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ABSTRACT. Let R be a commutative ring with non-zero identity
and M be a unitary R-module. In this paper, we introduce the
concepts of radical and E-radical (envelope) of L-submodules and
investigate their properties. Additionally, we define L-radical for-
mula and demonstrate that, under specific conditions, the L-radical
formula can be derived using the concept of the envelope of an L-
submodule.

Keywords: Prime L-submodules, Radical of L-submodules, En-
velope of L-submodules.

2000 Mathematics subject classification: 08AT2

1. INTRODUCTION

Throughout this paper, R denotes a commutative ring with identity. M
is assumed to be a unitary R-module. For each ideal I of R, the radical
of I defined as the intersection of all prime ideals containing I, has the
characterization VT = {r € R|r" € I, for some n € Z*}. A proper
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submodule N of an R-module M is said to be prime if ra € N,a ¢
N implies that rM C N. The concept of radical of a submodule N
of an R-module M was defined in [3] as the intersection of all prime
submodules of M containing N and is denoted by rad(N). If there does
not exist any prime submodule of M containing N, then it is defined
that rad(N) = M. N is called radical submodule if rad(N) = N.
Zadeh in [15], introduced the notion of a fuzzy subset u of a nonempty
set X as a function from X to unit real interval I = [0,1]. Goguen in
4] replaced I with a complete lattice L in the definition of fuzzy sets
and introduced the notion of L-fuzzy sets. Rosenfeld introduced the
notion of fuzzy groups [12] and fuzzy submodules of M over R were
first introduced by Negoita and Ralescu [10]. Pan in [11] studied fuzzy
finitely generated modules and fuzzy quotient modules (also see [13]).
In the last few years, a considerable amount of work has been done
on fuzzy ideals in general and prime fuzzy ideals. /i and R(u) were
defined for any L-ideals of a ring R by Malik and Mordeson in [[7] and [g]
respectively, these were the generalization of the concept of the radical
of an ideal v/I. The notion of prime L-submodules of a module over
a commutative ring with identity say R, where L is a complete lattice,
was introduced by Ameri and Mahjoob in [l]. They also introduced
the notion of the radical of an L-submodule p as the intersection of all
prime L-submodules of M containing p and it is denoted by Rad(u).
In this paper we investigate some basic properties of Rad(u), and also
we introduce the notion of the envelope of an L-submodule p of an R-
module M denoted by E(u) in Sec. 4. Our definition is a generalization
of the notion of the ordinary envelope of an R-module which appears
in the current literature on algebra (for example refer to [3] and [5]).
In the end, we will establish relationships between Rad(p) and E(u) in
Section 5.

2. PRELIMINARIES

In this section, to make it easier to follow, we recall some definitions

and theorems from the book [J], which we need them for development
of our paper.
L denotes a complete lattice. By an L-subset u of a non-empty set X,
we mean a function u from X to L. LX denotes the set of all L-subsets
of X. In particular, if L = [0, 1], the L-subsets of X are called fuzzy
subsets and are denoted by FX. Let A be a subset of X and y € L.
Define y4 € L as follows:

_Jy ifzeA
ya(r) = { 0 otherwise
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In special cases if A = {a}, we denote y,) by 4, and it is called an
L-point of X.
For pu, v € LX, we say that u is contained in v and we write u C v if
u(x) < v(x), in particular x, € p means a < p(x) for all x € X and
a € L. For pu,v € LM, the intersection and union, pUv, pNv € LX,
are defined by

(pUv)(x) = p(x) Vr(r)and (nNv)(x) = u(x) Av(z) for all x € X.
Also for € LX, a € L, jiq is defined by,
pa = {z € Mp(z) > a},

where p, is called a-cut or a-level subset of u.
Let f be a mapping from X into Y and let u € LX, v € LY. Then
f(p) € LY and f~1(v) € LX are defined as follows:

Fu)(y) = { V{u(z)|z € fﬁl(y)} if f71(y) #0

0 otherwise

and

F W) () = v(f(x)), Yz € X.

This is the extension principle.

Let M and N be R-modules and f : M — N be an R-module homo-
morphism. p € LM is called f-invariant if f(x) = f(y), implies that
w(x) = p(y) for all z,y € M.

