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ABSTRACT. In this paper we study about IF binary operations on
some IF sets, at first. Then we introduce IF groups, modules and
IF homomorphisms under IF binary operation. We get some prop-
erties of IF groups rings and modules under binary operation. IF
modules and IF homomorphisms over this kind of IF rings are in-
troduced and investigated.

Keywords: IF operation, IF rings, IF modules, IF homomor-
phisms.

2020 Mathematics subject classification: 08A72, 16D60, 94D05.

1. INTRODUCTION

The concept of fuzzy subgroup of a group was first introduced by Rosen-
feld [?] in 1971. The concept of fuzzy subset of a non-empty set was
introduced by Zadeh [?] who introduced the notion of a fuzzy set as a
method of representing uncertainty in real physical world. Negoita and
Ralescu [?] introduced fuzzy module. By theuse of Yuan and Lee’s [?]
definition of fuzzy group based on fuzzy binary operation, Aktas and
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Cagman [?] defined a new kind of fuzzy ring.

In this study, we introduce a new kind of intuitionistic fuzzy module
by using Yuan and Lee’s definition of the intuitionistic fuzzy group and
Aktas and Cagman’s definition of fuzzy ring.

Let X be a non-empty set. A mapping p: X — [0, 1] is called a fuzzy
subset of X. Rosenfeld [?] applied the concept of fuzzy sets to the theory
of groups and defined the concept of fuzzy subgroups of a group.

Definition 1.1. Let M be an R—module. Then the fuzzy set pu of M is
called a fuzzy submodule (FSM) of M if

(1) pu(0) =1;

(2) wlz+y) =min{u(z),v(y)}, Vo, y € M;

(3) p(rz) > p(x),Voe € M,r € R.

Definition 1.2. Intersection (logical and): the membership function of
the intersection of two fuzzy sets A and B is defined as:

tans(@) = Min(pa(z), pp(x)), Vo € X

Definition 1.3. Union (exclusive or): the membership function of the
union is defined as:

naup(@) = Maz(ua(z), up(2)), Vo € X

Definition 1.4. For two fuzzy R—modules p4 and pp; a function f :
ua — vpis called fuzzy R—homomorphism, if f is an R—homomorphism
and v(f(a)) > p(a)(Va € A). For simplicity, denote by Hom(ua, vp)
the set of fuzzy R—homomorphisms from 4 to vp.

Definition 1.5. Let G be a nonempty set and R be a fuzzy subset of
G x G x G. Ris called a fuzzy binary operation on G if

(1) for all a,b € G, 3c € G such that R(a,b,c) > 0;

(2) for all a,b,c1,co € G, R(a,b,c1)0 and R(a,b,c2) 0 implies C = Co.

Definition 1.6. Let G be a nonempty set and R be a fuzzy binary
operation on G. (G, R) is called a fuzzy group if the following conditions
are true:

(1) Ya,b,c, 21,22 € G, ((aob)oc)(z1) > 0 and (ao(boc))(z2) > 0 implies z; =
22,

(2) Jde € G such that (eoa)(a) > 0 and (aoe)(a) > 0 for any a € G (e is
called an identity element of G);

(3) Ya € G,3b € G such that (aoB)(a) > 0 and (boa)(e) > 0 (b is called

an inverse dement of a and is denoted as a™!).

Definition 1.7. A fuzzy set p of a ring R is called a fuzzy ideal, if it
satisfies the following properties:

(1) plx—y) = plx) A ply), for all z,y € R.

(2) w(zy) = () vV u(y), for all z,y € R.
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Definition 1.8. An intuitionistic fuzzy set (briefly an IFS) A of a non-
void set X is an object having the form A = {(z, p,(2),v,(x));z € X},
where the maps p1, : X — [0,1] and v, : X — [0, 1], are fuzzy subsets
of X, denote respectively the degree of membership (namely x,(z)) and
the degree of

non-membership (namely v,(z)) of each element x € X, and 0 <
p,(z)+v,(x) <1foralxeX.

For the sake of simplicity, we denote an IF'S, A = {(z, u,(z),v,(2));x €
X} of the set X by A = (p,,v,) or briefly A, and the set of all IF'S of
X by IFS(X). If X is a non-empty set and A = (u,,v,), B= (tiz,V5)
are two I F'S of X, then

A C B, if and only if p, (z) < p,(x) and v, (x) > v,(z), for all z € X;
A= Bifand only if p,(z) = p,(z) and v, () = v,(x), for all z € X;
A= (v, 1y);

ANB= {(xuU'A(x) /\/'LB(x)?VA(:U) v VB(:I’.));':U S X};

AU B = {(z iy (@) V juy (). vy () A vy (a))i o € X}

Let {A; = (14, V4, ) bier e a family of IF'S of X. Then

miel Ai = ('u(ﬁieIAi)’V(”ieIAi)) = {(‘T’/\z‘el Hoa, (x)a\/iel Va, (z));z € X}
and

UiEI Al = (lu(uiE[Ai)?l/(uiE]Ai)) = {(ZL‘, Viel IUAZ- (:E)7 /\iEI Z/Ai (."L')), VS X}
Definition 1.9. Let M be an R—module and A = (u,,v,) an IF'S of

ArT A

M. Then A is called an intuitionistic fuzzy submodule of M if A satisfies
the

following:
(1) p,(0) =1, v,(0) =
(2) MA(:L'+y)ZuA(x /\,uA( ), for all x,y € M
v(x+y) <v,(z)Vrv,(y), for all z,y € M
(3) p,(re) > p,(z), forallz € M and r € R
v,(re) <v,(z), forallz € M and r € R

2. IF BINARY OPERATIONS , IF FUZZY GROUPS, BASIC PROPERTIES
AND PRELIMINARIES

In this section we give some important definitions of IF sets and op-
erations. Then we formulate some properties and results of them.

