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ABSTRACT. In this paper, we prove some common fixed point the-
orems for multivalued mappings and we present some new gener-
alization contractive conditions under the condition of weak com-
patibility. Our results extends Chang-Chen’s results [6] as well as
Ciri¢ results [7]. An example is given to support the usability of
our results.
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1. INTRODUCTION

It is common that the contractive-type conditions are very important in
the study a fixed point theory. The first important result of fixed points
for contractive-type mapping was the well-known Banach-Caccioppoli
theorem published for the first time in 1922 in [3] and also found in [5].

In recent years, many authors had proved fixed point theorems for
mappings in metric spaces satisfying general contractive integral type
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inequalities for example see [12] [I8],[19, 15, 17, [16] and weakly compatible
mappings, see for example [II, 2 4] [7, 9], 10} 13}, 20} 21].

The purpose of this paper is to establish the existence of fixed point
theorem for generalized contractive multivalued mappings.

2. PRELIMINARIES

At first we recall the notion of the Meir-Keeler and weaker Meir-Keeler
type functions as follows.

Definition 2.1 ([14]). A function ¢ : RT — R is said to be a Meir-
Keeler type function , if for each n € RT, there exists § = §(n) > 0 such
that for t € R* with n <t <7+ d, we have (t) < 7.

Definition 2.2 ([6]). The function ¢ : Rt — R* is called a weaker
Meir-Keeler type function, if for each n > 0, there exists é > 1 such that
for t € RT with n <t < 4§, there exists ng € N such that ™ (t) < 7.

Throughout this paper, let B(X) stand for the set of all nonempty
bounded subsets of X and two functions ¢, D : B(X) x B(X) — [0, 400)
are defined be:

d(A, B) = sup{d(a,b) : a € A,b € B},

D(A, B) = inf{d(a,b) : a € A,b € B}.
The following definition is given by Fisher in [§].

Definition 2.3. Let {4, : n =1,2,...} be a sequence of 2% — {(}}. We
say that the sequence {A,} converges to a subset A of X if

(i) each point a in A is the limit of a convergent sequence {a, } with
{an € Ay :n=1,2,...};

(ii) For arbitrary € > 0, there exists an integer N such that A4,, C A,
for n > N, where A, is a the union of all open spheres with
center in A and radius e.

The set A is then said to be the limit of the sequence {4, }.
The following lemmas that appear in [§] and [10], are useful for the
main results of this paper.

Lemma 2.4 ( [R]). If {A,} and {B,} are sequences of bounded sets of
(X, d) which converge to the bounded sets A and B, respectively, then
the sequence {0(Ay, By)} converges to 6(A, B).

Lemma 2.5 ([10]). If {A,} is a sequences of bounded sets in the com-
pelet metric space (X,d) and if lim 6(A,,{y}) = 0, for somey € X,
n—oo

then {An} — {y}.
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Let T': X — B(X) be a multivalued mapping . If U is any nonempty
subset of X then we define

TU) = T=.
zeU
Also, if f is a self mapping of X, then by T(X) C f(X), we mean
T(U) = | T € f(X),
zelU
that is, for all x € U, we have Tz C f(X).

The following definitions were given by Jungck and Rhoades [11].

Definition 2.6. Let f: X — X and S : X — B(X) be two mappings.
The pair (f,S) is said to be weakly compatible if f and S commute at
coincidence; i.e., for each point u in X such that Su = {fu}, we have

Sfu= fSu.

Definition 2.7. Let ® denotes all function ¢ : RT™ — RT which satisfy
the following conditions:

(i) #(0) = 0, and ¢(t) > 0 for all t € RT,

(ii) ¢ is continuous from the right and

(iii) ¢ is nondecreasing on R*.

Definition 2.8. Let ¥ denotes all function ¢ : Rt — R™ which satisfy
weaker Meir-Keeler type function such that for ¢ > 0 with ¥ (¢) < t and
{Y"(t) }nen is non-increasing.

