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Abstract. In this paper we study about IF binary operations on
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1. Introduction

The concept of fuzzy subgroup of a group was first introduced by Rosen-
feld [?] in 1971. The concept of fuzzy subset of a non-empty set was
introduced by Zadeh [?] who introduced the notion of a fuzzy set as a
method of representing uncertainty in real physical world. Negoita and
Ralescu [?] introduced fuzzy module. By theuse of Yuan and Lee’s [?]
definition of fuzzy group based on fuzzy binary operation, Aktas and

1Corresponding author: behnamtalaee@nit.ac.ir
Received: 12 July 2020
Revised: 16 March 2021
Accepted: 31 March 2021

52

http://cjms.journals.umz.ac.ir


A special type of IF operations, ... 53

Cagman [?] defined a new kind of fuzzy ring.
In this study, we introduce a new kind of intuitionistic fuzzy module
by using Yuan and Lee’s definition of the intuitionistic fuzzy group and
Aktas and Cagman’s definition of fuzzy ring.
Let X be a non-empty set. A mapping µ : X −→ [0, 1] is called a fuzzy
subset of X. Rosenfeld [?] applied the concept of fuzzy sets to the theory
of groups and defined the concept of fuzzy subgroups of a group.

Definition 1.1. Let M be an R−module. Then the fuzzy set µ of M is
called a fuzzy submodule (FSM) of M if
(1) µ(0) = 1;
(2) µ(x+ y) ≥ min{µ(x), ν(y)},∀x, y ∈ M ;
(3) µ(rx) ≥ µ(x),∀x ∈ M, r ∈ R.

Definition 1.2. Intersection (logical and): the membership function of
the intersection of two fuzzy sets A and B is defined as:
µA∩B(x) = Min(µA(x), µB(x)), ∀x ∈ X

Definition 1.3. Union (exclusive or): the membership function of the
union is defined as:
µA∪B(x) = Max(µA(x), µB(x)), ∀x ∈ X

Definition 1.4. For two fuzzy R−modules µA and µB; a function f̃ :
µA −→ νB is called fuzzy R−homomorphism, if f is anR−homomorphism
and ν(f(a)) ≥ µ(a)(∀a ∈ A). For simplicity, denote by Hom(µA, νB)
the set of fuzzy R−homomorphisms from µA to νB.

Definition 1.5. Let G be a nonempty set and R be a fuzzy subset of
G×G×G. R is called a fuzzy binary operation on G if
(1) for all a, b ∈ G, ∃c ∈ G such that R(a, b, c) > θ;
(2) for all a, b, c1, c2 ∈ G, R(a, b, c1) 0 and R(a, b, c2) 0 implies C1 = C2.

Definition 1.6. Let G be a nonempty set and R be a fuzzy binary
operation on G. (G,R) is called a fuzzy group if the following conditions
are true:
(1) ∀a, b, c, z1, z2 ∈ G, ((aob)oc)(z1) > 0 and (ao(boc))(z2) > 0 implies z1 =
z2;
(2) ∃e ∈ G such that (eoa)(a) > 0 and (aoe)(a) > 0 for any a ∈ G (e is
called an identity element of G);
(3) ∀a ∈ G, ∃b ∈ G such that (aoB)(a) > 0 and (boa)(e) > 0 (b is called
an inverse dement of a and is denoted as a−1).

Definition 1.7. A fuzzy set µ of a ring R is called a fuzzy ideal, if it
satisfies the following properties:
(1) µ(x− y) ≥ µ(x) ∧ µ(y), for all x, y ∈ R.
(2) µ(xy) ≥ µ(x) ∨ µ(y), for all x, y ∈ R.
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Definition 1.8. An intuitionistic fuzzy set (briefly an IFS) A of a non-
void set X is an object having the form A = {(x, µA(x), νA(x));x ∈ X},
where the maps µA : X −→ [0, 1] and νA : X −→ [0, 1], are fuzzy subsets
of X, denote respectively the degree of membership (namely µA(x)) and
the degree of
non-membership (namely νA(x)) of each element x ∈ X, and 0 ≤
µA(x) + νA(x) ≤ 1 for all x ∈ X.
For the sake of simplicity, we denote an IFS, A = {(x, µA(x), νA(x));x ∈
X} of the set X by A = (µA , νA) or briefly A, and the set of all IFS of
X by IFS(X). If X is a non-empty set and A = (µA , νA), B = (µB , νB )
are two IFS of X, then
A ⊆ B, if and only if µA(x) ≤ µB (x) and νA(x) ≥ νB (x), for all x ∈ X;
A = B if and only if µA(x) = µB (x) and νA(x) = νB (x), for all x ∈ X;
Ac = (νA , µA);
A ∩B = {(x, µA(x) ∧ µB (x), νA(x) ∨ νB (x));x ∈ X};
A ∪B = {(x, µA(x) ∨ µB (x), νA(x) ∧ νB (x));x ∈ X}.

Let {Ai = (µAi
, νAi

)}i∈I be a family of IFS of X. Then⋂
i∈I Ai = (µ

(∩i∈IAi)
, ν

(∩i∈IAi)
) = {(x,

∧
i∈I µAi

(x),
∨

i∈I νAi
(x));x ∈ X}

and⋃
i∈I Ai = (µ

(∪i∈IAi)
, ν

(∪i∈IAi)
) = {(x,

∨
i∈I µAi

(x),
∧

i∈I νAi
(x));x ∈ X}

Definition 1.9. Let M be an R−module and A = (µA , νA) an IFS of
M . Then A is called an intuitionistic fuzzy submodule of M if A satisfies
the
following:

(1) µA(0) = 1, νA(0) = 0
(2) µA(x+ y) ≥ µA(x) ∧ µA(y), for all x, y ∈ M

νA(x+ y) ≤ νA(x) ∨ νA(y), for all x, y ∈ M
(3) µA(rx) ≥ µA(x), for all x ∈ M and r ∈ R

νA(rx) ≤ νA(x), for all x ∈ M and r ∈ R

2. IF binary operations , IF fuzzy groups, basic properties
and preliminaries

In this section we give some important definitions of IF sets and op-
erations. Then we formulate some properties and results of them.

