature as
laid forth in [8]. Here, we extend several concepts from module theory
to lattice theory. With a careful generalization, we can cover some ba-
sic corresponding results in the former setting. The main difficulty is
figuring out what additional hypotheses the lattice or filter must satisfy
to get similar results. Nevertheless, growing interest in developing the
algebraic theory of lattices can be found in several papers and books
(see for example [2, 3, 5, 6]). We shortly summarize the content of the
paper. In Section 2, the notion of completely strongly hollow filters (
as a generalization of strongly hollow filters) and strongly hollow ele-
ments is introduced and some related properties are investigated. Also,
we characterize completely strongly hollow filters and strongly hollow
elements of distributive lattices.

Let us recall some notions and notations [2]. By a lattice we mean a
poset (L, <) in which every couple elements x,y has a g.1.b. (called the
meet of x and y, and written x Ay) and a L.u.b. (called the join of z and
y, and written zVy). A lattice L is complete when each of its subsets X
has a l.u.b. and a g.l.b. in L. Setting X = L, we see that any nonvoid
complete lattice contains a least element 0 and greatest element 1 (in
this case, we say that L is a lattice with 0 and 1). A lattice L is called
a distributive lattice if (a Vb) Ac= (aNc)V (bAc) for all a,b,cin L
(equivalently, L is distributive if (a Ab)Vec= (aVec)A(bVe) for all a,b, c
in L). A non-empty subset F' of a lattice L is called a filter, if for a € F,
be L,a<bimpliesbe F,and x Ay € F for all z,y € F (soif L is a
lattice with 1, then 1 € F and {1} is a filter of L). A proper filter F' of L
is called prime if x Vy € F', then z € F or y € F'. A proper filter F' of L
is said to be maximal if G is a filter in L with F G G, then G = L. If F
is a filter of a lattice L, then the radical of F', denoted by rad(F’), is the
intersection of all maximal subfilters of F'. If A is a subset of a lattice
L, then the filter generated by A, denoted by T'(A), is the intersection
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of all filters that is containing A. A filter F' is called finitely generated
if there is a finite subset A of F' such that F' = T'(A).

Lemma 1.1. [5] Let L be a lattice.

(1) A non-empty subset F' of L is a filter of L if and only if x\V z € F
and x Ny € F for all x,y € F, z € L. Moreover, since x =z V (x A y),
y=yV(xAy) and F is a filter, xt Ny € F gives z,y € F for all z,y € L.

(2) If Fy,--- , F, are filters of L and a € L, then V] F; = {VI'_a; :
a; € F;} and aV F; = {aV a; : a; € F;} are filters of L and V] F; =
N, P

(8) If L is distributive, F,G are filters of L, and x € L, then (G :,
Fy={xeL:2VFCG},(F:1T(z))=(F:rz)={a€L:avVze F}
and (1: F)={x € L:xV F =1} are filters of L.

(4) If {Fi}iea is a chain of filters of L, then U;caF; is a filter of L.

Lemma 1.2. [6] Let A be an arbitrary non-empty subset of L. Then
T(A)={x€L: agNaaA---Na, <z for somea; € A (1 <i<n)}.
Moreover, if F is a filter and A is a subset of L with A C F, then
T(A)CF, T(F)=F and T(T(A)) =T(A).

2. BASIC PROPERTIES OF STRONGLY HOLLOW ELEMENTS

Throughout this paper, we shall assume unless otherwise stated, that
L is a distributive lattice with 1. In this section, we collect some basic
properties concerning strongly hollow elements of lattices. We begin
with the key definitions of this paper.

Definition 2.1. Let F' # {1} be a filter of L.

(1) F is called strongly hollow in L if for any filters F} and F; of L,
if ' C T(F) U Fy), then either FF C F} or F' C F.

(2) F is called completely hollow in L if for any non-empty family
{F;}iea of filters of L, if FF = T(U;epF;), then there is j € A such that
F=F;.

(3) F is called completely strongly hollow in L if for any non-empty
family {F;};ca of filters of L, if FF C T(U;ep F;), then there is j € A such
that I C Fj.

Lemma 2.2. Let F' # {1} be a filter of L.

(1) If F is a completely strongly hollow, then there is a € F such that
F =T({a}).

(2) Let F be a finitely generated filter. Then F is completely strongly
hollow if and only if it is strongly hollow.