Definition 2.1. Let i be an L-subset of R. The radical of p is denoted
by R(u)(z) = \/ n(a"), Vo € R.
neN

Definition 2.2. Let ¢ € L\ {1}. ¢ is called a prime element of L if
aNb<c, implies that a < c or b < ¢, for all a,b € L.

Definition 2.3. Let p € L. Then p is called the L-ideal of R if for
every x,y € R the following conditions are satisfied:

(1) plz —y) = plz) A p(y);

(2) plzy) = p(z) vV uly).

The set of all L-ideals of R is denoted by LI(R).

Definition 2.4. Let u,v € LI(R). We define pv € LI(R) as follows:
po(z) =\/{u() Av(2) | y,2 € Rx = yz}, Vo€ R

Definition 2.5. Let R be a ring and ( € LI(R). Then C is called prime
L-ideal of R if ¢ is non-constant and for every p,v € LI(R),uv C ¢
implies that u C ¢ or v C (.
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Theorem 2.6. Let ¢ € L®. Then ¢ is prime L-ideal of R if only if
¢(0) =1 and ( = 1¢, Ucgr such that (s is a prime ideal of R and c is a
prime element of L.[J

Definition 2.7. An L- submodule of M is an L-subset u € LM such
that:

(Dp(0) =15
(2)u(rx) > p(x) for allr € R and x € M and

Bz +y) = p(@) A ply) for all z,y € M.
The set of all L-submodules of M is denoted by L(M).

Definition 2.8. Let € LM. Then p € L(M) if and only if each non-
empty level subset of p is a submodule of M. Moreover if p € L(M)
then

p ={z € M | p(x) =1}
s a submodule of M.

Let CELR anduGLM. Define ¢ - p € LM as follows:
\/{C y)|reR,ye M,ry=x} for all x € M.

For p,v € L™ and ¢ € LR, define (p : v) € L® and (p: ¢) € LM as
follows:

(w:v)y=Jme L n-vcu,
= JlvelM|¢vpu)
In [9] it was proved that if v € LM, € L(M) and ¢ € LI(R) then

U{TIELI ) In-vCpl,

= J{reLM)[¢-vCpu}
Theorem 2.9. Let ¢ € L and N be a submodule of M. Then
(1]\7 U CM) 1y = 1(N:M) U cg.

We recall that an L-submodule p of M is called prime if for ¢ € LI(R)
and v € L(M) such that ¢-v C p, then either v C pror ¢ C (g : 1ar)([L]).
By L-Spec(M), we denote the set of all prime L-submodules of M.

Theorem 2.10. [l] Let p be an L-submodule of M. Then p is prime if
and only if p =1, Ucpy such that puy is a prime submodule of M and c
s a prime element of L.

As we have mentioned, the radical of an L-submodule p € L(M) is
the intersection of all prime L-submodules v of M containing p and
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denoted by Rad(x). In [3], the notion of the envelope of a submodule
N of M, E(N), is defined to be the set

{reM|xz=ry,r"y e N, for somer € R, y € M and n € N}.

We are going to generalize this notion to L-submodules of M and, we
will investigate some basic properties of Rad(u) and E(u) and establish
relationship between Rad(p) and E(u) by using of notions of radical
L-submodule and L-radical formula.

3. ON RADICAL OF L-SUBMODULES

The notion of radical of an L-submodule p of M is introduced in [1],
now we recall it here and study some new results.

Definition 3.1. Let y € L(M), and P, be the family of all prime L-
submodules v of M which contain u. The L-radical of p denoted by
Rad(p) is defined by

v veP,} ifP.#o
R“d(“)_{ 1y if P2

The concept of radical of an L-ideal was introduced in [9], and sev-
eral results were investigated. Here we generalize their results to L-
submodules. The proofs are almost the same as L-ideals.

Theorem 3.2. Let p be a constant L-submodule of M, then
Rad(p) = 1pm

Theorem 3.3. Let p be a non-constant L-submodule of M. Then
1) Rad(p)(0) = p(0);

2) Rad(ps) € Rad(p)«;

3) Rad(p)(z) = 1,Vx € Rad(p)«;
4) 1 € Rad(p);

5) Rad(pNv) C Rad(p) N Rad(v);
6) Rad(Rad(u)) = Rad(p).