Definition 2.1. Let θ ∈ [0, 1), R and S be nonempty sets and let
f = (µf , νf ) be an intuitionistic fuzzy subset of R × S ; then A is called
a (θ) intuitionistic fuzzy (IF) function from R into S if

(1)

{
∀x ∈ R, ∃y ∈ s such that µf (x, y) > θ

(∀x ∈ R, ∃y ∈ s such that νf (x, y) < 1− θ)
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(2)

{
∀x ∈ R for all y1, y2 ∈ S, µf (x, y1) > θ and µf (x, y2) > θ imply y1 = y2

∀x ∈ R for all y1, y2 ∈ S, νf (x, y1) < 1− θ and νf (x, y2) < 1− θ imply y1 = y2

Definition 2.2. Let G be a nonempty set and let R = (µR, νR) be an IF

subset ofG×G×G. ThenR = (µR, νR) with

{
µR : G×G×G −→ [0, 1]
νR : G×G×G −→ [0, 1]

is called an intuitionistic fuzzy binary operation on G if

(1)

{
∀a, b ∈ G, ∃c ∈ G such that µR(a, b, c) > θ

(∀a, b ∈ G, ∃c ∈ G such that νR(a, b, c) < 1− θ)

(2)

{
∀a, b, c1, c2 ∈ G,µR(a, b, c1) > θ and µR(a, b, c2) > θ imply c1 = c2

∀a, b, c1, c2 ∈ G, νR(a, b, c1) < 1− θ and νR(a, b, c2) < 1− θ imply c1 = c2
Let R be an intuitionistic fuzzy binary operation on G; then we have a
mapping

R : IF (G)× IF (G) −→ IF (G),

(A,B) 7−→ αR(A,B),

where IF (G) is the set of all IF subsets of G, such that αR(A,B) =
(µαR , ναR) where{

µαR(A,B)(c) =
∨

a,b∈G(µA(a) ∧ µB(b) ∧ µR(a, b, c))

ναR(A,B)(c) =
∧

a,b∈G(νA(a) ∨ νB(b) ∨ νR(a, b, c))

Let A = χIF
{a} = (χ{a}, χ

c
{a}) and B = χIF

{b} = (χ{b}, χ
c
{b}) and let R(A,B)

be denoted as (aob)IF = (µ(aob), ν(aob)) and (boa)IF = (µ(boa), ν(boa));
then{

∀c ∈ G, (µ(aob))(c) = µR(a, b, c),
∀c ∈ G, (ν(aob))(c) = νR(a, b, c),

{
∀c ∈ G, (µ(boa))(c) = µR(b, a, c),
∀c ∈ G, (ν(boa))(c) = νR(b, a, c),

Now define ((aob)oc)IF = (µ((aob)oc), ν((aob)oc)) and (ao(boc))IF = (µ(ao(boc)), ν(ao(boc)))
then{

∀c ∈ G, µ((aob)oc)(z) =
∨

d∈G(µR(a, b, d) ∧ µR(d, c, z))
∀c ∈ G, ν((aob)oc)(z) =

∧
d∈G(νR(a, b, d) ∨ νR(d, c, z)){

∀c ∈ G, µ(ao(boc))(z) =
∨

d∈G(µR(b, c, d) ∧ µR(a, d, z))
∀c ∈ G, ν(ao(boc))(z) =

∧
d∈G(νR(b, c, d) ∨ νR(a, d, z))

Definition 2.3. Let G be nonempty set and let R = (µR, νR) be an
IF binary operation on G. (G,R) is called an IF group, if the following
conditions are true

(1)


∀a, b, c, z1, z2 ∈ G, µ((aob)oc)(z1) > θ and µ(ao(boc))(z2) > θ

imply z1 = z2;
∀a, b, c, z1, z2 ∈ G, ν((aob)oc)(z1) < 1− θ and ν(ao(boc)))(z2) < 1− θ

imply z1 = z2;
(2) there exists e0 ∈ G, (e0oa) = (µ(e0oa), ν(e0oa)), (aoe0) = (µ(aoe0), ν(aoe0))
such that µ(e0oa)(a) > θ and µ(aoe0)(a) > θ ( Consequently ν(e0oa)(a) <
1 − θ and ν(aoe0)(a) < 1 − θ) for every a ∈ G (e0 is called an identity
element of G).
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(3) For every a ∈ G, there exists b ∈ G such that µ(aob)(e0) > θ and
µ(boa)(e0) > θ ( Consequently ν(aob)(e0) < 1− θ and ν(boa)(e0) < 1− θ in

this case b is called an inverse element of a and denoted by a−1.

Proposition 2.4.

{
µ((aob)oc)(d) > θ ⇐⇒ (µ(ao(boc)))(d) > θ;

ν((aob)oc)(d) < 1− θ ⇐⇒ ν((aob)oc)(d) < 1− θ
.

Proof. Let

{
µ((aob)oc)(d) > θ;

ν((aob)oc)(d) < 1− θ
and let z, w ∈ G such that

{
µR(b, c, z) > θ;

νR(b, c, z) < 1− θ

and

{
µR(a, z, w) > θ;

νR(a, z, w) < 1− θ
. Then

{
µ(ao(boc))(w) ≥ µR(b, c, z) ∧ µR(a, z, w) > θ;

ν(ao(boc))(w) ≤ νR(b, c, z) ∨ νR(a, z, w) < 1− θ

Thus, d = w and

{
µ(ao(boc))(d) > θ;

ν(ao(boc))(d) < 1− θ
.

Similarly by

{
µ(ao(boc))(d) > θ;

ν(ao(boc))(d) < 1− θ
. we have

{
µ((aob)oc)(d) > θ;

ν((aob)oc)(d) < 1− θ
.

□

Proposition 2.5. H is an IF subgroup of G if and only if

(1)

{
∀a, b ∈ H,∀c ∈ G,µ(aob)(c) > θ imlies c ∈ H;

∀a, b ∈ H,∀c ∈ G, ν(aob)(c) < 1− θ imlies c ∈ H

(2) a ∈ H implies a−1 ∈ H.

Definition 2.6. Let H = (µH , νH) be an IF subgroup of G. Let

aH =

{
(aµH)(z) =

∨
x∈G µR(a, x, z);

(aνH)(z) =
∧

x∈G νR(a, x, z).
Ha=

{
(µHa)(z) =

∨
x∈G µR(x, a, z);

(νHa)(z) =
∧

x∈G νR(x, a, z).
Then aH (Ha) is called a left(right)coset of H.

Definition 2.7. Let H = (µH , νH) be an IF subgroup of G. If for
(ao(hoa−1)) = (µ(ao(hoa−1)), ν(ao(hoa−1))){

∀a, b ∈ G, ∀h ∈ H, µ(ao(hoa−1))(b) > θ;
∀a, b ∈ G, ∀h ∈ H, ν(ao(hoa−1))(b) < 1− θ.

then H is called a normal IF subgroup of G.

