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1. INTRODUCTION

The concept of Intuitionistic Fuzzy Sets (IFSs, for short) was intro-
duced by Atanassov (in 1983) as an extension of Zadeh’s classical fuzzy
set theory, allowing for better representation of uncertainty by using
both membership and the non-membership value. IFSs are known as the
complement of the membership degree, offering a more flexible model of
vagueness. They are widely applied in various branches of mathematics,
including algebra and lattice theory, graph theory, network analysis, etc.
The notions of lattice and complete lattice were first presented by Gar-
rett Birkhoff, who also developed the fundamental properties of lattice
in Birkhoff’s book ”Lattice Theory” (1940), and Qystein Ore in 1930.
Later in 1983 and 1986, Atassanov and Stoeva integrated two concepts
of IFSs and lattice theory, named ILFSs, which provided a more gen-
eralized framework for handling uncertainty by including lattice-based
membership and non-membership functions. In this paper, the concept
of an ILF subspace is extended to Novikov algebras. In section 2, ILF
ideals and ILF subalgebras of Novikov algebras are defined, and some
fundamental properties are discussed. In section 3, we show that addi-
tion, product and intersection of ILF ideals are ILF ideals [resp. ILF
subalgebras|, but the union of ILF ideals may not be an ILF ideal. In
section 4, we show that the quotient algebra X/A of a ILF ideal A is iso-
morphic to the algebra X/X 4 of a non-ILF ideal X 4. In section 5, it is
showed that if f : X1 — X5 is an ILF Novikov algebra homomorphism,
then the preimage of an ILF ideal is an ILF ideal [resp. ILF subalgebra].
When f is surjective, a homomorphic image is an ILF ideal. Moreover,
the addition, product and intersection of ILF ideals in X; are preserved

by f.
2. PRELIMINARIES

In this part, some essential definitions and notions of ILFSs are pre-
sented.

Definition 2.1. A fuzzy set (or fuzzy subset) is a pair (S, u) where
S is a non-empty set and p : S — [0,1] is a membership function. The
set of all fuzzy subsets of S is denoted by [0, 1]°.

Definition 2.2. A bounded lattice L = (L,A,V,0,1) is an algebraic
structure such that the symbol V denotes maximum and A denotes min-
imum and for every x € L, the conditions t Al =z, zV1=1,2A0=0
and x V 0 = z satisfy, where the constants 0, 1 of the lattice L represent
the upper bound (top) and the lower bound (bottom).

Definition 2.3. Let S be a non-empty set and L be a non-trivial com-
plete distributive lattice (in particular L = [0, 1]), then an L-fuzzy set
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w in S is characterised by a map p : S — L and the set of all L-fuzzy
subsets in S is denoted by LS.

Definition 2.4. A pre-Lie algebra X is a vector space with a binary
operation (z,y) — x.y satisfying (z.y).z —z.(y.2) = (y.z).z — y.(z.2) for
all z,y,z € X. The algebra X is called Novikov, if (x.y).z = (x.2).y for
all z,y,z € X. Throughout this paper X is a Novikov algebra over a
field F', unless explicitly stated otherwise.

Definition 2.5. An ILF set (or subset), briefly an ILFS of a non-void
set S is the form A = {(z, pa(x),va(z))|x € S} (shortly A = (pa,va)
or A), where the maps p4 : S — [0,1] and vy : S — [0, 1] are L-fuzzy
subsets of S such that p4(x) denotes the membership degree and v4(x)
denotes the non-membership degree and 0 < pa(z) + va(z) < 1, for
every x € S. The set of all ILF'Ss of S is denoted by ILFS(S).