Proposition 3.4. Let M be an R-module and p; be an L-submodule of
M, for each i € I. Then

(i)Rad(() i) € (| Rad(ps) = Rad((") Rad(:));

(
(
(
(
(
(

el i€l i€l
(i) Y~ Rad(pi) € Rad() 1) = Rad() | Rad(p;)).
i€l i€l i€l
Proof.(i) ﬂ wi € p, for alli € I, so Rad(ﬂ wi) C m Rad(pi)
i€l 1€l el

Rad([ ) € () Rad(u:) € Rad((") Rad()).

el el el
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Hence Rad(ﬂ wi) C m Rad(u;) = Rad(ﬂ Rad(u;)).

i€l i€l i€l
(43) i < Z“i’ so w; € Rad(p;) C Rad(z ;) for all i € I and Z,ui C
i€l i€l i€l
Z Rad(u;) C Rad(z ;). Hence
i€l icl
Rad() " pi) € Rad() | Rad(:)) C Rad(Rad(d_ pi)) = Rad() _ ).
i€l i€l iel i€l

Lemma 3.5. Let L be a dense chain. Then Rad(u)q C rad(pe) for each
a€ L.

Proof. Let P be a prime submodule of M containing u,, and v €
L(M) is defined by v(z) = 1 if z € P and v(z) = b if © ¢ P that
a<be L. Thenv e P, and v, = P, so Rad(p)q C rad(pq).0
From the previous lemma, we can see for y € L(M); Rad(p)s C rad(fis),
and the following example shows that in general, Rad(u.) # Rad(u)x.

Example 3.6. ([9]) Consider R = M = Z and let P, =< 2" > and
P=nNP,. Let
1 ifx € P,

1
1—— ifxeéd P and i, is the smallest i such that z & P;.
(2
Then Rad(u.) = {0} and (Radp)s =< 2 >, whis shows that Rad(j.) #
(Radp)..O

In the last example, we note that V{u(z) | € Rad(u.)} = p(0).

wz) =

Theorem 3.7. Let pu be a non-constant L-submodule of M and let
V{p(z) | * & Rad(ps)} = a < pu(0) and a be prime. Then Rad(ps) =
Rad ().

As mentioned in Theorem @, it is not always true for L-submodules p
and v that Rad(u) N Rad(v) = Rad(pNv). Now we investigate sufficient
conditions on L-submodules p and v which will guarantee that

Rad(p) N Rad(v) = Rad(pNv). (%)
It is quite simple to show that (%) holds if u and v are prime or pu C v.

Definition 3.8. We say that an L-submodule p of M is a radical L-
submodule if Rad(p) = p.

Theorem 3.9. Let i and v be L-submodules of an R-module M. Then
wNv = Rad(pn) N Rad(v) if and only if the following conditions hold:
(1) pNv is radical;

(#4) Rad(u) N Rad(v) = Rad(pNv).
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Proof. Suppose that pNv = Rad(p) N Rad(v). Then
Rad(p) N Rad(v) C pNv C Rad(pNv).
So we can conclude that,
Rad(p) N Rad(v) = Rad(p Nv).

By (i), pNv = Rad(p Nv) = Rad(pn) N Rad(v). The converse is
immediate.[]

Example 3.10. Let N and K be prime submodules of an R-module M
and c be a prime element of the complete lattice L. Put p = 1nyUcpy and
v=1x Ucpy. Then by Theorem 2.10, p and v are prime L-submodules
and so by last Theorem Rad(pNv) = Rad(p) N Rad(v).O

Example 3.11. Let R=7Z, M =Z x Z, N =< (2,3) > and

K =< (4,0),(0,1) >. It is shown in [B] that N is prime submodule and
rad(K) =< (2,0),(0,1) >. Also NN K =< (4,6) > which is a radical
submodule, and rad(N)Nrad(K) =< (2,3) >. Suppose that c is a prime

element of a complete lattice L. Consider p = 1yUcpys andv = 1gUcyy.
Then

Rad(p = A\{€@2.3)|¢ € P} =
and
Rad(v = A\{¢@3)¢CeP}=1

since (2,3) € rad(k) C C* for each ( € P,.
Also we have ﬂ (n)s = rad(N N K), since if there is a prime sub-