The following Lemma is useful for the main results of this paper, that
appear in [22].
Lemma 2.9. Let ¢ € ®. If lim ¢(e,) = 0, for {e,} C RT, then
n—o0

lim ¢, = 0.
n—oo

Definition 2.10 ([6]). Let (X, d) be a metric space, and let T, S : E —
B(E). If the following inequality holds:

P(6(Sz, Ty)) < h(p(M(x,y))) (2.1)
for all x,y € X, where

M (e, ) o= max {d(z, ), 6(5,2),8(s, Ty), 5 [D(, Ty) + D(Sz, )]},

(2.2)
then we call that the pair (7', S) having the (¢, 1)- contraction property.

Using this definition Chang and Chen proved the following theorem
and extended the Ciri¢ results.
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Theorem 2.11 (see [0, Theorem 1]). Let (X,d) be a complete metric
space and let T,S : X — B(X). If (T,S) have the (¢,v)-contraction
property, where ¢ € ® and ¥ € ¥, then S and T have a unique common
fized point a in X. Moreover, Sa = Ta = {a}.

Now, we define a generalized (¢, ¥)-contractive for the pair (T, S) that
T,S:E — B(E) as follows:

Definition 2.12. Two mappings 7,5 : X — B(X) are called gener-
alized (¢,1)- contractive if there exist two maps f,g : X — X such
that

o(6(Sz, Ty)) < (Pp(M(z,y))) (2.3)

for all z,y € X, where

M (z,y) := max {d(fz, gy),5(Sz, fx),5(gy, Ty), %[D(fx, Ty)+D(Sz,gy)]}.
(2.4)

In next section, we give a new fixed point theorem for (¢, 1)-contractive
mappings and extend Chang-Chen’s Theorem. After that an example
shows that our results extend Chang-Chen’s Theorem.

3. MAIN RESULT

The following theorem extends Chang-Chen’s Theorem

Theorem 3.1. Let (X,d) be a complete metric space, and let E be a
nonempty closed subset of X. Let T, S : E — B(E) be two generalized
(¢, )~ contractive, where ¢ € ® and ) € ¥, and f,g: E — X verifying
the following:

(A) (f,S) and (9,T) are weakly compatible;

(B) T(E) C f(E) and S(E) C g(F).

Assume that f(E) or g(E) is a closed subset of X. Then f, T, g and S
have a unique common fixed point, that is, there exist x € E such that

{fz} = {92} = Tw = Sz = {«}.

Proof. Lex x, € E be arbitrary. Using (B), we choose z1 € F such that
gx1 € Sxg = Ag. There exists xo € E such that fxy € Txy = Aq, and
so on. Using induction, we can define a sequence {z,} in E as follows:

9Tont+1 € STy = Az, fTony2 € Top41 = Aoy, (3.1)

for n =0,1,.... We break the argument into three steps.

Step 1. lim 6(A,, Ap+1) =0.

n—o0



Common Fixed Point Theorems for Generalized Weakly Contractive ... 129

Proof. Using ([2.3]), have

where

IN

IN

¢(6(Sxan, Tr2ny1)) = ¢(0(A2n, A2n+1))
B(O(M (w0, T2011)), (3.2)

IN

M (2on, Ton+1)

max {d(fzon, gTan+1), 6(STon, f22n), 6 (922041, TT2n41),
1

§[D(f$2n, Taons1) + D(Stan, gTon+1)]}

max {d(fzon, gTan+1), 6 (A2n, fT2n), 0(g2ont1, A2nt1),

1

3D (fran, Azny1) + 0]} (3.3)

max {5(A2n,1, Agp), 6(Aapn, Aont1),
max {3(Azn_1, Azn), 6(Azn, Aoni1),
$16(42n 1, A20) + 8(An, Azus1)]}
max {(5(A2n_1, Agyp), 0(Agp, A2n+1)} = 0(Agn—1, A2n).