Definition 2.6. The addition and multiplication of two ILF set A =
(,,v,) and B = (u,,v,) are extented to two operations on LX, de-
noted by + and x as follows:

() (pa + 1p) (@) = sup{p,(a) Ay (b) s a+b =},
(7)) (py X pg)(@) = sup{p,(a) A p, (D) 2 a.b =z},

and
(D) (Vs +vp) (@) =infiv,(a) Vv, () a+ b=},
(15)(v, xvy)(z) =inf{v,(a) Vv, (b) : a.b=z}.

for all A,B € LX and z,a,b € X. The scalar multiplication kx for
ke F and z € X is extended to an action of feild F on L¥ as follows:

MA(kilx) if k#0
(kp)(x)=¢ 1if k=0,z2=0
0if k=02 %0

and
v,(k7lx) if k#0
(kv )(x)=4¢ 0if k=0,2=0
lif k=0,2#0

Definition 2.7. Let S be a nonempty set and A = (ua,va), B =
(B, vB) be two ILF'Ss of S, then for every x € S we have:

(i) ACB = palx) < pplr) and va(e) = vp (o)

(11) A B < pa(x) = pp(x) and va(z) = vp(z);

(i11) A° = (va, pa);

(iv) AN B = {(x MA( ) A g (), va(e) Vg (z))|e € S

(v) AUB = {(z,pa(z) V up(z),va(z) ANvg(z))|lx € S}.
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Definition 2.8. Let {A4; = (pa,,v4,)}ier be a family of ILF'Ss of S,
then ﬂie] A = (/’LmieIAN VﬂieIAi) = {<xv /\ie[ KA, (x)v VieI Va; (:E))|1‘ €
S} and Uz‘e] A; = (/’LUieIAi’ VUz’eIAi) = {(377 \/ie[ HA; (x)7 /\z‘eI Va; (‘T))|$ €
S}. By A(z) =t, we mean uy =t and vqg =1 —t.
Definition 2.9. Let V be a vecter space over a field F. An ILFS A =
(na,va) of V is called an ILF subspace satisfying:

(i) 14(0) =1, v,(0) =0;
(ii) fa( + e fa () Ay (y);

v(x+y) <v,(x)Vuv,(y), forevery z,y e V.
fa(r

) > A()
(111){ (7 )gﬁ() for every x € Vand r € F.

Definition 2.10. Let G be a group. An ILFS A = (u,,v,) of G is
called an ILF subgroup of GG if the following conditions hold for every
z,y € G:
Q) pa(zy) < pa(@) A pa(y);

va(zy) <va(x) Vvaly);
(i) { pa(z™!) > pa(z) (consequently pa(z™') = pa(e);

va(z™) > va(x) (consequently va(z™t) = va(z)).
Definition 2.11. Let S be a non-empty set. An ILF subspace A =
(u,,v,) is called an ILF ideal of S, if it satisfies the following properties
for every x,y € S:
(1) { ,UA(x - ) > NA(:U) A ,UA(Z/);

va(z —y) <wva(z)Vra(y).

) { pa(y) = pa(@) Vv pa(y);

va(zy) < va(x) Ava(y).
Definition 2.12. Let A = (u4,v4) be an ILF ideal. For every z € X,
the ILF subset z + A : X — L, defined by (z + A)(y) = A(y — z) is
called coset of the ILF ideal A.

Definition 2.13. An ILF subspace A = (ua,v4) is called an ILF sub-
algebra of S, if it satisfies the following properties for every z,y € S:

(0 { pa(@ —y) < pa(@) Vv pay);
Az —y) = va(z) Ava(y).
(i) { pa(zy) < pa() A paly);
va(zy) 2 va(z) Vva(y).
Definition 2.14. Let A = (ua,va) and B = (up,vp) be two IFLSs,
then (4 & B)(z) = (#az5(x), vazp(r)) where pacp(z) = V{pa(a) A
up(b)|la+b =z} and vagp(x) = AN{rva(a)Vrp(b)|la+b =z} forallz € S.
Also (A® B)(x) = (nawp(2), vaep(r)) where nagp(r) = V{pa(a) A
up(b)|a.b =z} and vagp(x) = N{ra(a) Vvg(b)la.b =z} for all x € S.
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Definition 2.15. The algebra X/A of an ILF ideal A is called the quo-
tient algebra of Novikov algebra X. An addition, a scalar multiplication
and a multiplication operations of the cosets are defined as follows:
(z+A)dy+A)=@+y) +A

(kO (x+A)=kr+ A

(i) (z+ A) @ (y+ A) = (zy)+ Aforall k € F, z,y € A.

The addition, the scalar multiplication and the multiplication operation
of the cosets in Definition 2.15 are well defined by Definition 2.14.