77673#01/
module P of M containing N N K, then (1p Ucar) € Punw, and so
Rad(pNv) /\{17 3)In € Plurwy} <1

because if (2,3) € 1. for every n € Py, then (2,3) € (1)« = rad(N N
K)=NnNK, that is a contradiction.r]

If M is a finitely generated R-module, then every proper submodule
of M contained in a maximal submodule of M. Further, since every
maximal submodule of M is prime, thus every proper submodule of M
is contained in a prime submodule.

If we adapt the proof of [9, Lemma 3.7.7], then we get the following
lemma.

Lemma 3.12. Let M be a finitely generated R-module, L be a dense
chain and & be a proper L-submodule of M. Then there exists at least a
prime L-submodule of M containing &.
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Theorem 3.13. Let M be a finitely generated R-module, L be a dense
chain, and p, v be L-submodules of M. Then Rad(u) + Rad(v) = 1y if
and only if u+v =1y;.

Proof. Since p C Rad(p) and v C Rad(v), u+ v = 17 implies that
Rad(p)+Rad(v) = 1ps. Conversely, assume that Rad(p)+Rad(v) = 1
and suppose that p+v # 1. Since M is finitely generated, there exists
a prime L-submodule 7 such that p+ v C 7. Hence Rad(n) C n and
Rad(v) Cn, so Rad(p) + Rad(v) C 1, contradicting the assumption.[]

Definition 3.14. [9]. Let {pa|o € Q} be a collection of finite-valued
L-ideal of R such that 1o (0) = pg(0), for all o, f € Q. Then the piq
are said to be pairwise comaximal if o # ar,a = p(0),Ya € Q and

MQ+M5:GRVOK,BGQ,O£7£B.

Lemma 3.15. Let py,..., bn be L-submodules of M such that for i =
1, ..o,my (g = 1ag) are pairwise comaximal. Consider a prime L-submodule
v of M containing piNpaN...N\wy, then there is exactly onei € {1,2,...,n}
such that pu; C v

Before proof of the lemma, we mention a result about L-ideals.

Lemma 3.16. Let p1, pa, ..., pin, be L-ideals and suppose that y be a prime
n

L-ideal of R containing ﬂ wi. Then p; C p for some i =1,2,...,n.
i=1
Proof. Let yu; ¢ p for all i. Then there exists x; in M such that
pi(xi) & p(xi)for i = 1,2,...,n. Thus x; & p. and p,(z;) £ ¢ for i =
n

1,...,n. So H‘Tl & [y, since . is a prime ideal of R by Theorem @
i=1
But

n n n
(@) A pia(wa) A o A () < (V) ([ [ 20) < (] J#0) = ¢,
i=1 i=1 i=1
this is a contradiction since c is a prime element of L.[]
Proof of Lemma m If v is a prime L-submodule such that

1M, e, Ny - v,
then
(,ul : 1M)ﬁ, ...,ﬂ(un : 1M> - (V : 1M)

Since (v : 1) is a prime L-ideal, wlog we have (1 : 1p7) € (v : 1pg).
If (p; - 1pr) C (v = 1py) for some ¢ > 1, then both (1 : 1p7) C (v : 1a)
and (u; : 1ar) € (v @ 1p), contradicting comaximality. We thus have
(1 = 1pr) € (v 2 1pp) and (g4 2 1pg) € (v 2 1) for @ > 1. We will
show that pu; C v. Suppose z, € p1 but xz, ¢ v and choose (r;)q, €
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(i = 1pr) and (13)q, & (v @ 1pp) for @ > 1. Put ry = (72)ay---(Tn)ay, -
Then ryx, € w1 since z, € pyp and also rpx, € p; for ¢ > 1 by the
construction of rp. Hence rpzq € p1 N ... Ny, € v and x, € v implies
that 7, = (72)ay---("n)a, € (v : 1a), a contradiction. Thus p; C v.0

Theorem 3.17. Let p1, ..., b, be L-submodules of M such that for i =
1,..yn, (i = 1ar) are pairwise comaximal. Then Rad(ui0,...,Nuy) =
Rad(p1)N, ..., NRad ().