6(A2n-1, A2n+1)}

| =

If max {6(Aon—1, A2n),8(Aon, A2nt1)} = 0(Azn—1, A2,), then By (3.2),

we have

d(0(Azn, Aont1)) = ¢((Sxan, Tron+1))
< P(p(M (220, T2n+1))
= V((6(A2n, A2ni1)) (3.4)
< ¢(6(Aap, Aopt1),

where that is a contradiction. Hence

Similarly,

5(A2n7 A2n+1) < 5(A2n71> A2n) (35)

0(A2pt1, Aont2) < 0(Aznt1, A2n). (3.6)

Consequently for each n € N, we have

and hence,

6(An7An+1) < 6(An7An—1)7 (37)

¢(5(AnaAn+1)) 7/1(¢(6(An—lvAn)))

<
< S UM(B(O( A0, AD))). (3.8)

Since {"(#(6(Ao, A1))) Inen is nonincreasing and so it must converges

to some n

> 0. We claim that = 0. On the contrary, assume that

n > 0. From ¢ (t) <t we get ¢p(d(Ap, A1)) > n, then by the definition of
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the weaker Meir-Keeler type function, there exists § > n such that for
d(0(Ap, A1)) > 0 with n < ¢(6(Ap, A1)) < 6, there exists ng € N such
that ¢ (¢(d(Ap, A1))) < 6. Since

lim 4" (6(3(Ao, A1) =0, (3.9)

n—o0

and this is a contradiction. Consequently, n = 0. Thus By (3.8)), we
have

h_)m Y(6(An, Ant1))) =0, (3.10)
so lim 6(A4,, Any1) =0. O

n—oo
Step 2. {4, } is Cauchy.

Proof. For each m € N, we suppose C), = §(Apm, Apmt1) and we claim
that following result holds:

Vv >03ng(y) € Ns.t Vm,n>ng(y), 6(Am, An) <. (3.11)

Suppose (3.11]), is not held. Then using Step 1 there exists some v > 0
such that for all £ € N, there are my,n; € N with my > n; > k that
mi — ngi > 3 and my, is even, ng is odd and

5(Amys An) > 7. (3.12)

For every k € N, let my be the smallest even number satisfying (3.12)).
Since lim C),, = 0, there exist ky € N such that for m > kg,

m—00
§(Am, A1) < 7. Thus By (3.12), we have
6(Amy, Any,)
5(Amk>Amk71) + 5(Amk717 Amka) + 5(Amk727 Ank)
5(Amk7Amk—1) +5(Amk—17Amk—2) + 7y (313)

v

ININ A

letting k — oo, we get

lim 0(Ap,, An,) =7. (3.14)

k—o0

So with using (2.3)),

Qb(é(Amk’Ank)) = d)((;(sxmk’Tl‘nk))
V(M (2my, s Tny)), (3.15)

IN



Common Fixed Point Theorems for Generalized Weakly Contractive ... 131

where
M(xmk ) xnk)

= max {d(fxmkagxnk)a 5(S$mka fxmk)a 5(91}%, Txnk)7
1

§[D(f$mk7T‘rnk) + D(Smk’gxnk)]}

max {5(Amk*11 Ankfl)a 5(Amk7 Amk*1)7 5(‘4%/@*17 Ank)7
1

5[5("477%—17 Ank) + 6(Amk’ Ank_l)]}

max {5(Amk—1’ A”k) + 6(Amk7Ank) + 5(Ank¢Ank—1)a

6(Amk ) Amkfl)v 6(Ank717 Ank)a

IA

IN

1

5[6(Amk—17 Amk) + 5(Amk7 A”k) + 5(A”k_1’ Ank) + 6(Ank7Amk)]}
= max {ka—l + 5(Amk7 Ank) + an—lv ka,—lv an—la