Definition 2.8. Let (G,R) be an IF subgroup. If
µ(aob)(c) > θ ⇐⇒ µ(boa)(c) > θ, ∀a, b, c ∈ G
ν(aob)(c) < 1− θ ⇐⇒ ν(boa)(c) < 1− θ, ∀a, b, c ∈ G,

then (G,R)IF is called an abelian IF group.
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Theorem 2.9. Let [aH] = {a′H | a′H ∼ aH},
ā = {a′| a′ ∈ G and a′H ∼ aH}, G/H = {[aH]| a ∈ G}, and

R̄ = (µR̄, νR̄) =

{
µR̄ : G

H × G
H × G

H −→ [0, 1],
νR̄ : G

H × G
H × G

H −→ [0, 1].

([aH], [bH], [cH]) 7−→ R̄([aH], [bH], [cH]) =


∨

(a′,b′,c′)∈ā×b̄×c̄

µR(a
′, b′, c′),∧

(a′,b′,c′)∈ā×b̄×c̄

νR(a
′, b′, c′).

Then R̄ is an IF binary relation on G
H .

Proof.
(1) ∀a, b ∈ G, ∃c ∈ G such that µR(a, b, c) > θ, then{

µR̄([aH], [bH], [cH]) ≥ µR(a, b, c) > θ,
νR̄([aH], [bH], [cH]) ≤ µR(a, b, c) < 1− θ.

(2) Let

M =

{
µR̄([aH], [bH], [cH]) > θ,

νR̄([aH], [bH], [cH]) < 1− θ.

and

N =

{
µR̄([aH], [bH], [dH]) > θ,

νR̄([aH], [bH], [dH]) < 1− θ.

We need to prove [cH] = [dH].
There exist a1 ∈ ā, b1 ∈ b̄, c1 ∈ c̄, a′1 ∈ ā, b′1 ∈ b̄, d1 ∈ d such that

µR(a1, b1, c1) > θ µR(a
′
1, b

′
1, c

′
1) > θ,

νR(a1, b1, c1) < 1− θ νR(a
′
1, b

′
1, c

′
1) < 1− θ.

Since a′1H ∼ a1H, b′1H ∼ b1H, so there exist h1 ∈ H,h2 ∈ H such that

µR(a
′
1, h1, a1) > θ µR(b

′
1, h2, b1) > θ,

νR(a
′
1, h1, a1) < 1− θ νR(b

′
1, h2, b1) < 1− θ.

Let z ∈ G such that

{
µR(h1, b

′
1, z) > θ,

νR(h1, b
′
1, z) < 1− θ.

, then

{
µR(z, b

′
1
−1, h1) > θ,

νR(z, b
′
1
−1, h1) < 1− θ.

,

So b′1
−1H ∼ zH and there exists h′1 ∈ H such that

{
µR(b

′
1
−1, z, h′) > θ,

νR(b
′
1
−1, z, h′) < 1− θ.

.

Let y ∈ G such that

{
µR(b

′
1, h

′
1, y) > θ,

νR(b
′
1, h

′
1, y) < 1− θ.

, then for

(b′1o(b
′
1
−1oz))IF = (µ(b′1o(b

′
1
−1oz)), ν(b′1o(b′1−1oz))),{

µ(b′1o(b
′
1
−1oz))(y) ≥ µR(b

′
1
−1, z, h′1) ∧ µR(b

′
1, h

′
1, y) > θ,

ν(b′1o(b′1−1oz))(y) ≤ νR(b
′
1
−1, z, h′1) ∨ νR(b

′
1, h

′
1, y) < 1− θ
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and ((b′1ob
′
1
−1)oz)IF = (µ((b′1ob

′
1
−1)oz), ν((b′1ob′1−1)oz)),{

µ((b′1ob
′
1
−1)oz)(z) ≥ µR(b

′
1, b

′
1
−1, e) ∧ µR(e, z, z) > θ,

ν((b′1ob′1−1)oz)(z) ≤ νR(b
′
1, b

′
1
−1, e) ∨ νR(e, z, z) < 1− θ

Thus, y = z. Let z1, y1 ∈ G such that
µR(h1, b1, z1) > θ,

νR(h1, b1, z1) < 1− θ.
,

µR(a
′
1, z1, y1) > θ,

νR(a
′
1, z1, y1) < 1− θ.

,

then (a′1o(h1ob1))
IF = (µ(a′1o(h1ob1)), ν(a′1o(h1ob1))){

µ(a′1o(h1ob1))(y1) ≥ µR(h1, b1, z1) ∧ µR(a
′
1, z1, y1) > θ,

ν(a′1o(h1ob1))(y1) ≤ νR(h1, b1, z1) ∨ νR(a
′
1, z1, y1) < 1− θ

((a′1oh1)ob1)
IF = (µ((a′1oh1)ob1), ν((a′1oh1)ob1)){
µ((a′1oh1)ob1) ≥ µR(h1, b1, z1) ∧ µR(a

′
1, z1, y1) > θ,

ν((a′1oh1)ob1) ≤ νR(h1, b1, z1) ∨ νR(a
′
1, z1, y1) < 1− θ

Thus, y1 = c1 and

{
µR(a

′
1, z1, c1) > θ,

νR(a
′
1, z1, c1) < 1− θ

Let p1 ∈ G such that

{
µR(z, h2, p1) > θ,

νR(z, h2, p1) < 1− θ
then for

((h1ob
′
1)oh2)

IF = (µ((h1ob′1)oh2), ν((h1ob′1)oh2)){
µ((h1ob

′
1)oh2)(p1) ≥ µR(h1, b

′
1, z) ∧ µR(z, h2, p1) > θ,

ν((h1ob
′
1)oh2)(p1) ≤ νR(h1, b

′
1, z) ∨ νR(z, h2, p1) < 1− θ

and for (h1o(b
′
1oh2))

IF = (µ(h1o(b′1oh2)), ν(h1o(b′1oh2))) ⇒{
µ(h1o(b′1oh2))(z1) ≥ µR(b

′
1, h2, b1) ∧ µR(h1, b1, z) > θ,

ν(h1o(b′1oh2)(z1) ≤ νR(b
′
1, h2, b1) ∨ νR(h1, b1, z) < 1− θ

Thus, p1 = z1 and

{
µR(z, h2, z1) > θ,

νR(z, h2, z1) < 1− θ
,

{
µR(y, h2, z1) > θ,

νR(y, h2, z1) < 1− θ
.