Proof. If Rad(u1N,...,Nuy) = 17, then the result is immediate. If
not, then clearly we have Rad(uiN,...,Niyn) € Rad(p1)N, ..., NRad(wy,).
On the other hand, if v is a prime L-submodule such that p1N, ..., N, C
v, then by last lemma there is an ¢ € {1,2,...,n} such that pu; C v.
Thus Rad(p;) € Rad(uiN,...,Npy), and so Rad(uy)N, ...,NRad(p,) C
Rad(paNy ..., Nay). O

4. E-RADICAL OF L-SUBMODULES

In this section, we introduce the notion of F-radical of L-submodules
and give some results of it.

Definition 4.1. Let M be an R-module and p be an L-subset of M.
Then the L-subset E(u) € L™ is defined by

E(p)(z) = V{u(r"y)lz = ry,n € N}, Vo € M,
and is called the E-radical (envelope) of .

Note that this definition is different from the definition of radicals
of L-submodules given in [13] even L = [0,1]. In fact this definition is
a generalization of the notion of the envelope of submodules in mod-
ule theory, as well as it agrees with the definition of R-radicals by the
Definition

Theorem 4.2. Let yp € L(M). Then the following assertions hold:
(1) B(u)(0) = 1,

(21 C B(p) C Rad(p);

(3) < B(m) >C E(u);

(4) If V{p(z)lz & p} = b <1, then < E(us) >= E(p)s;
5)uCv=E(u) CE®W).;

() +v C B(u) + E(v);

(NE(w) N E(v) = B(uNv)

Proof. (1) E(u)(0) = V{u(r"y)[0 = ry,n € N} = p(0) = 1.
(2). Clearly p C E(p). If Rad(p) = 1p, then the result is clear, If
not, consider £ as a prime L-submodule of M and containing p. Then
&(M) = {1,c}, that is c € L'\ {1} is a prime element of L. Let x € M
such that x = ry,n € N and &(r"y) = 1. Then r"y € &,, thus r €
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(&« : M) or y € &, since &, is prime. Therefore x = ry € &, and so
§(r"y) = &(x) = 1. Now if £(r"y) = ¢, then ¢ = £(r"y) = £(ry) = ().
Thus &(x) = &(ry) = ¢ = £(r"y). Hence

vn eN, §(z) =&£(r"y) = u(r"y).
So E(u)(z) < &(z), therefore E(u)(x) C Rad(p)(x).
(3) Let = € E(up), then there are m € N,;r € R and y € M such that
x =ry and r"™y € pp. Thus p(r™y) > b, Hence E(u)(xz) = V{u(r"y) |
x =ry,n € N} > b. Therefore x € E(u)p, and so < E(up) >C E(u)p.
(4) From (3) we have < E(us) >C E(u)s. Now let x € E(u)s, then
E(p)(x) = E(p)(0). Thus

1= p(0) = E(u)(0) = E(u)(z) = V{un(r"y) [ # = ry,n € N}.
Hence there are n € N;s € R, and y € M such that x = sy and

p(s"y) = p(0) = 1. Then z = sy € p, C E(ps) C< E(ps) >
(5) and (6) are straightforward.

(N(EW) N E@)(@) = (\/{u(r"y) |z =ry,n € N) A\ {v("y) | 2 = ry,n € N})

=\/{/H" y) Av(r'y) |z =ry,n € N}
={(nv)(r"y) |z =ry,n € N}
=FE(pnv)(x).0
Theorem 4.3. Let M be an R-module. If u € L(M), then E(u) € L(M)
Proof. Let z,y € M and r € R. By previous theorem, E(u)(0) =1,

E(z+vy) = \/{u(r"z) |z +y=rz,neN}
> \/{,u(r”u—i—r"fu) | z =ru,y =rv,n € N}
2\/{,urnu)/\/r(r"v)|a::ru Y =rv, nEN}

