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ABSTRACT. In this paper, we study B —focal curves of biharmonic
B-general

helices according to Bishop frame in the Heisenberg group Heis®.
Finally, we characterize the B—focal curves of biharmonic B-general

helices in terms of Bishop frame in the Heisenberg group Heis®.
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1. INTRODUCTION

A smooth map ¢ : N — M is said to be biharmonic if it is a critical
point of the bienergy functional:

B2(¢) = [ 51T o,

where T (¢) := trV?d¢ is the tension field of ¢.
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The Euler-Lagrange equation of the bienergy is given by 72(¢) = 0.
Here the section T3(¢) is defined by

T2(¢) = =AgT () + trR(T(¢), dp) do, (1.1)

and called the bitension field of ¢. Non-harmonic biharmonic maps are
called proper biharmonic maps, [7,8].

In this paper, we study B—focal curves of biharmonic B-general he-
lices according to Bishop frame in the Heisenberg group Heis?. Finally,
we characterize the B—focal curves of biharmonic 9B-general helices in
terms of Bishop frame in the Heisenberg group Heis?.

2. THE HEISENBERG GROUP HEIS?

Heisenberg group Heis® can be seen as the space R? endowed with
the following multipilcation:

1 1
(E,g,f)(m’,y,z) = (E—Fx,y—}—y,i—i—z - ify—i_ ixg)

(2.1)

Heis? is a three-dimensional, connected, simply connected and 2-step
nilpotent Lie group.
The Riemannian metric g is given by
g = dz* + dy? + (dz — zdy)>.
The Lie algebra of Heis® has an orthonormal basis

0 0 0 0

- - _ = 2.2
(S axa €2 8y+$62’ €3 82, ( )
for which we have the Lie products [11]
[61,62] = €3, [e27e3] - [e37el] =0
with
g(el7el) = 9(62792) = g(eg, 93) =1
We obtain
velel = vegeZ = vegeS = 0,
1
VeleQ = _vezel = §e37
1
ve1e3 — vegel = —592,

1
Ve, €3 = Ve3e2:§e1.
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3. BIHARMONIC B-GENERAL HELICES WITH BiSHOP FRAME IN THE
HEISENBERG GROUP HEIS?

Let v : I — Heis?® be a non geodesic curve on the Heisenberg group
Heis® parametrized by arc length. Let {T,N,B} be the Frenet frame
fields tangent to the Heisenberg group Heis® along ~ defined as follows:

T is the unit vector field 4" tangent to v, N is the unit vector field in
the direction of V3T (normal to ), and B is chosen so that {T,N, B}
is a positively oriented orthonormal basis. Then, we have the following
Frenet formulas:

VT = &N,
VN = —kT+7B3.1 (3.1)
VrB = —7N,
where k is the curvature of v and 7 is its torsion and
g(T,T) = 1, g(N,N)=1, ¢g(B,B)=1, 3.2 (3.2)

9(T,N) = ¢(T,B)=g(N,B)=0.

In the rest of the paper, we suppose everywhere k # 0 and 7 # 0.

The Bishop frame or parallel transport frame is an alternative ap-
proach to defining a moving frame that is well defined even when the
curve has vanishing second derivative. The Bishop frame is expressed
as [1]

VT = kM + koMoy,
VoM, = —kT,33 (3.3)
VoM, = —koT,
where
g(T,T) = 1, g(M;,My) =1, g(Mp, M) =1, 3.4 (3.4)
g(T,M;) = ¢g(T,Mz)=g(M;,My)=0.

Here, we shall call the set {T,M;, M,} as Bishop trihedra, k; and
ko as Bishop curvatures. where 6 (s) = arctan ,%, 7(s) = 6'(s) and
#(s) = \/k3 + k2. Thus, Bishop curvatures are defined by

ki = k(s)cosf(s),3.5 (3.5)
ky = k(s)sinf(s).

With respect to the orthonormal basis {e1, ey, €3} we can write

T = Tlej+T%ey+ T393,
M; = Mie; + M?es+ Mes, 3.6 (3.6)
M, = Mje; + Mijey+ Mjes.
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To separate a general helix according to Bishop frame from that of
Frenet- Serret frame, in the rest of the paper, we shall use notation for
the curve defined above as 2B-general helix.

Theorem 3.1. Let vy : I — Heis® be a unit speed biharmonic
B-general helixz. Then the parametric equation of vy are

sin 0 k% 4 k2 1
vy (s) = K2 k2 - sin( - 2 2 — cos 0)2s + Co] + o,
(ﬁ —cosf)? sin” 6
sin 6 k2 + k32 1
Yn (8) = - k’2+k’2 1 COS[( 1- 2 : — COS 9)28 + C:O] + <37 37(37)
(ﬁ —cosf)2 sin” ¢
. 2412 1
_ 0 sin? § s sin 2[(2:2% —cos )25+ (o]
) (e (LM% — cosf)2 2 4(7k%+k§ — cosf)2
sin? 6 sin” 6
sin 0 k2 + k2 1
o k2+kc21 1 COS[( 1- 2 2 — COs 0)23 + CU] + C47
(g —cosp)z — sinf

where gy, (1, (2, (3, (4 are constants of integration.

4. B—FocAL CURVE OF BIHARMONIC B-GENERAL HELICES WITH
BisHop FRAME IN THE HEISENBERG GROUP HEIS?

Denoting the focal curve by foca[,lf% of v, we can write

focall) (s) = (v +f,

BM; + f5M3)(s), (4.1)where the coefficients 3, {5 are smooth func-
tions of the parameter of the curve ~, called the first and second focal
curvatures of 7y, respectively.