1

i[cmk—l + 25(Amk7 Ank) + an—l]} (3'16>

< Cppe1 +Chp1 +0(Amy s Any)-
Now with combining , , and letting k — oo, we have
6(7) < B(6(), (3.17)
and this is a contraction.So {A,} is Cauchy. O
Step 3. T, S, g and f have a common fixed point.
Proof. If a, be an arbitrary point in A,, for n =0, 1, ..., it follows that
lim  d(an,anm) < n771ribr_r)1005(An,Am) =0. (3.18)

n,M—+00

Therefore, the sequence {a,} and hence any subsequence thereof is a

Cauchy sequence in X. Since gront1 € Sxoy = Ao, for n =0,1, ..., we
have
lim d(gx2n+1,gxgm+1) S lim (5(A2n,A2m) = O, (319)
,1M—00 n,M—00

Therefore, the sequence {gzan+1} is Cauchy. So there exists z € X such
that lim gxo,41 = z. Since E is closed and {gxo,+1} € X, we have
n—oo

z € E. Since g(F) is closed, then there exists u € E such that z = gu.
But, fxo, € Txon_1 = Aop_1, so that we have

lim d(fl’Qn,gl‘gnJrl) S h_)m 6(A2n,1,A2n) = 0. (320)

n—0o0

Corllqsequently, nl;rgo fxoy, = z. Now we prove Tu = {z}. By using 1}
we have

¢(0(Swan, Tu)) < P(G(M(x2n, u)), (3.21)
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where

S(guTu) < M(zsmu)
= max{d(fxzn,gu),é(SxQn,fxgn),(;(gu,Tu),
%[D(fa:gn,Tu) + D(Szon, gu)] } (3.22)
max {5(]0332717 QU), 5(Sx2n7 fon)’ 5(9”7 Tu)v

%[5@@”, Tw) + 6(Sx2n, gu)]}.

IN

where
8(Swon, gu) = 0(Sxon,2) < 8(Swon, fron) + 6(fron, 2)
< 9(Agp, Aon—1) + 0(fxon, 2). (3.23)
letting n — oo in above inequality we noted
nh_)n(r)lo d(Szan, z) = 0. (3.24)

Consequently, by combining (3.22), (3.24]) and letting n — oo, we have
got

li_>m M (zopn,u) = 6(z,Tu). (3.25)
From (3.21)) and (3.25) by letting n — oo we have
¢(d(2,Tu)) < P(d(0(z, Tw)). (3.26)

Hence 0(z,Tu) = 0. So Tu = {z}. Consequently, {gu} = Tu = {z}.
Since T'(E) C f(F) and Tu € T(E), so there exists w € F exists such
that Tu = {fw} = {gu}. Now we prove Sw = {z}. By using (2.3)), we

have

P(0(Sw, Tu)) < P((M(w,u)), (3.27)

where

M(w,u) = max{d(fw,gu),5(Sw, fw),d(gu, Tu),

%[D(fw, Tu) + D(Sw, gu)]}

= max{d(fw,gu),é(Sw,fw),é(fw,Tu),
3[0 4 D(Sw, fw)]} (3.28)
- (Sw fw) — (5w, 2).
Now by combining (3.27] and Tu = {z} we get
¢>(5(5w,2)) < P(o(6(Sw, 2)). (3.29)

From ¢ (t) < t for all ¢t > 0. We conclude that §(Sw, z) = 0, so Sw = {z}.
It follows that {gu} = {fw} = Tu = Sw = {z}.