\/{,uru\x—runeN} \/{,u ) |,y =rv,n € N})
= E(p)(z) NE(p)(y)

and we have
E(p)(rz) = V{u(s"y) | rz = sy,n € N}
> V(")) | o = rty,n € N}
V{p(t"y) | re = rty,n € N}
V(") | & = ty,n € N} = B(u)(z).0
We know that for an L-ideal u of R, we have R(R(n)) = R(n). So

in studying the R-radical of an L-ideal, the number of R-radicals is not
important. But for E(u), it is important. For example, see the following:

Z
Z
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Example 4.4. Consider R = Z[x] and let the R-module to be M = RGR
and let N = R(x,4) + R(0,z) + x2M. Then according to Ezample 1 in
[2] for submodule N we have,

< E(N) >= R(0,4) + zM # R(0,2) + =M.
Hence (0,2) ¢< E(N) >, however
22(0,1) = (0,4) €< E(N) > .

Now let p =15 Ucps. Then we have,

E(u)(0,2) = \/{u(r"y)[(0,2) = ry} = c.
But

B(E))(0,2) = \/{E@)(s72)|(0,2) = 52} = 1.

Because (0,4) = 22(0,1) € N and E(u)(0,4) = 1. Therefore E(u) #
E(E(u))-
Theorem 4.5. Let € L(M). Then

E(u)(x) = \/{a|a € n(M),x € E(ua)}.

Proof. Let x € M and E(u)(x) = b = \/{p(r"y) | x = ry,n € N}
and suppose that ¢ = \/{a |a € p(M),z € E(us)}. Then

c= \/{a laep(M),z=ryr"y € p,, for some n € N}
= \/{a |a € u(M),z =ry,u(r"y) > a, for some n € N}.

Therefore b > ¢. Now let x € M such that x = ry. For n € N put
a = p(r"y). Then a € pu(M) and ™y € p,. Hence z € E(ug), so
b<eld

Corollary 4.6. Let yu € L(M) and u(M) = {a; | i € N} which a; =1
and Vi € N\ {1},a,11 < a;. Then
(Z) < E(/’Lai) >= E(u)am VieN
(i)
_f u0)  if v € E(u)
E(p)(w) = { i if @ e< E(jia) >\ < E(ia, ) > i€N\{1}

Proof. By Theorem @, < E(uq;) >C E(p)a;- Now let ¢ € N and
x € E(i)q;. Then E(p)(x) > a;. Thus

\{n(™y) |z =ry,n e N} > a;.

So there is n € N such that u(r"y) > a;, * = ry. Then "y € pq,,
T =TY,80 %€ E(Mai) €< E(/’Lai) >
(7). Let © €< E(q;) >\ < E(pta; ) >. Then x € E()q,\ < E(tt)a,_,
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by()ThuS < E(p)(x) < aj—1, and E(p)(z) = a;. O
y Corollary @ 1f w is a fuzzy submodule, then < E(up) >= E(u)p.

Theorem 4.7. Let v € LM . Then
E(v) = U{xa | x =ry,a € L,(r"y)s C v, for somen € N}.

Proof. Let a € L, and let x = sz. If there exists n € N such that
(s"2)a C v, then

Thus E(v)(x) = z4(x), hence
E(v) 2 U{xa |z =ry,a € L, (r"y)s C v, for some n € N}.

Now Let x € M such that x = r;y;, which y; € M,r; € R and Vn €
N, v(rly;) = ain. Then (r]'y;)q,, € v, Vn € N. Therefore

E(@)(z) = \/{r(r"y) | x = ry, n € N}
= VAT v)an, (r'ys) | & = rays, n € N}
< (U{a:a |x=ry, a€ L, (r"y), C v, for some n € N})(x).

Hence E(v) C H{xo | © = ry, a € L, (r"y)q C v, for some n € N}.
Therefore,

E()(z) = U{aza |z=ry, ae L, (rMy), C v, for some n € N}.OO

In the next two Theorems, we investigate the behavior of F-radical under
homomorphisms.

