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ABSTRACT. In this work, we study the Hadamard-type k-step Pell
sequence modulo m and then, we obtain the cyclic groups which
are generated by the multiplicative orders of the Hadamard-type
k-step Pell matrix when read modulo m. Then we extend the
Hadamard-type k-step Pell sequence to groups and we redefine the
Hadamard-type k-step Pell sequence by means of the elements of
groups. Finally, we obtain the periods of the Hadamard-type 3-
step Pell sequence in the semi-dihedral group SD2m and the quasi-
dihedral group QDam.
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1. INTRODUCTION

In [6], Deveci et al. defined the Hadamard-type k-step Pell sequence for
k >3 and n > 0 as follows:

HPF ,=2HPF , +HPF, .+ --+HPF ,-2HPF —HPF (1.1)
with initial constants HPY = HPf =---= HPF ,=0and HP} | = 1.
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Also in [6], they gave the generating matrix for the Hadamard-type
k-step Pell sequence as shown:

2 1 1 1 -2 -1
1 0 0 0 0 0
0o 1 0 0 -~ 0 0
gP=|0 0 1 0 0 0
0 0 1 0 0

(000 - 0 0 1 0 | .

Then by an inductive argument, they derived that
(7). For k = 3,

HP),, —2HP) - HP} —HPJ:’#
(H3)" = HPS.gl —2HP} - HP;_, -HP,; |,
HP3 —2HP3 | —HP3, —HP3

(ii) . For k =4,

HP% 3 HP% 4 — 2HP,§l .3 —2HP} 2 HP}! 4 —HPTz )
HPn+2 HPn+3_2HPn+2 _2Hpn+1_HPn _HPn—H

P\t _
(Hy)" = HP!, HP, ,-2HP}, —2HP,—HP:, —HP,
HP! HP) 6 —-2HP} —2HP: —HP:, —-HP),

r k k k
HPT]LC-Hi‘—l H];n—i-k‘ - 2HPnJEk—1
HPn-i—k—Q HPn+l<:—1 - 2HPn+k;—2
n . .
(Hp)" = : : H"
HPF 1 HPk 2= 2H Pk 1
| HP! HPF , —2HP!
_2HPrZ+k—2 - HPaZ+k—3 _HPrZ+k—2 |
_2Hpn+k73 - Hpn+kf4 _Hpn+k73
—2HPF — HPF | —HPF
~9HP} -~ HP},  ~HPf, |
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where H;" is a (k) x (k — 4) matrix as follows:

HP: k72+HP7]f k—3+"'+HP7]ft3_2HP7]LCt2_Hprlftl
HP; 3 +HPn'+k_4 +-~-+HPn+2 72HPn'_*_1 — HP}

k k ko k k
HPF +HP; | +---+HP; 4 s —2HP; , , —HP; ;.4

n n

HP}_, + HP} y+- -+ HP}_, ,—2HPf_ ,— HPf

HPferka+HP:+1€73+"'+HP:+4*QHP:+3*HPS+2
k k k k k
HPn+k73 +Hpn+k74 +"'+Hpn+3 - 2Hpn+2 - Hpn+1

HP::+HP1k71+"'+HP¢]L)¢+5_2HP571€+5 _HP7’fik+4

v

HPf_ |+ HPY ;4 ---+HPY_ ;s —2HP} , , —HPF_,

k k
HPn+k72 - 2HPn+k—3

k k
HP; 3 —2HP 4 —HP;

HPF —2gpPF | —HPF_,
HPF | —2HPF , - HP* ,

n—1

for n > k — 3. It is important to note that det (H})" = (—1)".

Definition 1.1. A sequence is periodic if, after a certain point, it con-
sists only of repetitions of a fixed subsequence. The number of elements
in the shortest repeating subsequence is called the period of the sequence.
In particular, if the first k& elements in the sequence form a repeating
subsequence, then the sequence is simply periodic and its period is k.

Definition 1.2. The semi-dihedral group SDam, (m > 4) is defined by
the presentation

1

=yl=e, yry=2z

SDoym = <£L',y| mef —1+2m72> .

2m71

Note that the orders x and y are and 2, respectively.

Definition 1.3. The quasi-dihedral group QDam, (m > 4) is defined by
the presentation

QDQm = <x,y’ me*

Wall [18] proved that the lengths of the periods of the recurring se-
quences obtained by reducing Fibonacci sequences by a modulo m are
equal to the lengths of the ordinary 2-step Fibonacci recurrences in cyclic
groups. As a natural generalization of the problem, Wilcox [19] investi-
gated the Fibonacci lengths to abelian groups. Recently, many authors
have studied some special linear recurrence sequences in algebraic struc-
tures; see for example, [1, 2, 3, 4, 7, 8, 9, 10, 11, 13, 14, 15, 16, 17].
In [4, 5, 12] several authors obtained the cyclic groups via some special

1

— e yay =),
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matrices. Deveci et al. [6] defined the Hadamard-type k-step Pell se-
quences. In this work, we firstly study the Hadamard-type k-step Pell
sequence modulo m and we consider the Hadamard-type k-step Pell
matrix. Then, we obtain the cyclic groups which are generated by the
multiplicative orders of the Hadamard-type k-step Pell matrix when read
modulo m. Furthermore, we derive the relationship between the order
the cyclic groups obtained and the periods of the Hadamard-type k-step
Pell sequence modulo m. Secondly, we extend the Hadamard-type k-
step Pell sequence to groups and we redefine the Hadamard-type k-step
Pell sequence by means of the elements of groups. Finally, we obtain the
periods of the Hadamard-type 3-step Pell sequence in the semi-dihedral
group SDom and the quasi-dihedral group Q) Dom.