Let h ∈ G, w1 ∈ G such that

{
µR(h

′
1, h2, h) > θ,

νR(h
′
1, h2, h) < 1− θ

,

{
µR(b

′
1, h, w1) > θ,

νR(b
′
1, h, w1) < 1− θ

,

then h ∈ H and (b′1o(h
′
1oh2)

IF = (µ(b′1o(h
′
1oh2), ν(b′1o(h′

1oh2)) ⇒{
µ(b′1o(h

′
1oh2)(w1) ≥ µR(h

′
1, h2, h) ∧ µR(b

′
1, h, w1) > θ,

ν(b′1o(h′
1oh2)(w1) ≤ νR(h

′
1, h2, h) ∨ νR(b

′
1, h, w1) < 1− θ

((b′1oh
′
1)oh2)

IF = (µ((b′1oh
′
1)oh2), ν((b′1oh′

1)oh2)) ⇒{
µ((b′1oh

′
1)oh2)(z1) ≥ µR(b

′
1, h

′
1, y) ∧ µR(y, h2, z1) > θ,

ν((b′1oh′
1)oh2)(z1) ≤ νR(b

′
1, h

′
1, y) ∨ νR(y, h2, z1) < 1− θ

Thus, w1 = z1 and

{
µR(b

′
1, h, z1) > θ,

νR(b
′
1, h, z1) < 1− θ

.

Let w ∈ G such that

{
µR(d1, h, w) > θ,

νR(d1, h, w) < 1− θ
, then

((a′1ob
′
1)oh)

IF = (µ((a′1ob
′
1)oh)

, ν((a′1ob′1)oh)) ⇒
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µ((a′1ob

′
1)oh)

(w) ≥ µR(a
′
1, b

′
1, d1) ∧ µR(d1, h, w) > θ,

ν((a′1ob′1)oh)(w) ≤ νR(a
′
1, b

′
1, d1) ∨ νR(d1, h, w) < 1− θ

(a′1o(b
′
1oh))

IF = (µ(a′1o(b
′
1oh))

, ν(a′1o(b′1oh))) ⇒{
µ(a′1o(b

′
1oh))

(c1) ≥ µR(b
′
1, h, z1) ∧ µR(a

′
1, z1, c1) > θ,

ν(a′1o(b′1oh))(c1) ≤ νR(b
′
1, h, z1) ∨ νR(a

′
1, z1, c1) < 1− θ

Thus, w = c1 and

{
µR(d1, h, c1) > θ,

νR(d1, h, c1) < 1− θ
. It follows that cH ∼ dH

and consequently [cH] = [dH].
Hence, R̄ is an IF binary operation on G

H . Since R̄ is an IF binary

operation on G
H , so we have ([aH]o[bH])IF = (µ([aH]o[bH]), ν([aH]o[bH])){

µ([aH]o[bH])([cH]) = µR̄([aH], [bH], [cH]),
ν([aH]o[bH])([cH]) = νR̄([aH], [bH], [cH])

(([aH]o[bH])o[cH])IF = (µ(([aH]o[bH])o[cH]), ν(([aH]o[bH])o[cH])) ⇒{
µ(([aH]o[bH])o[cH])([dh]) =

∨
µR̄([aH], [bH], [xH]) ∧ µR̄([xH], [cH], [dH]),

ν(([aH]o[bH])o[cH])([dh]) =
∧
νR̄([aH], [bH], [xH]) ∨ νR̄([xH], [cH], [dH])

([aH]o([bH]o[cH])IF = (µ([aH]o([bH]o[cH]), ν([aH]o([bH]o[cH])) ⇒{
µ([aH]o([bH]o[cH])([wh]) =

∨
µR̄([aH], [cH], [xH]) ∧ µR̄([aH], [xH], [wH]),

ν([aH]o([bH]o[cH])([wh]) =
∧
νR̄([aH], [cH], [xH]) ∨ νR̄([aH], [xH], [wH]).

□

Theorem 2.10. (GH , αR̄) is an IF group.

Proof. Let
(([aH]o[bH])o[cH])IF = (µ(([aH]o[bH])o[cH]), ν(([aH]o[bH])o[cH])) and ([aH]o([bH]o[cH]))IF =
(µ([aH]o([bH]o[cH])), ν([aH]o([bH]o[cH]))) ⇒{

µ(([aH]o[bH])o[cH])([dh]) > θ, µ([aH]o([bH]o[cH]))([wH]) > θ,
ν(([aH]o[bH])o[cH])([dh]) < 1− θ, ν([aH]o([bH]o[cH]))([wH]) < 1− θ

Then, we have a1, a
′
1, b1, b

′
1, c1, c

′
1, w1 ∈ G such that c1H ∼ c′1H ∼

cH, a′1H ∼ a1H, b′1H ∼ b1H ∼ bH, d1H ∼ dH, w1H ∼ wH and
there exist elements h1, h2, h3 ∈ H, x′1, x

′
2 ∈ G such that{

µR(a1, b1, x
′
1) ∧ µR(x

′
1, c1, d1) > θ,

νR(a1, b1, x
′
1) ∨ νR(x

′
1, c1, d1) < 1− θ

{
µR(b

′
1, c

′
1, x

′
2) ∧ µR(a

′
1, x

′
2, w1) > θ,

νR(b
′
1, c

′
1, x

′
2) ∨ νR(a

′
1, x

′
2, w1) < 1− θ{

µR(a
′
1, h1, a1) > θ µR(b

′
1, h2, b1) > θ µR(c

′
1, h3, c1) > θ,

νR(a
′
1, h1, a1) < 1− θ νR(b

′
1, h2, b1) < 1− θ νR(c

′
1, h3, c1) < 1− θ
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Let z1 ∈ G such that

{
µR(a

′
1, b

′
1, z1) > θ,

νR(a
′
1, b

′
1, z1) < 1− θ

, then by

{
µR(a1, b1, x

′
1) > θ,

νR(a1, b1, x
′
1) < 1− θ

,{
µR(a

′
1, h1, a1) > θ,

νR(a
′
1, h1, a1) < 1− θ

,

{
µR(a

′
1, b

′
1, z1) > θ,

νR(a
′
1, b

′
1, z1) < 1− θ

,

{
µR(b

′
1, h2, b1) > θ,

νR((b
′
1, h2, b1) < 1− θ

,

and the proof of Theorem ??, there exists h4 ∈ H such that

{
µR(z2, h4, d1) > θ,

νR(z2, h4, d1) < 1− θ
.