Definition 2.16. Let X1, X5 be two Novikov algebras and A = (ua,v4)
be an ILFS of X;. A map f : X; — X3 has a natural extention
fILFXr — ILFX2 f(A) = (i, 7) s.t

and

for all A € ILFX1 and y € Xo. f(A) is called the homomorphic image
of A.

Definition 2.17. Let X; and Xs be two Novikov algebras and f :
X, — X, be an algebra homomorphism. The preimage of B, denoted
by f~Y(B), is the form of f~1(B) = (uz',v5') € L1, where puz'(z) =
pp(f(x) and vgt(z) = vp(f(x)) for all z € X.

Definition 2.18. Let f: X, — X, be an algebra homomorphism. An
ILF subset A = (u,,v,) in X, is called f-variant if for any z, y € X,,
f(w)>— f(y) implies A(z) = A(y) (ie. p,(2) = p,(y) and v, (z) =
v, (y))-

3. MAIN RESULT

In the following part, we presented several theorems and lemmas
that play a crucial role in establishing the theoretical foundations of
our study.

Lemma 3.1. Let V be a vecter space over a field F. An ILFS A =
(a,va) of V is an ILF subspace if and only if
(i) 1a(0) =1, va(0) = 0;
(ii){ :UA(kx + ly) > MA(-T) A VA(?J);
va(kx + ly) <wva(z) Vrva(y).
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Remark 3.2. Let V be a vecter space over a field F. For every k €
F,x € V. We have A(kx) = A(x) whenever A is an ILF ideal (or ILF
subalgebra) of X.

Lemma 3.3. Let {A; = (ua,,va,)}icr be a family of ILF subspaces of
X, then (), A; is an ILF subspace of X.

Proof. Let A = (V;c; Ai = (pra,va). Obviously pa(0) = A\, pa,(0) =1
and v4(0) = \/;c;v4,(0) = 0. Now let 2,y € X and k,l € F. Then
paka+ly) = Niep pa;(ka+ly) = Nieg(pa; (2)Apa, (¥) = (Niep pa, ()N
(Nier pa,(y)) = pal(z) A pa(y). Similary va(kz +ly) < va(z) Vva(y).
So by Lemma 3.1, A = (,c; A; is an ILF subspace of X. O

Lemma 3.4. Let A = (ua,v4) and B = (up,vg) be two ILF subspaces
of X. Then A& B is also an ILF subspace of X.

Proof. paes(0) = V{pa(z) Apus(y)lz+y =0} = pa(0) A pp(0) = 1. So
pasp(0) = 1. Also vaep(0) = A{va(z) Vvp(y)lz +y =0} <wva(0)V
vp(0) = 0 and so v4gp(0) = 0. Now let z,y € X and k,l € F. Then
pass (ke + ly) = V{pa(t) A ppw)lt +u = kx + ly} = (V{palts) A
pa(ui)lty +ur = x}) A (V{palte A pp(uzlts + uz = y)}) = pass() A
taes(y). Also vagp(kx +ly) = N{pa(t) Vgt +u = kx + ly} <
(AMra(ty) Vva(u)lts + v = x}) vV (A{ra(tz V ve(uzltz + uz = y)})
= vaeB(2) Vvagp(y). So by Lemma 3.1, A® B is an ILF subspace of
X. U

Theorem 3.5.

(i) Let A = (pa,va) be an ILF ideal and B = (up,vp) be an ILF
subalgebra of X. Then A® B = (uagp, Vagp) is also an ILF subalgebra
of X.

(ii) Let {A; = (pa,,v4,)|i € I} be a set of ILF subalgebras of X. Then
the (,c; A; of X is also an ILF subalgebra of X.