Definition 2.1. Let # € [0,1), R and S be nonempty sets and let
f = (ug,vr) be an intuitionistic fuzzy subset of R x S; then A is called
a (0) intuitionistic fuzzy (IF) function from R into S if
(1) { Vo € R, Jy € s such that ps(x,y) > 6

(Vx € R, Jy € s such that vs(z,y) <1—106)
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() Vo € Rfor all y1,y2 € S, pyp(w,y1) > 0 and py(x,y2) > 0 imply y1 = yo
Vo € Rfor all y1,y2 € S, ve(r,y1) <1—60 and ve(z,y2) <1 — 6 imply y1 =y

Definition 2.2. Let G be a nonempty set and let R = (ug, vg) be an IF

- . ur: G xGxG—[0,1]
subset of GXGXG. Then R = (ug,vr) w1th{ v G x G x G —> [0.1]

is called an intuitionistic fuzzy binary operation on G if

(1) Va,b € G, 3¢ € G such that ur(a,b,c) > 6
(Va,b € G, Je € G such that vg(a,b,c) <1—0)
@) Ya,b,c1,c0 € G,ur(a,b,c1) > 0 and pr(a,b,ca) > 0 imply ¢; = c2
Va,b,c1,c0 € G,vg(a,b,c1) <1—60 and vg(a,b,c2) < 1— 0 imply ¢; = ¢
Let R be an intuitionistic fuzzy binary operation on G; then we have a
mapping
R:IF(G) x IF(G) — IF(G),
(A, B) — agr(A, B),
where IF(QG) is the set of all IF subsets of G, such that ar(4,B) =
(Hag: Vay) where
{ o (A B)(€) = Vo s (14(@) A s (b) A u(a, b, )
VQR(Av B)(c) = /\a,bEG(VA(a) Vvp(b) Vg(a,b,c))
Let A = x{1) = (X{a} X{ay) and B = X[}, = (x (5}, X{) and let R(A, B)
be denoted as (aOb)IF = (/J'(aob)ay(aob)) and (boa)IF = (M(boa)uy(boa));
then
{ Ve € G, (K(aob))(¢) = pr(a, b, c), { Ve € G, (K(poa))(c) = nr(b,a;c),
Ve e G, (V(aob))(c) = VR(aa b, C)’ Ve e G, ( (boa))(c) (b a, C)
Now define ((aOb)OC)IF = (M((aob)oc)v V((aob)oc) ) (ao(boc))l

then
{ Ve € G, H((aob)oc)\Z) = \/deG(HR

“11

( H(ao(boc))> (ao(boc)))

( ) (avb7 d) /\MR(da G, Z))

Ve e G 14 aob)oc)(z) = /\deG’(VR(a7 ba d) \ VR(da ¢, Z))
{ Ve e Ga /1' (ao(boc) (Z) = \/deG(:U’R(b7 G d) A MR(CL, d7 Z))
Ve e G, V(ao(boc))( ) = /\dEG(VR(b’ c, d) \% I/R(a, d, Z))

Definition 2.3. Let G be nonempty set and let R = (ug,vr) be an
IF binary operation on G. (G,R) is called an IF group, if the following
conditions are true

Va,b,c,z1,22 € G, H((aob)oc)(21) > 0 and fi(ao(poc)) (22) > 0

(1) imply 21 = z2;

Va,b,c, 21,22 € G, V((aobjoc)(21) < 1 =0 and V(ao(poe)))(22) <1 -0
imply 21 = zo;

(2) there exists 9 € G, (600(1) = (:u(eooa)a V(egoa))a (CLO€0) = (:u(aoeo)a V(aoeo))
such that fi(ci00)(@) > 0 and pi(gee,) (@) > 6 ( Consequently v(¢ o0y (a) <
1 — 0 and v(gee,)(a) < 1 —0) for every a € G (e is called an identity
element of G).
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or every a € G, there exists b € such that p,op(eo) > 0 an

3) F G, th ists b € G h th (aob) 6 and
H(boa) (€0) > 6 ( Consequently v(qop)(€0) < 1 —6 and (o) (€0) < 1—6 in
this case b is called an inverse element of a and denoted by a~'.
H((aob)oc) (d) >0 <— (M(ao(boc)))(d) > 0;

Proposition 2.4. )
P { V((aob)oc) (d) <1-0<= V((aob)oc) (d) <1-90

/’LR(bv ¢, Z) > 0;

H((aob)oc) (d) > 0;
Proof. Let { and let z, w € G such that vi(bc,2) <1—8

V((aob)oc) (d) <1-90

/JJR(CL,Z,’LU) > 0;
and { vi(a,zw) <1—6 Then

H(ao(boc)) w) > /‘R(b, G, Z) A :LLR(aa 2 w) > 0;
V(ao(boe)) (W) < VR(b,¢,2) V vR(a, z,w) <1 -0

Thus, d =w and { H(ao(boc)) (d) > 0; ‘
l/(ao(boc))(d) <1-—46

. H(ao(boc)) (d) > 0; { HK((aob)oc) (d) > 0;
Similarly b, . h .
HTarLy by { V(ao(boc))(d) <1-9 e ave V((aob)oc) (d) <1l- ‘9['

Proposition 2.5. H is an IF subgroup of G if and only if
(1) { Va,b € H,Vc € G, paop)(c) > 0 imlies ¢ € H;

Va,b € H,Vc € G, V(o (c) <1—0 imlies c € H
(2) a € H implies a~! € H.