(a′1o(b
′
1oc

′
1))

IF = (µ(a′1o(b
′
1oc

′
1))

, ν(a′1o(b′1oc′1))) then{
µ(a′1o(b

′
1oc

′
1))

(w1) > µR(b
′
1, c

′
1, x

′
2) ∧ µR(a

′
1, x

′
2, w1) > θ,

ν(a′1o(b′1oc′1))(w1) < νR(b
′
1, c

′
1, x

′
2) ∨ νR(a

′
1, x

′
2, w1) < 1− θ

((a′1ob
′
1)oc

′
1)

IF = (µ((a′1ob
′
1)oc

′
1)
, ν((a′1ob′1)oc′1)) then{

µ((a′1ob
′
1)oc

′
1)
(w1) > µR(a1, b

′
1, z1) ∧ µR(z1, c

′
1, z2) > θ,

ν((a′1ob′1)oc′1)(w1) < νR(a1, b
′
1, z1) ∨ νR(z1, c

′
1, z2) < 1− θ

so, z2 = w1 and

{
µR(w1, h4, d1) > θ,

νR(w1, h4, d1) < 1− θ
. Then, w1H ∼ dH and con-

sequently [wH] = [dH].

(2) ([aH]o[eH])IF = (µ([aH]o[eH]), ν([aH]o[eH])) and ([eH]o[aH])IF = (µ([eH]o[aH]), ν([eH]o[aH])) ⇒
∀a ∈ G,µ([aH]o[eH])([aH]) ≥ µR(a, e, a) > θ, µ([eH]o[aH])([aH]) ≥ µR(e, a, a) > θ

∀a ∈ G, ν([aH]o[eH])([aH]) ≤ νR(a, e, a) < 1− θ, ν([eH]o[aH])([aH]) ≤ νR(e, a, a) < 1− θ

(3) ([aH]o[a−1H])IF = (µ([aH]o[a−1H]), ν([aH]o[a−1H])) and ([a−1H]o[aH])IF =
(µ([a−1H]o[aH]), nu([a−1H]o[aH])) ⇒

µ([aH]o[a−1H])([eH]) ≥ µR(a, a
−1, e) > θ, µ([a−1H]o[aH])([eH]) ≥ µR(a

−1, a, e) > θ
ν([aH]o[a−1H])([eH]) ≤ νR(a, a

−1, e) < 1− θ, ν([a−1H]o[aH])([eH]) ≤ νR(a
−1, a, e) < 1− θ

Hence, (GH , R̄) is IF group. □

Definition 2.11. Let (G1, R1) and (G2, R2) be two IF group and let
f : G1 −→ G2 be a mapping. If

µR1(a, b, c) > θ =⇒ µR2(f(a), f(b), f(c)) > θ

νR1(a, b, c) < 1− θ =⇒ νR2(f(a), f(b), f(c)) < 1− θ

then f is called an IF (group) homomorphism. IF f is 1-1, it is called an
IF epimorphism. If f is both 1-1 and onto, it is called an IF isomorphism.
Let G = (µG, νG) be an IF binary operation on R. Then we have a
mapping

αG : IF (R)× IF (R) −→ IF (R)

(A,B) 7−→ αG(A,B)

where IF (R) =

{
A = (µA, νA)|

µA : R → [0, 1]
νA : R → [0, 1]

is a mapping

}
and

µG(A,B)(c) =
∨

a,b∈R(µA(a) ∧ µB(b) ∧ µG(a, b, c))

νG(A,B)(c) =
∧

a,b∈R(νA(a) ∨ νB(b) ∨ νG(a, b, c))
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Let A = χIF
{A} = (χ{A}, χ

C
{A}) and B = χIF

{B} = (χ{B}, χ
c
{B}) and Let

G(A,B) and H(A,B) be denoted as aob and a ∗ b, respectively. Then
for aob and a ∗ b = (µa∗b, νa∗b)
µ(aob)(c) = µG(a, b, c) , ∀c ∈ R,
ν(aob)(c) = νG(a, b, c) , ∀c ∈ R.
µ(a∗b)(c) = µH(a, b, c) , ∀c ∈ R,
ν(a∗b)(c) = νH(a, b, c) , ∀c ∈ R.{

µ((aob)oc)(z) =
∨

d∈G(µG(a, b, d) ∧ µG(d, c, z))
ν((aob)oc)(z) =

∧
d∈G(νG(a, b, d) ∨ νG(d, c, z)){

µ(ao(boc))(z) =
∨

d∈G(µG(b, c, d) ∧ µG(a, d, z))
ν(ao(boc))(z) =

∧
d∈G(νG(b, c, d) ∨ νG(a, d, z))

a∗(boa) = (µa∗(boa), νa∗(boa)) ⇒
{

µ(a∗(boc))(z) =
∨

d∈G(µG(b, c, d) ∧ µH(a, d, z))
ν(a∗(boc))(z) =

∧
d∈G(νG(b, c, d) ∨ νH(a, d, z))

for ((a ∗ b)o(a ∗ c)) = (µ((a∗b)o(a∗c)), ν((a∗b)o(a∗c))) ⇒{
µ((a∗b)o(a∗c))(z) =

∨
d∈G(µH(a, b, d) ∧ µH(a, c, e) ∧ µG(d, e, z))

ν((a∗b)o(a∗c))(z) =
∧

d∈G(νH(a, b, d) ∨ νH(a, c, e) ∨ νG(d, e, z))

Definition 2.12. Let R be a nonempty set and let G and H be two IF
binary operations on R. Then (R,G,H) is called IF ring if the following
conditions hold for ((a∗b)∗c)IF = (µ((a∗b)∗c), ν((a∗b)∗c)), (a∗ (b∗c))IF =

(µ(a∗(b∗c)),ν(a∗(b∗c))), ((aob) ∗ c)IF = (µ((aob)∗c), ν((aob)∗c)), ((a ∗ c)o(b ∗
c))IF = (µ((a∗c)o(b∗c)), ν((a∗c)o(b∗c))) and ((a∗b)oc)IF = (µ((a∗b)oc), ν((a∗b)oc))
(1) (R,G) is an abelian IF group;

(2)

{
∀a, b, c, z1, z2 ∈ R, µ((a∗b)∗c)(z1) > θ and µ(a∗(b∗c))(z2) > θ

∀a, b, c, z1, z2 ∈ R, ν((a∗b)∗c)(z1) < 1− θ and ν(a∗(b∗c))(z2) < 1− θ
imply z1 = z2

(3)

{
∀a, b, c, z1, z2 ∈ R, µ((aob)∗c)(z1) > θ and µ((a∗c)o(b∗c))(z2) > θ

∀a, b, c, z1, z2 ∈ R, ν((aob)∗c)(z1) < 1− θ and ν((a∗c)o(b∗c))(z2) < 1− θ
imply z1 = z2{

∀a, b, c, z1, z2 ∈ R, µ((a∗b)oc)(z1) > θ and µ((a∗b)o(a∗c))(z2) > θ
∀a, b, c, z1, z2 ∈ R, ν((a∗b)oc)(z1) < 1− θ and ν((a∗b)o(a∗c))(z2) < 1− θ

imply z1 = z2

Definition 2.13. Let (R,G,H) be a IF ring.