Proof.
(i) A@® B is an ILF subspace of X by Lemma 3.4. Let x,y € X, then
Hoags (Ty) = sup{p, (z,.9) A pg(z,.9)} 2y + 2, = 2}

> SUP{(:U'A (':Ul) \4 /’LA(y)) A (MB ($2) A S (y)) Ty T, = :L'}

= sup{(p, (@) Apg (@) A (W) V (s (W) At () A (¥) 2 2+, = o}
> SUp{(:uA (x1) Apg (SU2) N g (y)) 1T T, = :U}
= (NA@B)( ) A MB(y)( >

Poasr (%) A e s (y). Also
AEDB(:U y) < l’n,f{V xl'y) \4 Z/B(x2'y)} 1T X, = .CL'}
<inf{(v,(@,) Vv, (y) Vv (vs(z,) Vrg(y) : z, + 2, =}
_an{(l/A( ) ( )\/V (y))/\(VA(y>\/VB(x2)\/VB(y)):x1+$2:x}
<inf{(v,(z,) V(@) V() o, + 2, =2} = Vag,)(2) Vrg(y) <
Viap (@) Vv, 5y ) Thus A @ B is an ILF subalgebra of X.
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(ii) (4, is an ILF subspace by lemma 3.3. Let z,y € X, then
(ha)(@y) = infic {ma, (@y)} 2 inf{u, () Ap,, (v)}

= (Vi) @) A (V14 W)

A iel

Also

(va)(z.y) = supier{va,(z.y)} < inf{va,(x) Vva,(y)}

= (m VAi)(x) v (ﬂ VA)(y)

€1 i€l
Thus () 4, is an ILF subalgebra of X.
(]

Theorem 3.6.

(i) Let A = (p,,v,) and B = (u,,v,) be ILF ideals. Then A® B =
(LaeB, Vaep) is also an ILF ideal of X.

(ii) Let {A; = (pa,,va,;)|i € I} be a set of ILF ideals of X. Then the
M., 4i of X is also an ILF ideal of X.

Proof.
(i) A@® B is an L-fuzzy subspace by Lemma 3.4. Let z,y € X, then

(HaoB)(z.y) =2 sup{pa(zr.y) A pp(z2.y)|e1 + 22 =z}
> sup{(pa(1) V pa(y)) A (up(z2) V up(y)) : 21 + 29 = 2}
> sup{[(na(@1) V pa(y) A (us(@2)] V [(a(y) A ps(y)] : 21 + 22 = x}
> sup{(pa(z1) A pp(@2)) V (La(y)) A pp(y)) : 21+ 22 =2} >

pass(®) V (La(y) A ps(y)) = pass(z)
for x1,29 € X. Similarly, we can prove that paep(r.y) > paen(y).
Thus pags(r.y) > pass(®) V pass(y). Also

(vases)(z.y) <inf{va(xi1.y) Vve(xe.y)|z:s + 22 = z}
<inf{(va(z1) Ava(y)) vV (vs(x2) Ave(y)) : @1 + 22 = 2}
< inf{[(va(z1) Ava(y)) vV (vp(z2)] A [(va(y) Vvp(y)] : 21 + 22 = x}
< inf{(va(z1) Vvp(z2)) A (va(y)) Vvs(y)) : 21 + 22 = 2} <

vaeB(®) A (valy) Vvs(y)) < vags(z)

for x1,29 € X. Similarly, we can prove that vagp(z.y) < vags(y).
Thus vagp(r.y) < vagp(x) Avagp(y). Thus A @ B is an ILF ideal of
X.
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(ii) (;e; Ai is an ILF subspace by Lemma 3.3. Let z,y € X then

(Yrad)(@y) = infier{pa,(@.y)} > VA{inficipa, (@), in ficrpa, (v)}

i€l
= (" ra) @) v ([ ra) W)
icl el
and (e va;)(x.y) = supicr{va, (z.y)} < Msupicrva,(z), supicrva, ()}
= (ﬂ VAi)(x) N (ﬂ VAi)(y)
iel i€l