Proof. (1) An inspection will show that F' = T (UzerT({z})). By as-
sumption, there is @ € F' such that F' C T'({a}); hence F' = T'({a}).
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(2) By definition, if F' is completely strongly hollow, then it is strongly
hollow. Conversely, assume that F' is a strongly hollow filter and let
F C T(UjeaF;). By assumption, there are elements aj,--- ,a, € F
such that F =T ({a1, -+ ,an}). As a1, - ,an € T(UjepF;), there exist
i1, ,ip € A such that F' C T(F;, U---UF;,); hence F' C F;; for some
7, as required.

O

Definition 2.3. An element 1 # a of a lattice L is said to be strongly
hollow in L if the filter T'({a}) of L is a (completely) strongly hollow
filter of L.

Remark 2.4. (1) Let F be a filter of a lattice L with F' # L. Since the
filter F is proper, > = {G : G is a filter of L with F' C G,G # L} # .
Moreover, (3, C) is a partial order. Clearly, > is closed under taking
unions of chains and so F' contained in a maximal filter of L by Zorn’s
Lemma.

(2) A lattice L is called a chain lattice if all its filters form a chain
under inclusion. Assume that F' is a finitely generated filter of a chain
lattice L with F' # {1} and let F' C T(GU H) for some filters G, H of L.
Then either FF C T(G) = G or F C T(H) = H; hence F is completely
strongly hollow by Lemma 2.2. Moreover, every element a # 1 of a chain
lattice L is strongly hollow.

Proposition 2.5. Let L be a lattice. The following hold:

(1) If F is a finitely generated (completely) strongly hollow filter of L,
then the set 3 = {G : G is a filter of L such that G G F} has exactly
one mazximal element with respect to the inclusion.

(2) Let L be a lattice with 0. L is a completely strongly hollow filter
if and only if L has ezxactly one maximal filter.

Proof. (1) Since {1} € >, > # 0. Of course, the relation of inclusion
is a partial order on Y . Now sum easily seen to be inductive under
inclusion, so by Zorn’s lemma ) has a maximal element H with H G F.
Let H and H' be maximal elements of Y with H # H’ which implies
that there exists x € H \ H'. Then H' G T(H' UT({z})) C F; so
F = (H'UT({z})). By assumption, F' C H' or F C T({z}) C H which
is impossible. Thus H = H'.
(2) Let L be a completely strongly hollow filter of L and set

Z = {G : G is afilter of L such that G & L}.

Then by (1), L has exactly one maximal filter. Conversely, assume that
P is the unique maximal filter of L and let {F;};can be a non-empty
family of filters of L such that L C T(U;eaF;). Now suppose that for
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eachi € A, L ¢ F;,. As L = T({0}), there exist Fj,,---, F;, such that
L CT(F;, U---UF;, ) C P which is impossible, as required. O

A simple (minimal) filter is a filter that has no filters besides the {1}
and itself.

Proposition 2.6. Let L be a lattice. The following hold:

(1) Let G and H be two completely (strongly) hollow filters of L. Then
T(GUH) is completely (strongly) hollow if and only if either G C H or
H CG.

(2) If F is a minimal filter of L, then F is a (completely) strongly
hollow filter. In this case, every element a # 1 of F' is strongly hollow.

Proof. (1) Let T(G U H) be completely (strongly) hollow. Then T'(H U
G) CT(GUH) gives either G CT(GUH)C Hor HCT(GUH) CG.
The other implication is clear.

(2) Let FF CT(G U H) for some filters G and H of L. We show that
either F C G or F C H. Assume to the contrary, F ¢ G and F ¢ H.
Since FVG = FNG C F, F ¢ G and F is minimal, we have FVG = {1};
hence G C (1 :, F'). Similarly, H C (1:1 F'). Let x € T(G U H). Then
z=(xVg)A(xVh) for some g € G and h € H. Since zV g € G and
xV h e H, we get that x € (1 :1, F); hence F CT(GUH) C (1:1 F)
which implies that 'V F = F = {1}, a contradiction. Thus F is a
(completely) strongly hollow filter.

O

We next give two other characterizations of strongly hollow elements.

Theorem 2.7. Let 1 # a be an element of a lattice L. Then the follow-
g are equivalent:

(1) a is strongly hollow;

(2) If a = b A c for some b,c € L, then either T({a}) C T({b}) or
T({a}) € T({c});

(3) If a = b A c for some b,c € L, then either T({b}) C T'({c}) or
T({ch) C T({b}).