(1) If

{
µ(a∗b)(u) > θ ⇐⇒ µ(b∗a)(u) > θ

ν(a∗b)(u) < 1− θ ⇐⇒ ν(b∗a)(u) < 1− θ
then (R,G,H) is said

to be a commutative IF ring.
(2) If ∃e∗ ∈ R such that for (a ∗ e∗)

IF = (µ(a∗e∗), ν(a∗e∗)), (e∗ ∗ a)IF =

(µ(e∗∗a), ν(e∗∗a))

{
µ(a∗e∗)(a) > θ

ν(a∗e∗)(a) < 1− θ
and

{
µ(e∗∗a)(a) > θ

ν(e∗∗a)(a) < 1− θ
for ev-

ery a ∈ R, then (R,G,H) is said to be IF ring with identity.
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(3) Let (R,G,H) be an IF ring with identity. If for a member a ∈ R there

exists b ∈ R such that

{
µ(a∗b)(e∗) > θ

ν(a∗b)(e∗) < 1− θ
and

{
µ(b∗a)(e∗) > θ

ν(b∗a)(e∗) < 1− θ
,

then b is said to be an inverse element of a and is denoted by a−1.

Proposition 2.14. Let (R,G,H) be an IF ring and let S be an nonempty
subset of R. Then (S,G,H) is an IF subring of R if and only if

(1)

{
µ(aob)(c) > θ

ν(aob)(c) < 1− θ
implies c ∈ S and

{
µ(a∗b)(c) > θ

ν(a∗b)(c) < 1− θ
implies

c ∈ S for all a, b ∈ S, c ∈ R;
(2) a ∈ S implies a−1 ∈ S.

Definition 2.15. A nonempty subset I = (µI , νI) of a IF ring (R,G,H)
is called a IF ideal of R if the following conditions are satisfied.

(1)

{
∀x, y ∈ I, µ(xoy)(z) > θ

∀x, y ∈ I, ν(xoy)(z) < 1− θ
=⇒ z ∈ I for all z ∈ R

(2)
{

∀x ∈ I, x−1 ∈ I;

(3)

{
∀s ∈ I, for all r ∈ R, µ(r∗s)(x) > θ =⇒ x ∈ I and µ(s∗r)(y) > θ

∀s ∈ I, for all r ∈ R, ν(r∗s)(x) < 1− θ =⇒ x ∈ I and ν(s∗r)(y) < 1− θ
=⇒

y∈ I, x, y ∈ R.

3. IF Modules over IF Rings

Let (R, G, H) be a IF ring and (M, J) be an abelian IF group and
let αP be IF function R×M into M . Then we have a mapping

P : IF (R)× IF (M) −→ IF (M)

(A,N) 7−→ P (A,N)

P = (µP , νP ) ⇒


µP (A,N)(x) =

∨
(r,n)∈A×N

(A(r) ∧N(n) ∧ p(r, n, x)),

νP (A,N)(x) =
∧

(r,n)∈A×N

(A(r) ∨N(n) ∨ p(r, n, x)),

where IF (R) =

{
A = (µA, νA) |

µA : R −→ [0, 1]
νA : R −→ [0, 1]

}
and

IF (M) =

{
N = (µN , νN ) | µN : M −→ [0, 1]

νN : M −→ [0, 1]

}
.

Let A = {r} and N = {M}, and let P (A,N) and J(a, b) be denoted as
r ⊙m and a⊕ b, respectively. Then

(r ⊙m)(x) = P (r,m, x), ∀x ∈ M,

(r ⊙ (m1 ⊕m2))
IF = (µ(r⊙(m1⊕m2)), ν(r⊙(m1⊕m2))) =⇒
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µ(r⊙(m1⊕m2))(x) =

∨
m∈M

(µJ(m1,m2,m) ∧ µp(r,m, x))

ν(r⊙(m1⊕m2))(x) =
∧

m∈M
(νJ(m1,m2,m) ∨ νp(r,m, x))

((r1or2)⊙m)IF = (µ((r1or2)⊙m), ν((r1or2)⊙m)),

((r1 ∗ r2)⊙m)IF = (µ((r1∗r2)⊙m), ν((r1∗r2)⊙m)) and

((r1 ⊙ (r2 ⊙m))IF = (µ((r1⊙(r2⊙m)), ν((r1⊙(r2⊙m))) =⇒
µ((r1or2)⊙m)(x) =

∨
r∈R

(µG(r1, r2, r) ∧ µP (r,m, x))

ν((r1or2)⊙m)(x) =
∧
r∈R

(νG(r1, r2, r) ∨ νP (r,m, x))
,

µ((r1∗r2)⊙m)(x) =
∨
r∈R

(µH(r1, r2, r) ∧ µP (r,m, x))

ν((r1∗r2)⊙m)(x) =
∧
r∈R

(νH(r1, r2, r) ∨ νP (r,m, x))
,


µ((r1⊙(r2⊙m))(x) =

∨
m1∈M

(µP (r2,m,m1) ∧ µP (r1,m1, x))

ν((r1⊙(r2⊙m))(x) =
∧

m1∈M
(νP (r2,m,m1) ∨ νP (r1,m1, x))

,

(r ⊙ (m1 ⊕m2))
IF = (µ(r⊙(m1⊕m2)), ν(r⊙(m1⊕m2))) =⇒

µ((r⊙m1)⊕(r⊙m2))(x) =
∨

x1,x2∈M
(µP (r,m1, x1) ∧ µP (r,m2, x2) ∧ µJ(x1, x2, x))

ν((r⊙m1)⊕(r⊙m2))(x) =
∧

x1,x2∈M
(νP (r,m1, x1) ∨ νp(r,m2, x2) ∨ νJ(x1, x2, x))

Definition 3.1. Let (R,G,H) be an IF ring and Let (M,J) be an
abelian IF group. M is called an (left) IF module over R or (left)
R−IFmodule together with an IF function P : R × M −→ M , if the
following conditions hold, for all r, r1, r2 ∈ R and for all m,m1,m2 ∈ M ,
denote (r ⊙ (m1 ⊕m2))

IF = (µ(r⊙(m1⊕m2)), ν(r⊙(m1⊕m2))) =⇒

(1)

{
µ(r⊙(m1⊕m2))(x) > θ and µ((r⊙m1)⊕(r⊙m2))(y) > θ imply x = y

ν(r⊙(m1⊕m2))(x) < 1− θ and ν((r⊙m1)⊕(r⊙m2))(y) < 1− θ imply x = y

denote ((r1or2)⊙m)IF = (µ((r1or2)⊙m), ν((r1or2)⊙m)) =⇒

(2)

{
µ((r1or2)⊙m)(x) > θ and µ((r1⊙m)⊕(r2⊙m))(y) > θ imply x = y

ν((r1or2)⊙m)(x) < 1− θ and ν((r1⊙m)⊕(r2⊙m))(y) < 1− θ imply x = y

denote ((r1 ∗ r2)⊙m)IF = (µ((r1∗r2)⊙m), ν((r1∗r2)⊙m))

(3)

{
µ((r1∗r2)⊙m)(x) > θ and µ(r1⊙(r2⊙m))(y) > θ imply x = y

ν((r1∗r2)⊙m)(x) < 1− θ and ν(r1⊙(r2⊙m))(y) < 1− θ imply x = y
.