2. THE HADAMARD-TYPE k-STEP PELL SEQUENCES IN FINITE
GROUPS

Reducing the Hadamard-type k-step Pell sequence {H Pff} by a mod-
ulus m, then we get the repeating sequence, denoted by

{HP/;M} _ {HPé“’m,HPlk’m, ...,HPF™ }

where H me = HPF (mod m). It has the same recurrence relation as
in (1.1).

Theorem 2.1. The sequence {HPffm} is simply periodic for k > 3.

Proof. Suppose that P = (pg,p1,.-.,pk—1)| pi's are integers such that
0 < ¢ <m — 1}, then |P| = m*. Since there are m* distinct k-tuples of
elements of Z,,, at least one of the k-tuples appears twice in the sequence
{H P,]f m} So, the subsequence following this k-tuples repeats; that is,

the sequence {HPffm} is periodic. So if

km __ k,m km __ k,m km k,m
HPF™ = HPP™ HPNT = HPEY ... HPST | = HPI: |

such that ¢ > j, then ¢ = jmod (k). By the definition of the Hadamard-
type k-step Pell sequence, we can easily obtain

HPMY = HPP HPMY = HPP'Y, . HP!™ = HPy™.
Thus we get that the sequence {H Prlf m} is a simply periodic. O

Given an integer matrix @ = [g;;], @ (mod m) means that all entries
of @ are reduced modulo m, that is, Q (mod m) = (g;; (mod m)). Let
us consider the set (Q),, = {Q" (mod m) | i > 0}. If ged (m, det Q) =1,
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then (Q),, is a cyclic group. We denote the order of the set (Q),, by
(Q),,]- Since det H} = (=1)*, it is clear that the set (Hy), s a cyclic
group for every positive integer m.

Theorem 2.2. Let s be a prime and let <Hlf>sm be cyclic groups. If
j is the largest positive integer such that ‘<H§>S‘ = ’<H£>S]- , then
|<H£>s“" = W, |<H£>S‘ for every w > j. In particular, if ‘<H,€>S‘ +
(Yl then () = 501 (2 | for every w > 2.

Proof. Suppose that « is a positive integer and ‘<H£ >sm ‘is denoted by
pre(smy. 1 (HD)ECT) 2 1 (mod s21), then (HP)FTCTT
I (mod s*) where I is a (k) x (k) identity matrix. Then we show that
L (521 is divided by Lb (). Also, writing (HP)" "% = 1 +
(hg;‘)sa>, by the binomial theorem, we have

p\EFC) e @)} =5 (5 (p@g0) = at1
)" = (1 (15750)) = 32 () (1757)' = 1 o o).

So we get that LFP (s**1) divides L*P (s*) - s. Therefore, L*? (s*T1) =
LFP (s*) or LFP (soT1) = LFP(s*) . 5. It is clear that LFP (s*T1) =
LFP (%) - s holds if and only if there exists an integer hg?) which is
not divisible by s. Since ¢ is the largest positive integer such that
LFP (s) = L% (s9), we have L*P (s7) # LFP (s771). Then, there exists
an integer h§?+1) which is not divisible by s. So we get that LFP (sq+1) =+

LFp (sq+2). The proof is finished by induction on gq. O

Let the notation h*P (m) be the length of period of the sequence
{HPff’m}.
u
Theorem 2.3. If m = [] (s;)%, (u > 1) where s;’s are distinct primes,
i=1
then

PR (m) = dem [W59 ((s)) 15 ((52)%) bR (0™
Proof. Since h*» ((sz)ﬁ’> is the length of the period of the sequence
B s.)Bi
{HPTIf’(sl) }, the sequence {HPrlf’( i) } repeats only after blocks of
length e.h%P ((si)5i>, (e € N). Also, h¥P (m) is the length of the period
B
{HPﬁ’m}, which implies that {HPf’(SZ) } repeats after h*P (m) terms

for all values i. So, h*P (m) is the form e.h*P ((s,)ﬁ’> for all values of
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i, and since any such number gives a period of {H Pf m} we conclude
that

PP (m) = dem (W57 ((s) ) 102 ((s2)™) oo ((s)™) ]
O
Let G be a finite j-generator group and let X be the subset of
G x G x---x G such that (ag,a1,...,a;-1) € X if and only if G is
7 times
generated by ag, a1, ...,a;—1. (ag,a1,...,aj_1) is said to be a generating
j-tuple for G.