Definition 2.6. Let H = (ug,vy) be an IF subgroup of G. Let

G,H — { (CLIU’H)(Z) = \/xGG ,LLR(G,CC, Z)7 Ha:{ (MHCL)(Z) = VJ;EG /’LR(J:7CL7 Z)a
(av)(2) = Ngeq vr(a, , 2). (via)(2) = Npeq VR(T: 0, 2).

Then aH (Ha) is called a left(right)coset of H.

Definition 2.7. Let H = (ug,vy) be an IF subgroup of G. If for

(ao(hoail)) = (,u(ao(hoafl))v V(ao(hoafl)))

Ya,b € G, Vh € H, ,u,(ao(hoa—l))(b) > 0;
Va,b € G, Vh € H, V(go(hoa-1y)(b) <1 —86.

then H is called a normal IF subgroup of G.

Definition 2.8. Let (G, R) be an IF subgroup. If
H(aob)(€) > 0 <= lboa)(c) > 0, Va,b,c € G
V(aob) (€) <1 =0 <= V(poq)(c) <1 -0, Va,b,c € G,
then (G, R)'F is called an abelian IF group.
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Theorem 2.9. Let [aH] ={d'H | ' H ~ aH},
a={d|d € Gand dH ~aH}, G/H = {[aH]|| a € G}, and

X
X

T

R = (up vg) :{ 511:
. /\/7 B 7MR(alvb,’C/))
(), pH] [eH)) — R(aH], pH], [cH]) = ¢ 700

Then R is an IF binary relation on %

Proof.
(1) Va,b € G, 3c € G such that pr(a,b,c) > 6, then

{ pi([aH], [bH], [cH]) > pr(a,b,c) >0,
vi([aH], [bH), [cH]) < pr(a,b,c) <1 —6.

(2) Let

_ [ pg(laH], [bH], [cH]) > 0,
M= { VR(][%GHL [bH], [cH]) < 1 - 9.

and
N = { pg(laH], [bH], [dH]) > 6,
vi([aH], [bH], [dH]) <1—6.

We need to prove [cH| = [dH].

There exist a; € a, by €b, ¢1 €¢, aj € a, b} €b, dy € d such that
pr(ar,bi,e1) > 6 pg(ay, by, ) >0,
vg(ai,bi,c1) <1—60 vg(a), b, d) <1-6.
Since ay{H ~ a1 H, byH ~ b1 H, so there exist hy € H, hy € H such that

MR(all,hl,al) >0 ,U'R(bllvh’val) > 05
VR(a’l,hl,al) <1-6 I/R(bll,hg,bl) <1-6.

MR(hlabllvz) > 07 then{ MR(vall_17hl) > 97

LetzeGsuchthat{ vr(hy, b, 2) <1—0.° vr(z, b k) <1—6.

=l : / ,uR(bll_lvz7h/) > 97
So by} ™" H ~ zH and there exists h| € H such that { va(B, =1, 2 W) < 1—6.
pr(by, by, y) > 0,
Let y € G such that { v B y) < 1—0. then for
(b10(0y " 02))"F = (11, 0(v), ~102))s (0 0(b,~102)) )
{ M(b&o(b&*loz))(y) > IUR(b,lila Zs hll) N MR(bllv ,17 y) >0,
Vo, ~10z)) () < VR(V, T, 2, 1) V vR(by, hy,y) <1 -6
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and ((byoby ~1)02)"F = (p1((v,ob, ~1)02) Y((B06,~1)02) )
1((b,0b,—1y0z) (2) = pr(Vy, 0 e) A pr(e, 2,2) > 6,
V((® ot} =1)oz) (Z) < VR(b,h bll_la 6) v VR(@, 2, Z) <1-46

,UR(hl,bl,Zl) > 07 MR(allvzlvyl) > 07
I/R(hl,bl,zl) <1-6." VR(a’l,zl,yl) <1-06."

then (allo(hIObl))IF = (:U'(a’lo(hloln))a V(a’lo(hlobl)))

Thus, y = z. Let 21,91 € G such that

I, o(hiob) (Y1) = pr(h1, b1, 21) A pr(al, z1,91) > 0,
V(a|o(hiobr)) (Y1) < VR(R1,01,21) VvR(al, z1,y1) <1 -0

((ay0h1)0b1)™ = (1((at oy Yob1)» V(@ oh1)obr))

{ M((a’lol‘u)obl) > /*’LR(hla b17 Zl) A ,UR(G/I, 21, yl) > 97
V((aoh1)oby) < VR(R1,b1,21) V vR(al, 21,91) <1 -0

pr(ay, z1,c1) >0,

Thus, y1 = ¢; and { VR(a’l,ZhCl) <1-90

:LLR(Z7h27p1) > 97
Let p1 € G such that { V(2 ha,p1) < 1— 6 then for

((h1ob})oha) '™ = (11((hyob))oha)s V((hrob! ohs))