O

Proposition 3.7. Let A = (p,,v,),B = (ug,v;),C = (., v.) be
three ILF ideals of X, then:
(H)(A®B)@(C=(AC)® B.
(11))A® (BRC)C ((A®B)C)® (B (AC))® (B A) ®C).
Proof. (i) Let = € X, then
Hasmso (8) = sup{p g (m) A e (n)}m.n = x}
= supfsup{ps, (a) A iy (8) s a.b = m} A po(m)mn = 2}
= sup{(p,(a) A py (D)) A pe(n)|(a.b).n = x})
= sup{(p,(a) A pe(n)) A pg(b)[(a.n).b =}
— sup{sup{p, (@) A pig(n) : an = e} A iy ()b = o)
= sup{ft yo0(¢) A pg(b)lcb =z} = Hagc)on ().
Also
ViasB)oc (@) = inf{v, 55 (m) Vv, (n)tmn =z}
=inf{inf{v,(a)V ( ) a.b=m} Vv, (n)mn=uzx}
= inf{(v,(a) Vv (b)) Vrv.(n)|(ab)n = z})
= inf{(v,(a) Vv (n) vy (b)|(a.n).b =z}
=inf{inf{v,(a)Vv.(n): an—c}\/u (b)|c.b =z}
= inf{v,zc(c) Vg (b)le.
for a,b,c,m,n € X.

Viageyen (x)

(ii) Let x € X, then
tas(Bec) (@) = sup{pa(m) A ppec(n)|m.n = r}
= sup{pa(m) A sup{pg(b) A pc(c)lb.c = n}im.n = x}
= sup{pa(m) A (s (b) A pe(c))|m.(b.c) = x}
= sup{((p,(m) A pig (0)) A i (€)) A (g (0) A (g (m) A pie(€)))
A1 (0) A iy (m)) A pg (€))|(meb).c + b.(m.c) — (b.m).c = x}
< sup{(sup(p, (m) A pg (b)) A pre () A (p (b) A sup(p, (m))
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At () A (5tupty (0) At () At () (m6).c-+ . () — (bam).c = w}

— sup{(140) () Mt (€A VA (05 YDA (B ) DA (O bist o =

r=mbys = m.c,t = —bam} < sup{sup((fe,s)(r) At ) ASUP(ty (DAt 00 (5))
Asup((Hpg,a)(t) A pe(c))|rc+b.s+t.c=x,r=mb,t = —-bm}

= SUp{(:uA@B A i) (w) A AMA@C)(U) N (MB@A Apg)(w)lu+v+w =z,
u=r.c,v=>bsw=tct= U, omec D Lpyusc) D Hpeonsc)(T)

for a,b,c,m,n,r,s,t,u,v,w € X. Now, let z € X, then

Y po(Bec) (x) =inf{v,(m)V vy, (n)mn =z}
=inf{v,(m)Vinf{v,(b) Vv,(c)|b.c =n}lm.n =z}
— inf vy (m) V (v (5) V ve(0))m.(be) = 2}
= inf{((v,(m)Vry (0))Vre ()V(vg (b)V (v, (m) Ve (€))V((vg (b)Vr, (m)) Ve (c))
|(m.b).c +b.(m.c) — (b.m).c = x}
= inf{(inf(v,(m)Vv, (b))Vre (€)V(vy (b)Vinf (v, (m))Vre(e))V((v, (0)Vr,(m)))Vre(c))
|(m.b).c 4+ b.(m.c) — (b.m).c = x}
= nf{((Vagp) (1) V() V (15(0) V (Vage)(5)) V (V) (E) V Ve (€))
|r.c+b.s+t.c=xz,r=m.b,s=m.c,t=—-bm}
= inf{inf (V) (N)Ve))Vinf (v (0)V (Vg0 (8))Vinf ((Vpg 1) (H)Vre(c)
|r.c+b.s +t.c=xz,r=m.b,t =—bm}
= Z.nf{(l/A@B Vg )(u) V(vg Vv VA®C)(U) v (VB®A V) (w)
lu+v+w=uzu=rcv=>bsw=tc}
= (Vuemee P Vssse) € Vissaec) (@)
for a,b,c,m,n,r, s, t,u,v,w € X. O
Theorem 3.8. Let A = (p1,,v,) be an ILF subspace of X and x/* =

(Xx>X%)- Then A is an ILF ideal of X if and only if XILF ®AC Aand
A®X§{LF CAforall z € X.

Proof. (<) : Suppose that x}'*'®@ A C A. Let 2,y € A. Then p, (z.y) >
(Xx @ py)(zy) = sup{xy(a) Ap,(b) : a.b=z.y}) = xy(x) Apy(y) >
(). Als0 1, (2.5) < (& © v,)(1-9) = inf (% (a) V v (0)| b = 2.7
< X5 (@) Vvaly) <wv,(y).