Proof. (1) = (2) If a = b A ¢ for some b,c € L, then a € T(T({b}) U
T'({c})) which implies that T'({a}) C T(T({b})UT'({c})); hence T'({a}) C
T({b}) or T({a}) C T({c}) by (1)

(2) = (3) Suppose that a = b A ¢ for some b,c € L. Then either
T({a}) € T({b}) or T({a}) € T({c}). If T({a}) C T({b}), then a €
T({b}); so a = bVt for some t € L. It follows that ¢ = cV (bA¢c) =
cV(bVvt)=>bV(cVt) e T({b}); hence T({c}) C T({b}). A similar
argument works for the case T'({b}) C T'({c}).

(3) = (1) Assume that T'({a}) C T(GUH) for some filters G and H of
L. Thereexist g € G and h € H such that a = aV(gAh) = (aVg)A(aVh).
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By (3), either T({a V g}) € T({a VvV h}) or T({a V h}) C T({a V g}).
Suppose that T'({a V g}) CT({aV h}). Then aV h,aV g € T({aV h})
gives a € T({a V h}); hence T'({a}) C T({a V h}) C H. A similar
argument works for the case T({a V h}) € T({a V g}). Thus a is a
strongly hollow element. U

Proposition 2.8. Let a be an element of L with a # 1. If a is a strongly
hollow element of L, then either a € rad(L) or there exists exactly one
mazximal filter of L not containing a.

Proof. If a € rad(L), we are done. Suppose that a ¢ rad(L). Then there
exists a maximal filter P of L such that a ¢ P. Let P’ be a maximal
filter of L such that P # P’ and a ¢ P’. Then T(P U P') = L gives
a=aV(pAp') = (aVp)A(aVyp') for some p € P and p’ € P’. By Theorem
2.7, either T({a}) C T({aVp}) C PorT({a}) CT({aVp'}) C P’ which
is impossible. U

Remark 2.9. Let F be a filter of L. Set
Sp ={G : G is a filter of L such that F ¢ G}

and I'p = T(UgespG). It is easy to see that I'y = I'p(f,)), where
Ty =Ty

Theorem 2.10. Let F be a finitely generated filter of L with F # {1}.
Then F' is completely strongly hollow if and only if there exists the great-
est filter of L with respect to not containing F, namely I'p.

Proof. Let F' be a completely strongly hollow filter of L. Then F =
T({a}) for some a € F by Lemma 2.2. If F' C I, then by definition of
I'p, there exist FF G Fy,,--- ,F G F;, such that F C T(F;; U---UF; ).
By assumption, F' C F;; for some j which is impossible. Thus F ¢ Tp.
Hence by the definition of I', ' is the greatest filter of L with respect to
not containing F'. Conversely, assume that there exists the greatest filter
of L with respect to not containing F', say H and let F' C T(U;ep F;),
where {F;};ca is a non-empty family of filters of L. Now Assume that
for each i € A, F ¢ F;. Let i € A be fixed. We put

S; = {G : G is a filter of L such that F; C G and F ¢ G}.

Since F is finitely generated, every non-empty chain of the poset (.5;, C)
has an upper bound in S;; hence S; has a maximal element by Zorn’s
lemma, say H;. Since every filter containing H; contains F;, H; is a filter
of L maximal with respect to not containing F'; so H = H;. It follows
that for each i € A, F; C H, and so F' C H which is a contradiction.
Thus F' is a completely strongly hollow filter of L. (]
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Definition 2.11. A filter F' of L is called completely strongly irreducible
if {F;}icn is a non-empty family of filters of L such that NjepF; C F,
then there exists j € A such that F; C F.

Proposition 2.12. Let a € L with a # 1. Then a is a strongly hollow
element if and only if a ¢ Ty. In this case, Ty ={zx € L:a ¢ T({z})}.

Proof. Let a be a strongly hollow element of L. Then by Theorem 2.10
and Remark 2.9, I'y = I'r((4)) is the greatest filter of L with respect to
not containing 7'({a}); so a ¢ T',. Conversely, assume that a ¢ ', and
a =0bAcforsome b,ce L. If T({a}) € T({b}) and T'({a}) € T({c}),
then a ¢ T'({b}) and a ¢ T'({c}); hence b, c € ', which implies that a €
Iy, a contradiction. Thus either T'({a}) C T'({b}) or T({a}) C T({c});
hence a is a strongly hollow element of L by Theorem 2.7. U

Lemma 2.13. Let a,b € L with a # 1 and b # 1. Then the following
hold:

(1) If a is a strongly hollow element of L, then I'y is a completely
strongly irreducible filter of L.