((hioby)oha)(p1) > pr(ha, by, 2) A pr(z, ha,p1) > 6,
I/((hlobll)ohg)(pl) < VR(hl,bll,Z) V I/R(Z, hg,pl) <1-46

and for (h10(b10h2))™ = (1(h,0(, 0he))» Y(hro(v,oha))) =

I(hy 0¥, 0h2)) (21) = 1R (VY R2, b1) A pur(ha, br, 2) > 6,

V(hlo(b’lohg)(zl) < VR(bll, ho,b1) Vvr(hi,b1,2) <1 -0

_ pR(2, ha,21) > 0, pr(Y, ha, 21) > 0,
Thus, p1 =2 and { vr(z,h2,21) <1—-6 " | vr(y, he,21) <1-0 "~
/‘LR(hlla h27 h) > 07 MR(b,h hawl) > 9,

Let h € G, w1 € G such that { (W hoy k) < 1— 60\ va(b, hyw) <1—0
then h € H and (byo(hioh2)™ = (1w, o(ht oha)s V(b 0(h, 0hs)) =
{ It o ohn) (W1) = HR(RY, hoy B) A pg(by, hywi) > 0,

Vb, o(hyoha) (W1) < VR(MY, hay h) V vR(by, howi) <1—0

((by0h)oha)™ = (11((b) oht yoha)s V(8] okt Joha)) =
{ 1,0k, Yoha) (21) = R (VY P, y) A r(y, he, 21) > 0,
V((v,0h)oha) (1) < VR(1, By, y) VVR(Y, hoy21) <1 -0

MR(b/p h, 21) >0,

V(b hyz) < 1—6
,uR(dl, h,w) > 9,

VR(dl,h,w) <1-6"

((ay0by)oh)™ = (11((at0b! yoh)» (a0, Yoh)) =

Thus, wy = z1 and {

Let w € G such that { then
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{ H((a ot )oh) (w
V((a} 0b})oh) (U))
(%0(530}1)) = (I} 0(b},0h)) V(a,o(b,0h))) =
alo (b} 0h)) (C ) > MR(bllu h) Zl) A :U’R(allp 21,01) > 07
V(a,o(v,0h)) (1) < VR(bY, hy21) V vR(a), 21,61) <1 -0

> pr(ay. by, di) A pr(dy, hyw) > 0,
1%

)
< (al,bl,dl) Vvg(di,hy,w) <1—146

MR(db h: Cl) > 97
I/R(dl,h,cl) <1—-6"
and consequently [cH] = [dH].

Thus, w = ¢; and { It follows that cH ~ dH

Hence, R is an IF binary operation on % Since R is an IF binary
operation on %, so we have ([CLH]O[bH])IF = (M([aH]o[bH})» V([aH]o[bH]))

{ t(jatopr)) ([cH]) = pg([aH], [bH], [cH]),
V(lat)oppr)) ([cH]) = v(laH

(([aH]o[bH])o[cH])'™™ = (pu((jamjofpr)ofcH)> V((jaH]obH])o[cH])) =
{ (a0 o[cH]) ([AR]) =V pg([aH], [bH], [zH]) A pp([zH], [cH], [dH]),
Y(([a Ho[bH] oleH) ([ h]) = Avp(laH], [bH], [zH]) V vi([zH], [cH], [dH])
(laH]o([bH]o[cH)™ = (1({at]o(HolcH))s (jaH]o(bH]o[cH])) =
{u (JaH]o([ bH]o[cH p([wh]) =V pg(laH], [cH], [zH]) A pg(laH], [zH], [wH]),
aHo(bH)olcH)) ((Wh]) = A vi([aH], [cH], [xH]) V vi(laH], [zH], [wH])

Theorem 2.10. (%, ay) is an IF group.

Proof. Let
(([aH]o[bH])o[cH))'™F = (i((atofpr))olcH])s ¥(([aHolpH]yolc])) and ([aH]o([bH]o[cH]))'F =
(K(laH)o(bH]o[cH))) > V(aH]o([bH]olcH]))) =
I(([aH)olpE))olcr]) ([dR]) > 0, w(aro(pH]olcH) ([WH]) > 6,

V(([aH]opH])olcH]) ([AN]) < 1 =0, V(amio(piofca)) ([WH]) <1 -0
Then, we have ai,a),bi,b),c1,¢j, w1 € G such that c;H ~ {H ~
cH, o\H ~ a1H, VyH ~ byH ~ bH, dyH ~ dH, wiH ~ wH and
there exist elements hq, ho, hs € H, 2, 2, € G such that

,U'R(ala blvxll) A ,MR(LUII,Cl, dl) > 97
vr(ai, by, zy) Vg(ey,c,d) <1—46

pr(Dy, ), xh) A pr(al, x5, wy) > 6,
vr(by, ), ah) Vvr(al, 2, w) <1 -0

pr(ay, hi,a1) > 0 pr(by, ha,b1) > 0 pr(c), hs,c1) >0,
VR(a’l,hl,al) <1-46 UR(bll,hQ,bl) <1-0 VR(Cll,hg,Cl) <1-86
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,U,R((le,bll,Zl) > 07 NR(alablaxll) > 07
Let 21 € Gsuchthat{ vr(d), b, 21) <1—8 , then by vr(ay, b, z)) <1—6