Thus A is an ILF ideal of X.

(=) : Suppose A = (pa,va) is an ILF ideal of X. Put M@ A =
(p1,v1) and A @ xF = (pu,,v,). For 2,y € X we have p, (z) =
sup{xx (@) A py(Blab = 7} = supluy()lab = 2} < py(x). Sim-
flary p,(z) < py@)- Also v (z) = inf{x{(a) Vv,()]ab = x} =
inf{v,(b)|a.b =z} > v,(z). Similary v,(z) > v,(z), so X! @ A C A
and A® XQLF C A O
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Theorem 3.9. Let A = (u,,v,) and B = (u,,v,) be two ILF ideals
of X. Then A ® B is also an ILF ideal of X.

Proof. By Proposition 3.7(2), we have

XK@ (na®np) C (KT @ua)oup)®(na@ (K ©up))((pa@xx "

C(pa®@pup)® (pa®@pup) ® (na @ pp) C (1a ® pup).

JB)

and

X owavvs) 2 (WK ova)ove)s(wa(XF evp))s((va@x ¥ vp)
D (wa®up)® (ra®vp)® (va®up) D (vaQup).

By Proposition 3.7(1), it is obvious that

(1A @ ) @ XY = (pa @ X)) @ pp C pa @ usp.

and
(va@vp) @ XX = (a@ ¥ @vg Dvaup.
By Theorem 3.8, A ® B is an ILF ideal of X. O

Proposition 3.10. Let A = (ua,v4) and B = (up,vp) br two proper
ILF subspaces of X. Then the union of A and B cannot be an ILF
subspace.

Proof. Let A = (u,.v,) and B = (u,,v,) be proper ILF subspaces of
X such that A(z) = 1 or B(z) = 1 for all z € X. Let u,v € X be
such that A(u) = 1, A(v) < 1, B(v) < 1,B(v) = 1, and consider uv. If
A(uv) = 1, then since A(u~!) =1 we would have A(v) = A(u=!(uv)) >
min(A(u~!), A(uv)) = 1, contradition; A similar contradition is ob-
tained if B(uv) = 1. O

Remark 3.11. Let {A, = (n, ,v, )|i € I} be a set of ILF ideals in X.

Then the U,_, A, may not be an ILF ideal [resp. ILF subalgebra]. It can
be proved by the same method as the proof of Proposition 3.10.

Theorem 3.12. Let A = (ua,va) be an ILF ideal of X, then z +
A =y+ Aif and only if A(xz —y) = A(0), for z,y € X. In this case
Alx) = Aly).

Proof. fx+p, =y+p, and z +v, =y + v,, then evaluating both
side of this equation at = we get p,(x —y) = p,(z —x) = p,(0) and
v,(z—y) =v,(r—z) =v,(0), thus we have A(x —y) = A(x—x) = A(0)
for z,y € X. Conversely, If A(x —y) = A(0), then

(@ +p,)2)=p,(z—2)=p, (2 —y+y—2x)

>pa 2=y Apu(y—o) = p,(z—y) = (y+p,)(2)
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for all z € X. Thus « + p, >y + p,. By similar way y +pu, >+ pu,.
Sox+p, =y+p,. Inthe other hand

(@ +v,)(z) =v,(z—2)=v,(z -y +y—2)

Spa(z—y)Vraly—x) =v,(z—y) = (y+v,)(2),
forall z € X. Thus v +v, <y +v,. Similacy y + v, <z +v,. So
r+v, =y+v,. O

Remark 3.13. Let A = (u,,v,) be an ILF of X, then X, = {z €
X|A(z) = 1; (na(z) = 1,va(z) = 0)} is an ILF ideal of X.

Remark 3.14. If A is an ILF ideal of X, then (x + A)(z) = A(y — z) for
all z € y + X 4. In particular, (x + A)(z) = A(z).

Proposition 3.15. Let A = (p4,v4) be an ILF ideal, then A(0) >
A(z) > A(1) for all a € X.

