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ABSTRACT. Let f be a convex function on I and a, b € I with
a <b. If p:la,b] — [0,00) is Lebesgue integrable and symmetric,
namely p(b+a —t) = p(t) for all ¢t € [a,b], then we show in this

paper that

1 [ a+b
0< = t—
—2/a 2

b1 a+b
/a - -

IN

IN

sl () (5
[roroa-([roa)s (45

p () dt [f2 (b) = f4 (a)]

Jroal (457) - (437)]

/ p(t) f (8)dt

lpwar e ® - 71 (@)

Keywords: Convex functions, Integral inequalities, Hermite-Hadamard

inequality, Féjer’s inequalities.

2020 Mathematics subject classification:

26D15; Secondary 26D10.

1Corresponding author: sever.dragomir@vu.edu.au

Received: 28 October 2020
Accepted: 10 January 2021

217



218 S. S. Dragomir

1. INTRODUCTION

The following inequality holds for any convex function f defined on
R

f(a;b>ébialfﬂwﬁsjﬂ°§ﬂm"“beR“<b'“1)

It was firstly discovered by Ch. Hermite in 1881 in the journal Mathesis
(see [7]). But this result was nowhere mentioned in the mathematical
literature and was not widely known as Hermite’s result.

E. F. Beckenbach, a leading expert on the history and the theory of
convex functions, wrote that this inequality was proven by J. Hadamard
in 1893 [1]. In 1974, D. S. Mitrinovi¢ found Hermite’s note in Mathesis
[7]. Since (1.1) was known as Hadamard’s inequality, the inequality
is now commonly referred as the Hermite-Hadamard inequality. For a
monograph devoted to this result see [5]. The recent survey paper [4]
provides other related results.

Let f : [a,b] — R be a convex function on [a,b] and assume that
fi (a) and f’ (b) are finite. We recall the following improvement and
reverse inequality for the first Hermite-Hadamard result that has been
established in [2]

H <a+b> f_<a+b>](b—a) (12)
s [rwa-i (5) <go-olr 0 - @],

The following inequality that provides a reverse and improvement of the
second Hermite-Hadamard result has been obtained in [3]

<5 (50) - L(a+ﬂ]w—@ (13)

Sf()—;f /f dt< —a) [fL(b) = fi (a)] -

The constant £ is best possible in both (1.2) and (1.3).
In 1906, Fejér [6], while studying trigonometric polynomials, obtained
inequalities which generalize that of Hermite & Hadamard:

Theorem 1.1. Consider the integral f; f (&) p(t)dt, where f is a convex
function in the interval (a,b) and p is a positive function in the same
interval such that

platt)=p(b—1), 0<t<
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i.e., y = p(t) is a symmetric curve with respect to the straight line which
contams the point ( (a+0b), 0) and is normal to the t-axis. Under those
conditions the following inequalities are valid:

f<“+b>/ dt</ £t dt<f(a>;f(b)/abp(t)dt.

If f is concave on (a,b), then the inequalities reverse in (1.4).

Clearly, for p( ) =1 on [a,b] we get 1.1.
If we take p (t) = |t — a—2i-b} , t € [a,b] in Theorem 1.1, then we have

f(a+b> (b_a)zg/ab f(a);f(b)(b_a)z’

(1.5)
for any convex function f : [a,b] — R.
We observe that, if we take p(t) = (b—t)(t—a), t € [a,b], then
p satisfies the conditions in Theorem 1.1, and by (1.4) we have the
following inequality as well

N @B,
(5o < [o-ne-aroas< L0 (1>6),

t—

f(t)dt <

a+b
2

for any convex function f : [a,b] — R.

Motivated by the above results, in this paper we obtain an improve-
ment and a reverse for each inequality in (1.4) and therefore generalize
the Hermite-Hadamard inequalities (1.2) and (1.3).