MR(alla hlaal) > 07 :U’R(allabllvzl) > 97 HR(blla h27b1) > 97
vr(ai,hi,a1) <1—=0 " vr(a),b),z1) <1—=60 " vr((by,h2,b1) <1—0"
29 : MR(z2ah47d1) > 97
and the proof of Theorem 77, there exists hy € H such that { iz haydi) < 1—0
(a/10( IIOCQ))IF = (,U’(a'lo(b’loc/l))v V(a/lo(b'loc/l))) then
f(a o, 0c,)) (W1) > pr(by, €h, 25) A pr(ay, x5, wi) > 6,
V(ayo(b, oc'l))(wl) < VR(bllac/hx/Q) v VR(allax/Qawl) <1-90

((aloy )OCI)IF = (:U’((alob’)ocl)a V((a), 0b})oc} )) then
{ ((a}0b))oc)) ( ) > :uR(ala bl’ Zl) A /‘LR(Zla Cla 22) > 97
V((a,ob,)oc;) (W1) < VR(a1, by, 21) V vR(21, ¢, 22) <1 -0
pr(wi, ha, dy) >0,
VR(wl, hy, dl) <1-80
sequently [wH]| = [dH].

S0, z9 = w1 and . Then, wiH ~ dH and con-

(2) (laH]oleH]))'™ = (1(amolern))s Y(atrjoferr))) and ([eH]o[aH)™ = (e mjofar)) V((eHlolar))) =
Va € G, pjamolern)) ([aH]) > pr(a,e,a) > 0, wemolam ([aH]) > ur(e,a,a) >0
Va € G, V(jamoler))([aH]) < vr(a,e,a) <1 -0, v [eHoaH)([aH]) <vg(e,a,a) <1—0
(3) ([aH]ola "H)'™F = (1u(jamofa=1 1)) V(jaH]ofa 1H]))aﬂd([a71H]0[ H))F =
(4(ja—1 H)oaH])» MU(ja—1 H]o[aH])) = 1 1
W(am)ola—1m)) ([€H]) = pr(a,a™ e) >0, piga-1mjofar) ([eH]) > pr(a™ ", a,e) >0
V([aH]o[a_1H_])([eH]) < VR(CL,a_l,€) <1-4, Z/([a—lH}O[aH])([eH]) < VR(a_l,a, 6) <1-46
Hence, (%, R) is IF group. O

Definition 2.11. Let (G1, R1) and (G2, R2) be two IF group and let
f: Gy — G2 be a mapping. If

MR1(G’7 b7 C) >0 = MRQ(f(a)af(b)vf(c)) >0

VR, (a,b,¢) <1—0 = vp,(f(a), f(b), f(c)) <1-10
then f is called an IF (group) homomorphism. IF fis 1-1, it is called an
IF epimorphism. If f is both 1-1 and onto, it is called an IF isomorphism.
Let G = (ug,vg) be an IF binary operation on R. Then we have a
mapping
ac : IF(R) x IF(R) — IF(R)

(A,B) — ag(A, B)

where [F(R) = {A = (pa,va)l 'Zj }];L: [[8%]] is a mapping} and
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Let A = Xﬁ} = (X{A}uX?A}) and B = ng} = (X{B}’X?B}) and Let
G(A, B) and H(A, B) be denoted as aob and a * b, respectively. Then
for aob and a * b = (fiasp, Vaxb)

:u(aob)( ¢) = pc(a,b,c) , Ve € R,

V(aob) (¢) = va(a,b,c) , Ve € R.

H(axb)(€) = pr(a,b,c) , Ve € R,

(axb) (c) vi(a,b,c) , Ye € R.

{ H((aob)oc (Z) \/deG’( ( b, d) N MG(da G, Z))

V((aob)o )(Z) Naegva(a,b,d) vV va(d, e, 2))

AN S

{ Hao(boe)) (2) = Vgea (0 (b, ¢, d) A pg(a, d, 2))
V(ao(boc)) () = Naea(va(b, ¢, d) Vvg(a,d, 2))

H(ax(boc)
V(ax(boc)

O
|
><<
IS
m
Q
=
RN

a*(boa) = (,ua*(boa)a l/a*(boa)) = {

for ((a*b)o(a* c)) = (K((axb)o(arc)) V((axbo(axc))) =

{ B((axbyo(axe)) (%) = Vaeq(u(a,b,d) A pp(a,c,e) A pc(d; e, z))
V((axb)o(axc)) (Z) = /\deG(VH (CL, b, d) \ VH(CL, ¢, 6) \ VG(d7 €, Z))
Definition 2.12. Let R be a nonempty set and let G and H be two IF
binary operations on R. Then (R, G, H) is called IF ring if the following
conditions hold for ((a*b)* )™ = (1((abyre)s V((asbye))s (ax (bxc))F =
(N(a*(b*c)) l/(a*(b*c)))’ ((aOb) * C)IF = (M((aob)*c)vlj((aob)*c))v ((a * C)O(b *
))IF (U((a*c)o(b*c))a V((a*c)o(b*c))) and ((a*b)OC)IF = (/‘((a*b)oc)» V((a*b)oc))

(1) (R,G) is an abelian IF group;

@) Va,b,c, 21,22 € R, [((axb)re)(21) > 0 and fi(gu(puc) (22)

Va,b,c, 21,22 € R, V((aubyre)(21) < 1 =0 and Vgu(pee))(22) < 1 —

(3) \V/CL b C,21,%22 € R H((aob)xc) (Zl) > 6 and H((axc)o(bxc)) 22)

Va,b,c, 21,22 € R, V((aobyre)(21) < 1 =0 and V(aucjo(pse)) (22) < 1

)(
Va,b,c, 21,22 € R, fi(asb)oc)(21) > 0 and fi(axbo(arc))(22)
Va,b,c, 21,22 € R, V((a*b)oc)(zl) <1-—0and V((axb)o(axc)) ( 2)

1mply z1 = 2o

AV
S

imply 21 = 29
>0 imply z1 = 2
<1-90 ply 21 = 22

Definition 2.13. Let (R, G, H) be a IF ring.