Theorem 4.8. Let N be an R—module and f be an epimorphism from
M into N. Consider n € LM and v € LN.

(i) If u is f—invariant, then f(E(un)) = E(f(u)).

(ii) f~H(E(n)) S E(f(1))-
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Proof. (i) Let y € N. Then

FEW)(y) = \{EW(@) |y = f(z)}
= \{V{n("2) |z =rz, neN} |y = f(x)}
= VAV G 2) | f(r2) ="y} |y = rf(2), n €N}
—\/{\/{u(u | f(w) =r"""y} [y =rf(2), neN}
= \V{F W@ 'y) [y =rf(2), neN}
=\/{f(W(@"f(2)) |y =7f(2), n € N} = E(f(1))(y)-

Now if f is an isomorphism, then the equality holds in the second part.

Theorem 4.9. Assume the hypothesis given of Theorem @ Then
(i) If p is f—invariant, then E(f(u)) € L(N).
(ii)If f be an isomorphism, then E(f~(v)) € L(M).

Proof. This is a direct consequence of the last theorem.[]

Proposition 4.10. Let p € L(M). Then:
DR 1ar) C (E(p)  1n);
i)/ Iar € (Rad(p) = 1ar).
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Proof.(i)
(R(p: 1ar) - Lan)(@) = \/ {R(u: L) (r) AL ()}

T=ry

=V{ V " Aiu@)}

v=ry neNp-lyCu

=V {V 60" Atu@)}

z=ry,n€N n-lpyCup

V {V 710y}

z=ry,n€N n-lpyCp

<V urry)

r=ry,neN

= E(p)(x),Yx € M.

IN

(4) if Rad(p) = 1y, the result is immediate. Otherwise, if v is any prime
L-submodule of M which contains u, we have (u : 137) C (v : 1),
and (v : 1ps) is prime L-ideal. Hence /u:1p C (v : 1ps), and thus
Vier a1y € (v i 1) - 1y € v Since v is an arbitrary prime L-
submodule containing u, we have \/u : 1ps - 1ay € Rad(p). O

5. L-RADICAL FORMULA

We say that M satisfies the L-radical formula if for every u € L(M),
E(u) = Rad(p). In the folowing example, it can be seen that the L-
radical formula is not generally valid in L-submodules:

Example 5.1. Let R denote the polynomial ring Z[x]. Consider M =
R®R and let N = R(x,4) + R(0,z) +2?>M. Then according to [14], for
submodule N, we have,

< E(N) >= R(0,4) + «M # R(0,2) + M = Rad(N).

Now let p =1y Uecen. If v € Py, then N = p, C vy, So Rad(N) C vy,
therefore (0,2) € v, for allv € P,. Thus

Rad(p)(0,2) = /\ v(0,2) =1.
veP,
But
E(u)(0,2) = \/{u(r"y) | (0,2) =ry,n e N} =c.
Since if there is n € N such that r"y € N and (0,2) = ry, then we will
have (0,2) € E(N) C< E(N) >, that is a contradiction. O

In the sequel, we will investigate some conditions for E(u) = Rad(u)
for any L-submodule p of M.
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Theorem 5.2. Let p be a radical L-submodule of M. Then
E(p) = Rad(p).
Proof. 1 C E(p) € Rad(p) = p.0
Corollary 5.3. Let p be a radical L-submodule of M. Then

Vi Iy = (Rad(p) = 1a) = (E(p) : 1n) = R(p = 1ar)
Theorem 5.4. Let p be an L-submodule and rad(p,) =< E(pq) >, for
each a € L. Then E(u) = Rad(u).

Proof. Consider z € M. Put a = Rad(u)(z), then
x € Rad(p)q C rad(pe) =< E(pa) >C E()q-
So E(u)(z) > a = Rad(p)(x). Thus Rad(p) C E(p).O

Corollary 5.5. Let M be an R-module that satisfies the radical formula,
and L be a dense chain. Then E(u) = Rad(u).

Corollary 5.6. Let rad(p,) =< E(uq) >, for each a € L. Then
rad(pq) € Rad(p)q-

Proof. rad(pe) =< E(pe) >C E(p)q € Rad(p)q. O
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