To separate a focal curve according to Bishop frame from that of
Frenet- Serret frame, in the rest of the paper, we shall use notation for
the focal curve defined above as B-focal curve.

Theorem 4.1. Let vy : I — Heis® be a unit speed biharmonic
B-general helix with non-zero natural curvatures. Then, the position
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B .
vector of focalZl s

B sin 6 . k:f + k:% 1
focalsy, (5) = | KIAKS o 0)% sin( sin?f 6)25 + Gl
ki + k3
+ psinf(—2 " 92 —cosf)2s + Co]

-

( sin2 0

1—pky k2 + k2

) cos 6 cos|(—— —COSQ)%S+CO]+C2]31
2 sin” 6
sin 6 k? 4+ k3 1
+[- K2 1k2 T cos[( - 2 t — cos0)2s + (o
(sir;; — cos0)? sin“ 0
k2 + k2
— pcos|( 1_—2 2 —COS@)%S-FC()]
sin“ 6

1—pk k? 4 k2

+ kp ! cos O sin|( 1.—1_292 —cos&)%s—i-CO] + (3len
2 Sin
sin 6 kK2 1
+ [ e - L2 —cos0)2s+ (o] + (2]
(Gizg —cost)s s
sin 0 k? + k2 1

T gy Gy st

sin?g €08 :

2 2
sin2 0 s sin2[(MH2 — cosg)zs + ¢
+ (cos @) s + EEe 5~ JERNE) 1
(L7 —cosf)? 4(7g —cosb)?
sin 0 k2 + k2 1

_ k2+l§21 + cos|( L2 — cosf)2s + (o]

(T ot 0

1—pk
_ k;p ! sin9+C4]e3,

2

where (o, (1, (2, (3, (4 are constants of integration.

Proof. Assume that ~ is a unit speed biharmonic curve and foca[f%
its B—focal curve on Heis?.

By differentiating of the formula (4.1), we get
FB(s) = (1 — Bks — Bka)T + (%) My + (75) M.
Using above equation, the first 2 components vanish, we get
Tkt 5k = 1,
/
() = o
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Considering second equation above system, we chose

ff = p =constant # 0.

Then
B 1—pki
f2 - k N
2
On the other hand, we have
k? + k2
T = sin 6 cos|( 1_+2 2 _ cos 9)%5’ + (oler
sin” 6
% + k‘% 1
+ sin 6 sin[(—— g oS 0)2s + (plez + cos fes.
sin

Thus, it is seen that

1 —pky
ko

foca[f(s) = (y+pM; + Mo)(s),

By means of obtained equations, we express (4.2). This completes the
proof.

In the light of Theorem 4.1, we express:

Theorem 4.2. Let vy : I — Heis? be a unit speed biharmonic
B-general heliz and foca[% its B—focal curve on Heis3. Then, the
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parametric equations of foca[f% are given by

sin 0 k3 + k3 1
ot () = [(L“?Hv% — cosf)} sinl(= iz —eos0)?s + Gl
sin? 6
k? + k2
+ psin|( 811:1_2 02 — cos 9)%5 + Co]
1—ypk k? + k2
P cos 6 cos|( 1_+2 2 _ cos@)%s + o] + ¢!,
ko sin® 6
sin 0 k? + k3 1
ZeoearB (5) = | cos[(—- —cos0)2s + (p]
focaly (kj;;k; — cos ) 3 sin? ¢
k? + k3
— pcos|( 1,:1_2 02 — cos 9)%5 + (o]
1—ypk k? + k2
+ P L cos f sin|( 1,+2 2 —cos@)%s+40]+C3],
ko sin” 6
sin 0 . K+ ES 1
Zeooat® (8) = | sin[(— —cosf)2s + ()
focaly (ki:;kg — cosf)2 sin®
kT + k3 1
+ psin[( slinQ 02 — cos)2s + o
1—pk k? + k2
+ P L cos 8 cos( 1,+2 2 _ cos0)2s + (o) + Ca
ko sin
sin ¢ k3 + k3 1
[_ k’2+k’2 1 COS[( 1- 2 92 — COS 0)28 + CO]
syt
k? + k3 1
— pcos|( slin2 02 —cosf)2s + (o]
1— 2 2
Pk, cosc9sin[(k:1,+2k2 — cos 6’)%8 + Col + 3]
ko sin® 6
sin 6 K2+ K3 1
all el bewe - sin[(=L—5% — cos6)Zs + (o] + (o
(52 —cosh)2 sin” ¢
sin” 0
sin ¢ k3 + k3 1
[_ k’2+k’2 1 COS( 1- 292 _0080)28+<0]+C3]
(EH st o
2 i
sin® 9 s sin2[(2 2k2 —cos0)zs + (o]
+(cosf) s + K2K3 G klfkg 1
(=g —cost)? 4(G=7 —cosb)?
in6 k2 + k2 1—ypk .
- = ké;lsm - cos[(——2 —Cosﬁ)%s—i—go]— P Lsind + ¢4,
( 1.+292 —cosf)2 sin” 6 2
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where gy, (1, (2, (3, (4 are constants of integration.

Proof. Substituting (2.1) into (4.2), we obtain above system. This
completes the proof.

If we use Mathematica both vy and its focal curve, we have
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FIGURE 1.
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