(1) If ) () > 0 = fpra) (1) > 0 then (R,G, H) is said
V(axb) (U) <l-0<+= V(bxa) (u) <1-80

to be a commutative IF ring.

(2) If Je. € R such that for (a * €)' = (faue.)s Viane,))s (€x * )T =

M(a*e*)(a) >0 H(e.xa) (a) >0
(M(e**a% V(e**a)) { V(a*e*)(a) <1-0 and Viewra) (a)<1-6
ery a € R, then (R, G, H) is said to be IF ring with identity.

for ev-
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(3) Let (R, G, H) be an IF ring with identity. If for a member a € R there

exists b € R such that { Hiasp)(€x) > 0 and { Fi(pra)(€x) > 0 :
V(axb) (€*> <1-40 V(bxa) (6*) <1-80

then b is said to be an inverse element of a and is denoted by a ™.

Proposition 2.14. Let (R, G, H) be an IF ring and let S be an nonempty
subset of R. Then (S,G, H) is an IF subring of R if and only if

H(aob) (C) >0 : . H(axb) (C) >0 . .
(1) { Viaon) (€) < 1 — 8 implies ¢ € S and Viasty (€) < 1 — 0 implies
ce Sforallabes, ceR;
(2) a € S implies a=t € S.

Definition 2.15. A nonempty subset I = (ur,vr) of a IF ring (R, G, H)
is called a IF ideal of R if the following conditions are satisfied.

(1) Va,y €1, u(xoy)(z) >0
Va,y € 1, Vigoy(2) <1—10

2) {Voel, a7t el

(3) { Vs eI, for all 7 € R, fi(rys)(z) > 0 =z € I and pi(eyp)(y) > 0

= zclforallz€ R

Vs eI, forall 7 € R, V) (2) <1 -0 =2 €l and (g, (y) <10

vel, z, y e R.

3. IF MoDULES OVER IF RINGS

Let (R, G, H) be a IF ring and (M, J) be an abelian IF group and
let ap be IF function R x M into M. Then we have a mapping

P: IF(R) x IF(M) — IF(M)
(A, N)—> P(A,N)

ppA M@ = V(A AN () Ap(r.2)

P = (up, vp) = vp(A,N)(z) = 7 A (A(r) v N(n) V p(r,n,x)),
(r,n)EAXN

where IF(R) = {A = (pa,va) | lzjj }]%:: [[8,7%]] } and

IF(M) =N = (un,vn) | %ﬁ:[[gh] '

Let A= {r} and N = {M}, and let P(A, N) and J(a,b) be denoted as
r ®m and a @ b, respectively. Then

(rom)(x) = P(r,m,x), Yo € M,

(T’ © (ml @ m2)>1F = (M(r@(m1®m2))7 V(r@(ml@mg))) -

—
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7"@ mi1dm2)) ‘/E) = V (/LJ(mtham) /\,up(r,m,:n))
meM

V(iro(mi®ms)) (iL‘) = /\M(VJ(mla ma, m) \ Vp(ra m, iL‘))
me

(( (M((Tlom)@m) ((r10r2)®m))7
((7’1 * TQ) © m) (N ((r1xr2)®Om)> V((T‘l*rg)@m)) and
((r @ (r2 M) = (((r10(rom)s V(morom) =

7“107"2 @ m IF

A V Gilr1, ) A aplrm. )
{ ((r1or2)om) (T) = /\R(VG(TlaT%T) Vup(r,m,z)) ’
(rrxr2)om) (T) = = T\E/R(MH(Tl,T2’ 7) A pp(r,m,z))

{ V((risra)om) (T) = r/\R(VH(?"l,Tza"”) Vp(r,m,z))

H((r 0 (rsom) (T) = m\ZM(MP(m m,m1) A pp(ri, mi, x))
{ V((r16(rom) (T) = mll/éM(VP(Tz, m,m1) V vp(ry,my,x)) ’
(r® (m1 ® m2))'"" = (Hromioma), Vo (mems) =

H((romy )@ (roms)) (L) = ) J}/EM(MP(T’, mi, 1) A pp(r,me, 22) A pry (21, 2, 7))
{ V(romy)@(roms)) (T) = ) ;\EM(VP(’I“, mi, 1) V vp(r,me, x2) V v(x1, T2, ))

1,22

Definition 3.1. Let (R,G,H) be an IF ring and Let (M,J) be an

abelian IF group. M is called an (left) IF module over R or (left)

R—IFmodule together with an IF function P : R x M — M, if the

following conditions hold, for all r,r1, 72 € R and for all m, my, me € M,

denote (r © (m1 & m2))'™F = (Lo (my@ma))s Yro(miems))) =

(1) { P(ro(miams)) () > 0 and p((rom,)eroms)) (y) > 0 imp_ly r=y
Viro(miams)) (®) <1 =0 and v(rom)o@roms)) (y) <1 —0 imply z =y

denote ((r10r2) © M) = (L((r10r)0m)s Y(riors)om)) ==

(2) { K((r1or2)om) (.%') > 6 and H((riom)®(r20m)) (y) >0 imp‘ly =Y
V((norg)@m)( ) <1-0and V((riom)®(r20m)) (y) <1—6imply z =y

denote ((7"1 * 7’2) ® m)IF (:u((ﬁ*?"z)@m) ((rl*rg)(am))