Definition 2.4. Let G be a j-generator group and let (ag, a1, ...,a;-1)
be a generating j-tuple for G. Then, we define the Hadamard-type
k-step Pell sequence in G as follows:

if k g j7 then

o = G, 1 =01,...,Tj-1 = Gj-1 and

o = (@) @nks1) (@) o (Ta2) (Ta1)” for n > j;
if k=741, then
xo = ag, T1=ai,...,vj—1 = aj_1,7; = (v0) > (1) (vj_2) (rj-1)°
Zn = (@nek) ' @nok41) > @nopr2) o (Tne2) (@ao1)? for n > k;
it k> j+ 2, then

ro = ap, 1 =0ai,... ,{lfj_l = aj_l and
(20) (1) (Tn—2) (¥n—-1)* for j <n <k —2,
T, = (xg)_2 (1) (Xp—2) (xn,1)2 forn=4k-1,

(@n—te) " (@nek1) " Bnkg2) - (Tn—2) (2p—1)” for n > k.
The Hadamard-type k-step Pell sequence in the group G for the gen-
erating j-tuple (ag,a1,...,a;—1) is denoted by HP*

(Gsap,a1,...,a5-1)"
Theorem 2.5. A Hadamard-type k-step Pell sequence in a finite group
1s periodic. In particular, for k > j, a Hadamard-type k-step Pell se-
quence in a j-generated finite group is simply periodic.

Proof. Suppose that p is the order of the group G. Since there are
pF distinct k-tuples of elements of G, at least one of the k-tuples ap-

. . k
pears twice in the sequence H P(G;ao,al,...,aj_l)' Thus, the subsequence

following this k-tuples repeats; hence, the sequence H PF

is
(Gsap,a1,...,a5-1)

periodic. Since the sequence HP(]“G_Q0 a1psaj_1)
natural numbers g and h with g > h, such that

is periodic, there exist

Tg+1 = Tht1sLg+2 = Tht2y- -+ Lgtk = Thtk-

and
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By the definition of the sequence H Pt

(Giavsar,ay_) Ve know that

Tn = (Tn11) " (@ng2) - (@nik-2) @nir1)” (@ngn)

If £ > j, then we may write x4 = xj, and hence
Lg—1 = Th-1;Tg—2 = Lh—2,.-.,Lg—g = X0 = Th—g

which implies that the sequence H P*

(Gsa0,a1,...,a5-1)

is simply periodic. [J

: k
We denote the period of the sequence HP(G;ao,al,...,aj,l) by
k
LHP(G;GO,alru,aj—ﬂ'
We consider the periods of the Hadamard-type 3-step Pell sequence
in the semi-dihedral group SDom and the quasi-dihedral group QDam.

Theorem 2.6. The period of the Hadamard-type 3-step Pell sequence
in the semi-dihedral group SDam is 3 -2m2,

Proof. We prove the result by direct calculation. The sequence H P(35 Daym 1)
is

12 70

29 28 ,.—
y L, Yyxr T ’

984 _ —2378
, T e

-2 =5 —6
z,y,r T ,Yyr ,T

—169 ,,.—170 408 985
x ) ym Y z ? z ) ym

Using the above, it possible to show that the sequence has the following
form

-2
ro = X,T1 =Y, T2 =T ~,...

1,4@514»1 747,,82727 )

T i1 =yt gy = cey
where 81 and (2 are positive integers such that ged (51, 52) = 1. So we
need the smallest i € N such that 4i = 2™~k (k € N). If we choose

i =2™"3 we obtain
$6,2m—3 =x, .’176,277173_’_1 =Y, x6,2m73+2 = $72.
Since the elements succeeding xg.om-3, Tg.om—341, Tg.om-319 depend on
x and y for their values, the cycle begins again with the (6.2’”_3) nd
element. Thus it is verified that
O

Theorem 2.7. Consider the quasi-dihedral group Q Dam with generating

pair (x,y). Then the period of the sequence HP(?)QDW-x W) is 3-2m73,

\ .
Proof. The sequence HFP,p, .. s
x,Yy, $_2, x—5’ yl'_

-5, .—142 —320 _—351
x 7yx 7:6 7'r Y

6 46

17 40
y 6T YT, T,

80 1182
yx Tt L
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Thus, we also have

-2
Ty = T,T1 =Y, T2 =2 ,...

8if1+1 8i 8if3—2
T6i ¥ 260 = ya®P2 wgig0 = 2B

where 81 , B2 and 3 are positive integers such that ged (51, 82, 83) = 1.
So we need the smallest i € N such that 8 = 2™ 1k (k € N). If we
choose i = 2™, we obtain

— _ 2
x6,2m74 =, x6,2m74+1 =Y, .T6,2m—4+2 =X .

So we get
3 _ -3
LHP QD miay) =3 2"
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