(2) If a,b are strongly hollow elements, then T'({a}) C T({b}) if and
only if I'y C T'.

Proof. (1) Let {F;};ca be a non-empty family of filters of L such that
NieaF; CT'y. Therefore, a ¢ N;ea F; by Proposition 2.12; hence there is
an element j € A such that a ¢ F; and so F; C T,.

(2) Assume that T'({a}) C T({b}) and let z € T',. Then a ¢ T({z})
by Proposition 2.12. If x ¢ T', then b € T'({z}); hence a € T({a}) C
T({b}) C T({z}) which is impossible. Thus z € I';, and so I';, C T.
The other implication is similar. O

Proposition 2.14. Let a and b be two strongly hollow elements of L.
Then the following are equivalent:
(1) The filter T({a,b}) is a completely strongly hollow filter of L;
(2) Either I'y C Ty or I'y CTy;
(8) Either T({a}) CT({b}) or T({b}) C T ({a}).

Proof. (1) = (2) Let T({a,b}) be a completely strongly hollow filter of
L. Assume to the contrary, I'y € T', and 'y € T',. Then there exist
x € g \ Ty (so by Proposition 2.12, a ¢ T'({z}) and b € T({z})) and
y €Ty \T, (o b ¢ T({y}) and a € T({y})). Then a € T({y}) \ T({z})
and b € T({z})\T({y}). Let z € T({a,b}). Then z =2V (aAb) = (2 V
a)A(2vb) € T(T({z}) UT({y})); hence T({a,b}) C T(T({zHUT({y}),
but T({a,b}) € T({z}) and T'({a,b}) € T({y}), a contradiction.

(2) = (3) It follows by Lemma 2.13 (2).

(3) = (1) Let either T({a}) C T ({b}) or T ({b}) C T'({a}). Without
loss of generality, we can assume that T'({a}) C T'({b}). Let T'({a,b}) C
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T(UieaF;), where {Fj}icp is a non-empty family of filters of L. By
assumption, T'({b}) C T'({a, b}) gives T'({b}) C F} for some j € A which
implies that T'({a,b}) C F}, as required.

O

Let a be an element of L. Set U, = (I'y:a) ={z € L:xVaecl,}.
Now we consider the behavior of strongly hollow elements under quo-
tient lattice.

Quotient lattices are determined by equivalence relations rather than
by ideals as in the ring case. If F is a filter of a lattice (L, <), we
define a relation on L, given by x ~ y if and only if there exist a,b € F
satisfying © A a = y A b. Then ~ is an equivalence relation on L, and
we denote the equivalence class of a by a A F' and these collection of all
equivalence classes by % We set up a partial order <g on % as follows:
for each a N F,bAF € %, we write a A F' <g b A F if and only if a < b.
It is straightforward to check that (%,<g) is a poset. The following
notation below will be kept in this section: Let a A F,bAF € % and set
X ={aANF,bAF}. By definition of <g, (aV b) A F is an upper bound
for the set X. If ¢ A F' is any upper bound of X, then we can easily
show that (a Vb) AF <g cAF. Thus (a NF)Vg (bAF)=(aVb)AF.
Similarly, (a A F)) Ag (b A F) = (a Ab) AF. Thus (£, <g) is a lattice.

Remark 2.15. Let G be a a subfilter of a filter F' of L.

(1) If a € F, then a A F' = F'. By the definition of <g, it is easy to
see that 1 A F' = F is the greatest element of %

(2) Ifa e F,thenaAF =bAF (for every b € L) if and only if b € F.
In particular, ¢ A F = F if and only if ¢ € F. Moreover, if a € F, then
aNF=F=1AF.

(3) By the definition <g, we can easily show that if L is distributive,

then % is distributive.

(4) £ ={aNG:a€F}is afilter of 5.

(5) If K is a filter of é, then K = g for some filter F' of L.

(6) If H is a filter of L such that G C H and % = %, then F = H.

(7) If H and V are filters of L containing G, then £ N Z = ¥ if and
onlyif V=HnNF.

(8) If H is a filter of L containing G, then % = T(% U g)

(9) Let H be a subfilter of F' with G C H. H is a maximal subfilter

of F' if and only if % is a maximal subfilter of g

Proposition 2.16. Assume that a is a strongly hollow element of L and
let F be a filter of L such that a ¢ F. Then the following hold:
(1) a A F is a strongly hollow element of the lattice %
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(2) Pa/\F — LFL'E'
(3) L) — 1y 5.