Proposition 3.16. Let A = (u1,,v,) be an ILF ideal of X and z,y,u,v
be any elements in R. f t+ A=u+ A and y+ A =v + A, then
()(z+y)+A=(u+v)+ A;

(ii)(z.y) + A = (u.v) + A.

Proof. (i) Since by the Proposition 3.12, A(zx—u) = A(y—v) = A(0), we
get p,(z4+y—u—v)=p,(x—ut+y—v) > p,(r—u)Ap,(y—v) = p,(0)
and v, (r—u) =v,(y—v) =v,(0), weget v, (z+y—u—v) =v,(z—u+
y—0) < v, (2 —u) Vv, (y—v) =, (0). Hence o, (z+y—u—v) = s, (0),
and v, (z +y —u—v) =r,(0), therefore (z +y) + A= (u+v) + A.

(i) pp (uv —2y) = p,y (wo —uy +uy —xy) > pyfu(vo —y)] A py[(v —2)y]

]
> [uy (W) Vo, (v =y Ay (w—2) Ay (y)]
= [pa(w) V (O] A [, (0) V s ()] = 12, (0).

and
v,(uv —zy) = v, (uv — uy + uy — xy)
S wvyfu(v—y) Vo, llu—=)yl
Salw) Av,(v =]V [v(u—2) Ve, (y)
= [pa(u) A, ()] V [, (0) Av,(y)] = v, (0).
Therefore A(uv — xy) = A(0) and zy + A = uv + A. O

Proposition 3.17. Let A = (u,v4) be an ILF ideal and x1, x2, y1, y2, k
be any elements in X. If 1 + A=y; + A and 22 + A =y + A, then
() (@1 +x2) + A= (y1 +y2) + A4;

(i) (z1.22) + A = (y1.92) + 4

(ii)kx1 + A =ky1 + A, for all k € F.
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Proof. The proof of (i) and (ii) by proposition 3.16. it is sufficient to
prove (iii). Since pa(z1 — x2) = pa(k(xy — z2)) =0, we get that kzg +
ua = kyp + pa. Similary since vg(x1 — x2) = va(k(zy — z2)) = 1, we
get that kx1 +va = ky1 + va.

O

Theorem 3.18. Let A be a ILF ideal of X. The Novikov quotient
algebra X /A is isomorphic to the algebra X/X 4.

Proof. Consider the surjective algebra homomorphism 7 : X — X/A
defines by w(x) : * + A. By Theorem 3.12, Ker(m) = X4. By the
fundamental theorem of homomorphisms, there exists an isomorphism
from X/X, to X/A. The isomorphic correspondence is given by z+ A =
z+ Xy for x € X.

O

4. ILF IDEALS ON HOMOMORPHISM

Example 4.1. Let f : Z — 27 be a map such that f(z) = 2z and
A = (a,v4) be an ILF set of Z such that

() = 0, ze€2Z
HAATI =172, 2 €22 +1

and
va(z) = 2/3, xe2Z
AT =V 25, z€2Z+1

Then the homomorphic image of A is f(A) = (fi, 7) such that

i(y) = 0, yecdZ
FY=V 172, yedz+2
and

o) = 2/3, y € AL
—\ 2/5, yedZ+2

Example 4.2. Let f : Z — 27 again be a map that f(z) = 22 and
B = (uy,v,) C ILF?” such that

=l 0 vEL
He\Y) =3 1/2, yedz +2

and

[ 2/3, ye4z
”B(y)_{ 2/5, y €47 +2
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0, x€2Z

12,z g2z 04

Then f~Y(B) = (f1,7) such that j(z) = ,uB(QQ:){

v(y) =v,(2z) = { g?g ’ z Z ;% is the preimage of B.

Example 4.3. Let f : R — R such that f: 222+ 1and A = (u,,v,) C
ILF® such that

[ 1/4, x€Z

1/3, z€Z
”A(f”):{ 1/2, 2 ¢ Z

Vividly for all z,y € R, f(x) = f(y) implies x = y, hence A is f —
variant.

and

Remark 4.4. In case f : X, — X, be monomorphism, it’s trivial that
every choosen ILF subset A on X, is f-variant , otherwise A can either
be f-variant or not.