(3) { K((r1#r2)om) ("L‘) >0 and H(rio(room)) (y) >0 imp.ly =Y )
V((rysra)om) (T) <1 =0 and v, opoom))(y) <1 —0 imply 2 =y

Proposition 3.2. Let (R,G,H) be an IF ring and let (M,J) be an

R—IFmodule; then for all r,r1,79 € R,m,my,mo € M,

1 Lro(miem:))(T) >0 = Lrom)eroms))(®) <1—10

(1) 1-6 1-6
V(ro(miems)) () < = Yrom)eroms)(® )<

92 ,u((rlorg)@m)(w) >0 <— H((riom)@(r.om)) (.’L‘)

(2) 1—0 1 -0
V((morg)@m)( >< — V((riom)®(raom)) ((IZ) <
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(3 { /’L((Tl*m)@m)(z) >0 — /L(n@(m@m))(y) >0 ]
V((risr)om) () <1 =0 <= Vi omon)(y) <1 -0

Proof. 1t is clear by definitions.
Remark 3.3. Let (G, R) be an IF group, then (aob)(d) > 0 and (aoc)(d) >
0 imply b=rc.
Proof. Let bbe an inverse element of a, then with ((boa)oa)' = (14((boa)oa)s V((boa)oa))
and (bO(aOG,))IF = (M(bo(aoa))v V(bo(aoa)))7 we have
/L((boa)oa)(a) > MR(b’ a, 6) A MR(ev a, a’) >0,
) VR(b,CL,€)VVR(6,CL,(I)<1—9,
H(bo(aoa)) (6) > MR(GJ, a, a) N ILLR(b7 a, 6) >0,
V(bo(aoa)) (€) < VR(a,a,a) V vR(b,a,e) <1 —0.
It follows that a = ¢ . O
Proposition 3.4. Let (R,G, H) be an IF ring with zero element eg and

(M, J) be a left R—fmodule with identity element e;. Then for allr € R,
meM (e)
NF _ firoe;)(€j) > 0
(1) (’l“ © e]) - (:u(r@ej)a V(r@ej)) = { V(r@ej)(ej) <1-—90
N(e()@m) (6]) > 9

2 ® TF — egOmM)» eoOM {
(2) (eo @ m)™ = ((eoom)s Vieowm) |y, & 021 g

r N(r@m)(x) >0 = :U’(r(Dmfl)(x_l) >0

(3) (rom)™ = (rom): vrom) = { Virom) () (< )1 > Z _ V(@ml)((a:_ll)) : 19_ ’
IF _ H(reom)\T > H(r—1om) T ) >

(4) (TQm) - (,U(er)7 V(TQ’”)) = { V(r@m)(ZE) <l-0= V(r—1®m)(1:_1) <1-90

N(r@e-)(ej) >0
Proof. Let x € M such that j then by (r® (e @
! { Viroe;)(€j) <1—10 y (r©(es

eI = (o se))s Virolesoe))
{ Bro(esmen) () > pmy(es,er,en) App(r,ej,x) >0
l/(T@(eJ@eJ))(SU) <vyles,esey)Vup(re,z)<1—10
it follows that ((T®€j)@ Ter))IF = (M((r@q)@(r@ej))a V((r@ej)@(ré)ej))) =
)

{ H((roe;)®(roe;)) (T >9
Y(

from Proposition 7?7. then
(roey) 69(7"@@]))($)

{ ,U'((r@e])éB T@e] (Jj) > ,lLP(?” €J, T )/\:U’P(Tu GJ,.CU) /\MJ(I',.’E,JU) > 0
V((roe))@(roe) (@) <vp(ries,x)Vvp(resz) Vv (z,z,x) <1—40

Thus { /.LJ(.%',%’,Z’) T 0

and x = e; from Remark 77.
vi(x,z,x) <1—10
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(2) Let x € M such that { V(N(g]@)?e);;]iifﬁ . then by ((egoeg) ®
eo®OmM

= (H((enoeo)om)s V((eqoeo)om))
I((egoe0)om) () > 1 (e, €o, €0) A pip(eo, m, ) > 0
V((eooeo)(Dm) (l’) < VG(GO) €0, 60) \ Vp(607 m, LIT) <1-40
It follows that

((eo@m)®(e0®m))'™ = (k((coom)m(esom))s Y(comm)®(coom))) = {
from Proposition ?7. Then
H((eoom)a( eo@m))( ) > Mp(e(]’m .Z‘) A NP(eo’m $> A MJ(aj T w) >0
V((eoom)@(eoom)) (T) < Vp( eo,m a:) Vp(eg,m,x) Vvy(z,z,x) <1—46
py(z,z,x) >0
vi(z,z,z) <1—46

m)IF

M((Go@ﬂl)@(eo@m))(x) >0
V((%@m)@(eo@m))(x) <1-— 0

Thus similar to ( { and so x = e.