Common Fixed Point Theorems for Generalized Weakly Contractive ... 133

Since the pair (7', ¢g) is weakly compatible, then gz = gTu = T'gu =
T'z. Now we prove that Tz = {z}. Using (2.3]), we have

¢(0(Sw,Tz)) < (M (w,2)), (3.30)
where
M(w,z) = max{d(fw,gz),6(Sw, fw),d(gz,T%),
%[D(fw, Tz) + D(Sw, gz)]} (3.31)
= 0(Tz,z).
Now by combining , , we get
$(0(2,Tz)) < P(o(d(T2 2)). (3.32)

Consequently, §(Tz,2z) =0, so Tz = {z}. Hence {gz} =Tz = {z}.
Similarly, {fz} = Sz = {z}. Therefore, we obtain {fz} = Sz =
(s} = {gs} =T~ o

Uniqueness of the common fixed point follows from (2.3]). Similarly,
if f(F) is closed, we can conclude by a similar argument as noted above
that theorem is holds. This completes the proof. O

Remark 3.2. By taking f = g = Ix and £ = X in Theorem we
conclude Theorem 2.111

The following corollaries are direct results of Theorem that ex-
tends Ciri¢’s result [7].

Corollary 3.3. Let (X,d) be a complete metric space, and let E be a
nonempty closed subset of X. Let T\ S, f,g : E — E be four mappings
verifying the following conditions:

(A) (f,S) and (g,T) are weakly compatible,

(B) T(E) C f(E) and S(E) C g(F);

(C) ¢(d(Sz,Ty)) < p(o(M(x,y))), for all z,y € E,

where ¢ € @, 1) € U and where

M (e, ) = max {d( . gy), d(S, f), d(gy, Ty), 3 a(fz, Ty)+d(Sz, gy)]}.

Assume that f(E) or g(E) is a closed subset of X. Then f, T, g and S
have a unique common fixed point, that is, there exists x € X such that
fr=gx=Tr=Sr=uzx.

Corollary 3.4. Let (X,d) be a complete metric space, and let two map-
pings verifying the following conditions:

(A) (9,T) are weakly compatible;

(B) T(E) € g(E);
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(C) ¢(d(Tz,Ty)) < Y(¢(M(x,y))), for all z,y € E,
where ¢ € ®, 1 € U and where

M (z,y) := max {d(gz, gy), d(gz, Tx),d(gy, Ty), %[d(gw, Ty)+d(gy, Tx)]}.

Assume that g(E) is a closed subset of X. Then T and g have a unique
common fixed point, that is, there exists x € X such that Tx = gx = x.

Proof. Let T'= S and f = g and apply Corollary [3.3] O

The following example shows that Theorem [3.1]is a real extension of
Theorem 2.111

Example 3.5. Let X = [0, +00) endowed with the Euclidean metric
and let £ =1[0,1]. Let f,g: E — X and T,S : E — B(E) defined by

fr =2, gr =42% Tz =0, %6] and Sz = [0, %3] for all z € X.
Also, we define ¢ : Rt — RT and ¢ : RT — RT as follows:

S(t) =tV teRT, and@b(t):%tVteRf

Obviously £ and f(F) and g(E) are nonempty closed subsets of X. Also
p € ®and p € U and (f,S) and (g,7) are weakly compatible in z = 0
and T(E) C f(E) and S(F) C g(E).

We next verify inequality (2.3)) of Theorem 3.1} For all z,y € E where
T Fy

3
0(Sz,Ty) = max{z,
1 1

max{?2x, ?43/2}

17t 17y
7676

} = max

IA
o %

IN

1
- max{2z, 4y°, |4y* — 22|}
1 1
< ? maX{2$,4y2, |4y2 - 21‘|, i[D(x’Ty) + D(Sl‘,y)]}

< ZM(ey) = v(M(z.y)

Hence all conditions of Theorem [3.I] are satisfied. So f, T, g and S have
a unique common fixed point in & = 0.

The condition of Theorem is not satisfied for x = 0 and
y = 1. Because

1

5 = 0(S0,T1) >4 (M(0,1))

—  (max{d(0, 1),5(S0,0), 6(1, T1), %[D(O, T1) + D(1, S0)]})
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Therefore, our example does not satisfy the condition of Theorem
Hence Theorem 3.1 is a real extension of Theorem 2.111
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