2. IMPROVEMENTS AND REVERSE OF FEJER INEQUALITIES

Following Roberts and Varberg [8, p. 5 |, we recall that if f: I — R
is a convex function, then for any zg € I (the interior of the interval I)
the limits

f/_ (330) — lim f(.T) — f(q;()) and f_/|_ (-rO) — lim f(x> — f(l.O)

T—To— T — X T—To+ T — X0

exists and f’ (xz9) < fi (zo). The functions f’ and f} are monotonic
nondecreasing on I and this property can be extended to the whole
interval I (see [8, p. 7]).

From the monotonicity of the lateral derivatives f’ and f| we also
have the gradient inequality

L@ (@—y)>f@)—fy)=f@@ -y

for any z, y € I.
If I = [a,b], then at the end points we also have the inequalities

f@)=f(a) = fi(a) (x—a)
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for any = € (a,b] and
fQy) = f(b) > fL(b)(y—b)

for any y € [a, b).
We have the following refinement and reverse of Fejer’s first inequality:

Theorem 2.1. Let f be a convexr function on I and a, b € I, with

a<b. Ifp:|a,b] — [0,00) is Lebesgue integrable and symmetric, namely
p(b+a—t)=p(t) for allt € [a,b], then

Oﬁi/ab ta;b‘p(t)dt[fjr <a—;b)f,_ (a—gb)] (2.1)
s/abpu)f(t)dt—(/abp@)dt)f(a;b)
;/ab t_a*‘)‘p(t)dt[f'_(b)—f;(a)].

2
Proof. Let a, b € I, with a < b. Using the integration by parts formula
for Lebesgue integral, we have

/i (/tbp(s) d8> £ (1) dt

2

IN

_ </tbp(s)ds> f(t)]l;b + a;p(t)f(t)dt

and
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By subtracting the second identity from the first, we get

/ib (/tbp(S)ds> f’(t)dt—/aa;b </atp(s)ds) 7 () dt

2
a+b

b 2
_/ap(t)f(t)dt-l-/ p(t) f(t)dt

a
a+b

_ (/;p(s)ds>f<a;rb> B (/a2p(8)d$>f<a—2i—b>'

By the symmetry of p we get

/;p(s)dSZ/aa;bp(s)d.s:;/abp(s)ds

and then we can state the following identity of interest in itself

[rws@a-r(“5) [ v (22)

:/; (/tbp(s)ds> f’(t)dt/aa;b </atp(s)d5> £ () dt.

By the monotonicity of the derivative we have

fl(a) < f1(t) < fL <a ;— b> , for almost every t € (a, a _2‘_ b)

and

b b
I (a—i— > < f'(t) < f.(b), for almost every t € (a—i— ,b).

2 2
This implies

71 (a) (Ltp(s>ds> < (1) (/atp<s>ds)

and
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and by integration

(0 L ([ reras)as [ ([veas)saan

2

If we add these inequalities, then we get

() Ly ([ roear (39 [ ([ ros)o

(2.3)
g/b ([voras)roa- [*([vera)iwan
<f @/; (/tbpcs)ds) dt — 1 <a>/aa2+b (/:ms)ds) dt.
Integrating by parts in the Lebesgue integral, we have
b b b b b
/a;b </t p(s)ds) dt = </t p(s)ds) t]a;b +/a2+b tp (1) dt
_ /a;tp(t)dt— a;b/a;p(s)ds
:/; <t— a;b)p(t)dt: ;/ab t— a;b

where for the last equality we used the symmetry of p.
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Similarly,
/ (/ p(s)ds) dt = (/ p(s)ds) t] —/ p(t) tdt
a a +ab a+b a a#
:a2 / p(s)ds—/ p(t)tdt
a+b
% (a+b L a+bd
_/a ( y —t>p(t)dt_2/a - ’p(t)dt.
Then by (2.3) we obtain the desired result (2.1). O

Remark 2.2. If we take p = 1in (2.1) and since f; |t — a+b| =1
hence by (2.1) we recapture the inequalities (1.2) from Introductlon

We also have the following refinement and reverse of Fejer’s second
inequality:

Theorem 2.3. Let f be a convex function on I and a, b € I, with
a<b. Ifp:|a,b] — [0,00) is Lebesgue integrable and symmetric, namely
p(b+a—t)=p(t) for allt € [a,b], then

0= ;/ab B(b—a)— ‘t— a;bup(t)dt [fi (a;l)) f <a+b>]
2.4)
(/ab“t) dt) 2 10 —/abp(t)f(t) dt

[ oo osir o

Proof. Using the integration by parts for Lebesgue integral, we have

[ ([rera-g [ <>ds)f<>bdt
- ([reras—3 [peras) s - [orroa
/bp /abp(s)ds>f(b)+(;/:p(s)ds>f(a)

(b
o
([

IN

IN
[

E
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We also have

Observe that

t a+tb
/p(s)ds—/ ’ p(s)ds >0 fort e [a;—b,b}

and

atb
2

¢
p(s)ds—/ p(s)ds >0 fort e [a,a+b].

J

By the monotonicity of the derivative we have

a+b

i <a;rb> /ib (/atp(S)dS—/a ’ p(SMS) dt

a+b

" p(s) ds> £ (t) dt
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and

If we add these inequalities, then we get




226 S. S. Dragomir

Observe that

[ ([ron= " vorw)
- ib ([p(s)ds) gt — 0 2a/aa§bp(8)d8

ath
2
b atb b
:b/p(s)ds—b p(s)ds—/ btp(t)dt
a a atb
b b b
:b/a;bp(s)ds—/%btp(t)dt:/? (b—1)p (1) di

—/awtp(t)dt—a/aa;bp(s)ds—/aagb (t—a)p(t)dt.

If we change the variable s = b+ a — ¢, then

J

a+b
= b

b
(t—a)p(t)dtz/ﬁb (b—s)p(b—#—a—s)ds:/m (b—s)p(s)ds.
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Finally, observe that
a+b

;/abB(b_@_ ! ]p<t>dt
:;/aa;bB(b—a)—‘t—“;bup(ﬂdt

1, oo e

2

t—

a+b

5[ [3e-0- 5 dpoa

+;/ab B(b—a)—wra;b}p(t)dt

atb
2

a+b

atd b
:;/a (t—a)p(t)dt—l-;/a(b—t)p(t)dt

_;/a2(t—a)p(t>dt+;/;2 (t—a)p(t)dt—/a2 (t—a)p(t)dt
and by (2.5) we get (2.4). 0

Remark 2.4. Observe that for p = 1 we recapture the inequalities (1.3)
from Introduction.

If we consider the symmetric weight p(¢) = ‘t—“Ter{, t € la,b] we
obtain from Theorem 2.1 that
1 3 / a+b , a+b
0< (b0 [f+< : >—f_< : )} (2.6)
b a+b 1 2 ,(a+b
< [le-"3" - o-wtr (%57
1 / /
<5 (0= [fL(0) = f} (a)]
and from Theorem 2.3 that
1 3|, (fa+b , [a+Db
0< (b0 [f+< : )—f( ! )} (2.7)
b
§(b—a)2f(a);rf(b)—/a t—a;rb‘f(t)dt

< le (b—a)* [f- (b) — £+ (a)] ,

where f is convex on [a,b]. These provide refinements and reverses of
the inequalities (1.5).
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If we consider the symmetric weight p (t) = (t —a) (b—1t), t € [a,b]
we obtain from Theorem 2.1 that

0< o (b—a)’ [fi <“§b>—f' (;b)] (2.8)

g/ab(t—a)(b—t)f(t)dt_(lj(b_a)gf(a—'—b)

2
1
< o 0—a)* [fL(0) = f} (a)]
and from Theorem 2.3 that

0< s e-at [ (50) -7 (5] 29)

a b
<o-o IO - oo s

b 471 ¢/ /
5 b= [FL () - £ (@)

where f is convex on [a,b]. These provide refinements and reverses of
the inequalities (1.6).

<
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