Proof. (1) Since a ¢ F,aNF # F. Let x € F. If a € T({x}), then there
exists ¢ € L such that a = a V¢ € F, a contradiction. Thus a ¢ T'({z});
hence FF CTy. Let aANF = (bAF)Ag (¢cANF) = (bAc)AF for some
bc € L. Sincea=aAl e (bANc)ANF,a=OAN)Nf=bA(cAf)
for some f € F. By Theorem 2.7, we have either T'({a}) C T'({b}) or
T({a}) € T({cA f}) which implies that either a = aVbor a = aV(cAf).
Thus either a AN F = (aVO)ANF =(aANF)Vg(bAF)eT({bAF}) (so
T({aNF}) CTH{bAF}))oraNF =(aV(cAf))ANF=(aNF)Vg(cA
HANF=(@NF)Vg(cANF)eT({cANF}) (soT({aNF}) CT({cAF}))

in the lattice % Thus a A F is a strongly hollow element of the lattice
L

' (2) Let e AF € Tgnp. If © ¢ Ty, then a € T({x}) by Proposition 2.12;
soa=aVz. Then aAF = (aVz)ANF = (aANF)Vg(zANF) e T({xNF})
which contradicts Proposition 2.12. Thus z € I', and so I'yap C F—Fa
For the reverse inclusion, assume that ¢t A F' € F—Iﬁ Since a ¢ T'y, we
have a AN F ¢ L2, If t ANF ¢ Tynp, then a A F € T({t A F}); so
aNF = (aNF)Vq(tAF) € La, acontradiction. Hence L& C Tyrp, and
so we have equality.
(3) By (2), we have Ugpr = {2z AF : (a NF)Vg (x ANF) € Typr} =

T
{x/\F:(a\/x)/\FEI’aAF:Fa}:

(tAF:avzel,}={zAF:zeU,} =Tl 0

A filter F' of L will be called a L-second filter provided F' # 1 and
(1:1 F) = (G :p F) for every proper subfilter G of F' [5]. We need the
following proposition proved in [5 Proposition 2.1].

Proposition 2.17. Let F' # 1 be a filter of L. Then the following hold:
(1) F is L-second if and only if for each a in L, either a vV F = {1}
oraV F=F.
(2) F is L- second if and only if it is a minimal filter.
Corollary 2.18. If F' is a L- second filter of L, then F is a strongly
hollow filter.

Proof. Let F be a L- second filter of L. Then F' is minimal, by Propo-
sition 2.17. Therefore it is strongly hollow by Proposition 2.6. U

Theorem 2.19. Let a be a strongly hollow element of L. Then the
following hold:
(1) T({a ATg}) is a minimal filter of the lattice F—La
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(2) a ATy is a co-atom in the lattice F—La
Proof. (1) Let a be a strongly hollow element of L. Then a ¢ I'; by
Proposition 2.12. Therefore, a A T’y is a strongly hollow element of the
lattice % by Proposition 2.16. Let x AT’y be an element of the lattice
F—La such that T({x ATq}) S T({a ATy}). Then a ¢ T({x}), and hence
x €Ty, and so T({x ATy}) = {Tq} = {1 }. It means that T({a AT,})

Ty

is a minimal filter of the lattice F—La
(2) Let a ATy <g bAT, for some b € L\T,. Then bAT, €
T({a AT.}). By (1), T({a AT4}) is a minimal filter of the lattice -

T,
Hence T({a ATw}) = T({bAT,}). Therefore a ATy € T({bAT,}), and
sobAT'y <g a AT, Therefore a AT'y =bAT,. O

Theorem 2.20. Let a be a strongly hollow element of a lattice L with
0. Then I'y = U, is a prime filter of L.

Proof. We will show that I', is a prime filter. Let x Vy € I'y and
x,y & Ty, for some z,y € T',. By Proposition 2.12, a € T'({z}) and
a € T({y}). Hence x < a and y < a. Therefore zVy < a and so
a € T({z Vy}), a contradiction with x Vy € I',. Therefore I" is prime.
Now, we will show I'y, = U,. Since U, = I'g:a) ={zx € L:azVael,},
and I, is a filter by Proposition 2.12, ¢V a € T'y, for each ¢ € I',. Thus
Iy C U, Let b€ U, Then bVa €T, By Proposition 2.12, a ¢ T',.
Since I'y is prime, we have b € I'y. Therefore U, C I'y, and so U, = I',.

O
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