MP(Tvm .’L') >0 /*’LP( 7y) >0
(3) Let{ Vp(r,m,x)<1—9 andletyEMsuchthat{ Vp(rm W) <10

(T © (m dm- )) (H (ro(mem—1)), (T@(mGBm_l))) =

(o (mam-1y)(€5) > pr(m,m=t es) Aup(r,es,es) >0

Viro(mam-1))(€1) < vy(m,m~ Les)Vvp(r,es,es) <1—10
by Proposition ?? we have ((rom)®(rom™)™" = (4rom)erom-1)): Y(rom)@rom-1))
that { Hromerom-1)(es) >0

V((rom)arom-1))(€s) <1 —10

:U’J(xa Y, ej) >0

vi(z,y,e5) <1—10
(4) It is obtain similar to (3).

Therefore and consequently y = z71.

O

Proposition 3.5. If (R,G, H) is a IF ring and K is any IF subring of
R, then R is a K—IFmodule.

Proof. Let (R,G,H) is a IF ring and let K is any IF subring of R

| HUp K X UR — [UR . defined
Vp Vg X VR —> VR

by P(k,r) = H(k,r). It is obviously a IF function which satisfies the

conditions in Definition ??. Moreover observe that (R, G) is necessarily

an abelian IF group. consequently R is a left K—ifmodule. (]

Consider the mapping {P = (up,vp)

4. IF SUBMODULE AND IF MODULE HOMOMORPHISMS

Definition 4.1. Let (R,G, H) be an IF ring, (M, J) an R—IFmodule,
and N a nonempty subset of M. If (N, J) is a R—IFmodule, N is called
an IF submodule of M.

By definitions we have the following Proposition trivially.
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Proposition 4.2. Let (R,G,H) be an IF ring, (M,J) a R—IFmodule,
and N a nonempty subset of M. Then N is an IF submodule of M if
and only if

(1) (N,J) is an IF subgroup of (M, J);
(2) forallr e R,bEN , (ro b)fF:{ Haen)(€) > 6

V(T‘@b)(C) <1-86 implies c € N.

Proposition 4.3. If {N; | i € I} is a family of IF submodules of an IF
module M, then (| N; is an IF submodule of M.

el
Proof. 1t is clear. O

Definition 4.4. Let A and B be two IF modules over a IF ring (R, G, H)
with a function P : R x M — M. A function f : A — B is an
R—IFmodule homomorphism which provided that, for all a,b € A and
r € R,
pe(a,b,x) >0 : : pa(f(a), f(b), f
(1) { va(a,byx) <1—146 implies { va ,
pp(r,a,z) >0 . wup(r, f(a), f(x)) >0
(2) { vp(r,a,z) <1—10 implies { vp(r, f(a), f(z)) <1—-0 "~
Clearly, a R—IFmodule homomorphism f : A — B is necessarily an
abelian IF group homomorphism. Consequently the same terminology
is used for IF modules: F' is a R—IFmodule monomorphism (resp., epi-
morphism, isomorphism) if it is injective (resp., surjective, bijective) as
IF group homomorphisms.
Let f: A— B be an R—IFmodule homomorphism.Then the kernel
and the image of f as IF group homomorphisms are denoted by
Kerf ={a € A| f(a) = es),
Imf={beB|b= f(a),a € A},

respectively.

Theorem 4.5. Let (R,G,H) be an IF ring and let f : A — B be a
R—IFmodule homomorphism. Then
(1) f is an R—IFmodule monomorphism if and only if Kerf = {ea}
(2) f: A — B is an R—IFmodule isomorphism if and only if there
exists an IF module homomorphism G : B — A such that gf = e and

fg=ep.

Theorem 4.6. Let f: (G1,R1) — (G2, Ra) be an IF group homomor-
phism, then if Ho is a fuzzy subgroup of Go, then f~'(Ha) is a fuzzy
subgroup of G1.

Proposition 4.7. Let f : A — B be a R—IFmodule homomorphism.

Then
(1) Kerf is an IF submodule of A;
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(2) Imf is an IF submodule of B;
(3) if C is any IF submodule of B, then f~Y(C) = {a € A|f(a) € C} is
an IF submodule of A.

Proof.
(1) Kerf is a fuzzy subgroup of the abelian fuzzy group A from Theorem

26 in [?] . Let r € R and a € Kerf such that { V’u(l;(z(;’)mli 0’0
P\, &, -

: : : NP(Ta f(a)7 f((lf)) >0,
Since f is a R—IFmodule homomorphism, { vp(r, fla), flz) < 1—-06 -
On the other hand, as a € Kerf we have f(a) = ep. Therefore

{ MP(raeBaf(x» >07

vp(r.ep, f(z)) <1—0

x € Kerf is obtained.
(2) Imf is a IF subgroup of the abelian IF group A from Theorem 26
in [?]. For any r € R, b € Imf there exists a € A such that b = f(a).
Let # € A, H = (ug, vyg) such that { , :(17{’(’;’“3’3)32 Tf 0

pr(r, f(A), fl@)>0 ..
vi(r, f(A), f(z))<1-—10

means { y:(Hr,(Tl;, b}(igfzif 0 andsof(x)€ B.

(3) f~1(C) is an IF subgroup of the abelian IF group A from Theorem

??. Let r € Rand x € f~1(C) such that { y:(i(rg;; qu)uiif 0

and so f(x) = ep from Proposition ??. So

. Since f is

an R—ifmodule homomorphism, {

. Since

(I <ot s <

u € f~1(C). This completes the proof. O
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