Proposition 3.2. Let (R,G,H) be an IF ring and let (M,J) be an
R−IFmodule; then for all r, r1, r2 ∈ R,m,m1,m2 ∈ M ,

(1)

{
µ(r⊙(m1⊕m2))(x) > θ ⇐⇒ µ((r⊙m1)⊕(r⊙m2))(x) < 1− θ

ν(r⊙(m1⊕m2))(x) < 1− θ ⇐⇒ ν((r⊙m1)⊕(r⊙m2))(x) < 1− θ
.

(2)

{
µ((r1or2)⊙m)(x) > θ ⇐⇒ µ((r1⊙m)⊕(r2⊙m))(x) > θ

ν((r1or2)⊙m)(x) < 1− θ ⇐⇒ ν((r1⊙m)⊕(r2⊙m))(x) < 1− θ
.
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(3)

{
µ((r1∗r2)⊙m)(x) > θ ⇐⇒ µ(r1⊙(r2⊙m))(y) > θ

ν((r1∗r2)⊙m)(x) < 1− θ ⇐⇒ ν(r1⊙(r2⊙m))(y) < 1− θ
.

Proof. It is clear by definitions. □

Remark 3.3. Let (G,R) be an IF group, then (aob)(d) > 0 and (aoc)(d) >
0 imply b = c .

Proof. Let b be an inverse element of a, then with ((boa)oa)IF = (µ((boa)oa), ν((boa)oa))

and (bo(aoa))IF = (µ(bo(aoa)), ν(bo(aoa))), we have

µ((boa)oa)(a) ≥ µR(b, a, e) ∧ µR(e, a, a) > θ,

ν((boa)oa)(a) ≤ νR(b, a, e) ∨ νR(e, a, a) < 1− θ,

µ(bo(aoa))(e) ≥ µR(a, a, a) ∧ µR(b, a, e) > θ,

ν(bo(aoa))(e) ≤ νR(a, a, a) ∨ νR(b, a, e) < 1− θ.

It follows that a = e . □

Proposition 3.4. Let (R,G,H) be an IF ring with zero element e0 and
(M,J) be a left R−fmodule with identity element ej. Then for all r ∈ R,
m ∈ M

(1) (r ⊙ ej)
IF = (µ(r⊙ej), ν(r⊙ej)) ⇒

{
µ(r⊙ej)(ej) > θ

ν(r⊙ej)(ej) < 1− θ

(2) (e0 ⊙m)IF = (µ(e0⊙m), ν(e0⊙m))

{
µ(e0⊙m)(ej) > θ

ν(e0⊙m)(ej) < 1− θ

(3) (r⊙m)IF = (µ(r⊙m), ν(r⊙m)) ⇒
{

µ(r⊙m)(x) > θ =⇒ µ(r⊙m−1)(x
−1) > θ

ν(r⊙m)(x) < 1− θ =⇒ ν(r⊙m−1)(x
−1) < 1− θ

(4) (r⊙m)IF = (µ(r⊙m), ν(r⊙m)) ⇒
{

µ(r⊙m)(x) > θ =⇒ µ(r−1⊙m)(x
−1) > θ

ν(r⊙m)(x) < 1− θ =⇒ ν(r−1⊙m)(x
−1) < 1− θ

Proof. Let x ∈ M such that

{
µ(r⊙ej)(ej) > θ

ν(r⊙ej)(ej) < 1− θ
. then by (r⊙ (eJ ⊕

eJ))
IF = (µ(r⊙(eJ⊕eJ )), ν(r⊙(eJ⊕eJ ))){

µ(r⊙(eJ⊕eJ ))(x) > µJ(eJ , eJ , eJ) ∧ µp(r, ej , x) > θ
ν(r⊙(eJ⊕eJ ))(x) < νJ(eJ , eJ , eJ) ∨ νp(r, ej , x) < 1− θ

it follows that ((r⊙ej)⊕(r⊙ej))
IF = (µ((r⊙ej)⊕(r⊙ej)), ν((r⊙ej)⊕(r⊙ej))) ⇒{

µ((r⊙ej)⊕(r⊙ej))(x) > θ

ν((r⊙ej)⊕(r⊙ej))(x) < 1− θ
from Proposition ??. then{

µ((r⊙ej)⊕(r⊙ej))(x) > µP (r, eJ , x) ∧ µP (r, eJ , x) ∧ µJ(x, x, x) > θ

ν((r⊙ej)⊕(r⊙ej))(x) < νP (r, eJ , x) ∨ νP (r, eJ , x) ∨ νJ(x, x, x) < 1− θ

Thus

{
µJ(x, x, x) > θ

νJ(x, x, x) < 1− θ
and x = ej from Remark ??.
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(2) Let x ∈ M such that

{
µ(e0⊙m)(ej) > θ

ν(e0⊙m)(ej) < 1− θ
. then by ((e0oe0) ⊙

m)IF = (µ((e0oe0)⊙m), ν((e0oe0)⊙m)){
µ((e0oe0)⊙m)(x) > µG(e0, e0, e0) ∧ µp(e0,m, x) > θ

ν((e0oe0)⊙m)(x) < νG(e0, e0, e0) ∨ νp(e0,m, x) < 1− θ

It follows that

((e0⊙m)⊕(e0⊙m))IF = (µ((e0⊙m)⊕(e0⊙m)), ν((e0⊙m)⊕(e0⊙m))) ⇒
{

µ((e0⊙m)⊕(e0⊙m))(x) > θ
ν((e0⊙m)⊕(e0⊙m))(x) < 1− θ

from Proposition ??. Then{
µ((e0⊙m)⊕(e0⊙m))(x) > µp(e0,m, x) ∧ µP (e0,m, x) ∧ µJ(x, x, x) > θ

ν((e0⊙m)⊕(e0⊙m))(x) < νp(e0,m, x) ∨ νP (e0,m, x) ∨ νJ(x, x, x) < 1− θ

Thus similar to (1),

{
µJ(x, x, x) > θ

νJ(x, x, x) < 1− θ
and so x = eJ .

(3) Let

{
µP (r,m, x) > θ

νP (r,m, x) < 1− θ
and let y ∈ M such that

{
µP (r,m

−1, y) > θ
νP (r,m

−1, y) < 1− θ

(r ⊙ (m⊕m−1))IF = (µ(r⊙(m⊕m−1)), ν(r⊙(m⊕m−1))) ⇒{
µ(r⊙(m⊕m−1))(eJ) > µJ(m,m−1, eJ) ∧ µP (r, eJ , eJ) > θ

ν(r⊙(m⊕m−1))(eJ) < νJ(m,m−1, eJ) ∨ νP (r, eJ , eJ) < 1− θ

by Proposition ?? we have ((r⊙m)⊕(r⊙m−1))IF = (µ((r⊙m)⊕(r⊙m−1)), ν((r⊙m)⊕(r⊙m−1)))

that

{
µ((r⊙m)⊕(r⊙m−1))(eJ) > θ

ν((r⊙m)⊕(r⊙m−1))(eJ) < 1− θ
.

Therefore

{
µJ(x, y, ej) > θ

νJ(x, y, ej) < 1− θ
and consequently y = x−1.

(4) It is obtain similar to (3).
□

Proposition 3.5. If (R,G,H) is a IF ring and K is any IF subring of
R, then R is a K−IFmodule.

Proof. Let (R,G,H) is a IF ring and let K is any IF subring of R

Consider the mapping

{
P = (µP , νP ) |

µP : µK × µR −→ µR

νP : νK × νR −→ νR
, defined

by P (k, r) = H(k, r). It is obviously a IF function which satisfies the
conditions in Definition ??. Moreover observe that (R,G) is necessarily
an abelian IF group. consequently R is a left K−ifmodule. □

4. IF Submodule and IF Module Homomorphisms

Definition 4.1. Let (R,G,H) be an IF ring, (M,J) an R−IFmodule,
and N a nonempty subset of M . If (N, J) is a R−IFmodule, N is called
an IF submodule of M .
By definitions we have the following Proposition trivially.
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Proposition 4.2. Let (R,G,H) be an IF ring, (M,J) a R−IFmodule,
and N a nonempty subset of M . Then N is an IF submodule of M if
and only if
(1) (N, J) is an IF subgroup of (M,J);

(2) for all r ∈ R, b ∈ N , (r⊙ b)IF=

{
µ(r⊙b)(c) > θ

ν(r⊙b)(c) < 1− θ
implies c ∈ N .

Proposition 4.3. If {Ni | i ∈ I} is a family of IF submodules of an IF
module M , then

⋂
i∈I

Ni is an IF submodule of M .

Proof. It is clear. □

Definition 4.4. Let A and B be two IF modules over a IF ring (R,G,H)
with a function P : R × M −→ M . A function f : A −→ B is an
R−IFmodule homomorphism which provided that, for all a, b ∈ A and
r ∈ R,

(1)

{
µG(a, b, x) > θ

νG(a, b, x) < 1− θ
implies

{
µG(f(a), f(b), f(x)) > θ

νG(f(a), f(b), f(x)) < 1− θ
;

(2)

{
µP (r, a, x) > θ

νP (r, a, x) < 1− θ
implies

{
µP (r, f(a), f(x)) > θ

νP (r, f(a), f(x)) < 1− θ
.

Clearly, a R−IFmodule homomorphism f : A −→ B is necessarily an
abelian IF group homomorphism. Consequently the same terminology
is used for IF modules: F is a R−IFmodule monomorphism (resp., epi-
morphism, isomorphism) if it is injective (resp., surjective, bijective) as
IF group homomorphisms.

Let f : A −→ B be an R−IFmodule homomorphism.Then the kernel
and the image of f as IF group homomorphisms are denoted by

Kerf = {a ∈ A | f(a) = eB},
Imf = {b ∈ B | b = f(a), a ∈ A},

respectively.

Theorem 4.5. Let (R,G,H) be an IF ring and let f : A −→ B be a
R−IFmodule homomorphism.Then
(1) f is an R−IFmodule monomorphism if and only if Kerf = {eA}
(2) f : A −→ B is an R−IFmodule isomorphism if and only if there
exists an IF module homomorphism G : B −→ A such that gf = eA and
fg = eB.

Theorem 4.6. Let f : (G1, R1) −→ (G2, R2) be an IF group homomor-
phism, then if H2 is a fuzzy subgroup of G2, then f−1(H2) is a fuzzy
subgroup of G1.

Proposition 4.7. Let f : A −→ B be a R−IFmodule homomorphism.
Then
(1) Kerf is an IF submodule of A;
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(2) Imf is an IF submodule of B;
(3) if C is any IF submodule of B, then f−1(C) = {a ∈ A|f(a) ∈ C} is
an IF submodule of A.

Proof.
(1) Kerf is a fuzzy subgroup of the abelian fuzzy group A from Theorem

26 in [?] . Let r ∈ R and a ∈ Kerf such that { µP (r, a, x) > θ,
νP (r, a, x) < 1− θ

Since f is a R−IFmodule homomorphism, { µP (r, f(a), f(x)) > θ,
νP (r, f(a), f(x)) < 1− θ

.

On the other hand, as a ∈ Kerf we have f(a) = eB. Therefore

{ µP (r, eB, f(x)) > θ,
νP (r, eB, f(x)) < 1− θ

and so f(x) = eB from Proposition ??. So

x ∈ Kerf is obtained.
(2) Imf is a IF subgroup of the abelian IF group A from Theorem 26
in [?]. For any r ∈ R, b ∈ Imf there exists a ∈ A such that b = f(a).

Let x ∈ A, H = (µH , νH) such that

{
µH(r, a, x) > θ

νH(r, a, x) < 1− θ
. Since f is

an R−ifmodule homomorphism,

{
µH(r, f(A), f(x)) > θ

νH(r, f(A), f(x)) < 1− θ
which

means

{
µH(r, b, f(x)) > θ

νH(r, b, f(x)) < 1− θ
andsof(x)∈ B.

(3) f−1(C) is an IF subgroup of the abelian IF group A from Theorem

??. Let r ∈ R and x ∈ f−1(C) such that

{
µH(r, x, u) > θ

νH(r, x, u) < 1− θ
. Since{

µH(r, f(x), f(u)) > θ
νH(r, f(x), f(u)) < 1− θ

and f(x) ∈ C we have that f(u) ∈ C and

u ∈ f−1(C). This completes the proof. □

.
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