Example 4.5. Let f: R — R such that f: 2?2 +1and A = (u,,v,) C
ILF® such that

(m)— 1, z>1
Halt)= 173, 2 <1

and

() = 0,x>1

ValI =1 1/2, 2 <1

Put z = 2 and y = —2 then f(2) = f(—2) though ua(2) # pa(—2).
Hence A(2) # A(—2) and A is not f-variant.

Remark 4.6. Let f : X, — X, be an algebra homomorphism and
A= (p,,v,) be an ILF subspace of X, then f(A) is not necessarily an
ILF subspace of X,.

Example 4.7. Let f : Z — Z be an algebra homomorphism definded
as f(zr) =2z for all z € Z and A = (u,,v,) be an ILF subspace of Z

such that
1, ze€2Z 0, xe2Z

Ha(@) = 1/3, 2€2Z+1 and”A(x):{ 1/2, 2 €2Z+1
1, yedZ

Then f(A) = (f,7) is definded such that fi(y) = { 1/3, y € 47+ 2
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oy J0,yedZ
and o(y) = { 1/2, y €4Z+2
which is not an ILF subspace of Z. For instance, if we choose two dif-
ferent variables y, z € 47 + 2 obviously fi(y + z) £ a(y) A i(2).

Remark 4.8. In case f : X, — X, be a algebra homomorphism and
A= (u,,v,) be an ILF ideal [resp. ILF subalgebra] of X, f(A) is not
necessarily an ILF ideal (ILF subalgebra) of Xo.

Theorem 4.9. Let F' be a field and f : X, — X, be an algebra
homomorphism. If B = (u,,v,) is an ILF subalgebra of X,, then
f~YB) = (iz', v5') is also an ILF subalgebra of X,.

Proof. By Definition 2.16, for all k € F' and z, y € X, we have
Dag (@ +y) = pp(F@+y) = wp (F (@) + F(y) 2 s (F(2)) A g (£(1)

> figt(x) A fig(y),

(i)ag' (kr) = py (f (k) = pg (kf(2)) 2 py (f(2)) = A5 (2),
(i0)iig (2:y) = 1y (f(29)) = up(f(@)-F(Y) = 1y (F (@) A s (f(9))

> it (@) A fig(y)
=v,(f(x)+ fy) <vy(f(2)Vrg,(f(y)
<ig'(z) v ig'(y),

vp(kf(2)) < vy (f(x)) = 05 (2),
= v (f(2).f(y)) <vp(f(2) Vv (f(y))
1

O

Theorem 4.10. Let F be a field and f : X, — X, be an algebra
homomorphism. If B = (u,,v,) is an ILF ideal of X, , then f~}(B) =
(fig', 75') is also an ILF ideal of X,.

Proof. By Definition 2.16, for all k € F' and z, y € X, we have
Wig (@ +y) = pp(fx+y) = s (f(@)+ @) = s (f(2) A pp ()

> fig' () A gt (y),

(i)' (kr) = py (f (k) = pg (kf(2)) > py (f(2)) = 5 (2).
(iii) g (2.y) = pp (f(y)) = u(f(@)-f (1) = 1y (F (@) V 1 (f ()

> fig'(2) V i (y)
(iv) 75 (z+y) = v (f(@+y) = va (f(@) + f () < va(f(@) Vg (f(y))

< o5t (x) vV ig(y),
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O

Proposition 4.11. Let A, A,,..., A be ILFSsof X and A\, A,,..., A
be scalares. The following assertions are equivalent.

(DA A, + A, + .0 A C A

(ii) For all z,, z,,...,z, € X, we have

n

Nz, o+ A, > min{uAl ()5 oo tia ()}
Proof. (i) = (i)
(AN + A x,) > Fx, a4 ing A, Nz, + ..+ A z,)
> min{uhA1 A2y )s sty (A2,)}
> minfp, (@), ta, (50}
and

VA(Alxl + + )\nxn) S V)‘1A1+“'+)‘n‘4n (Alxl + + )\n'rn)

< maz{v, o (Ne,)sev, o (A,)}

< max{v, (z,),..,v, (z,)}.
(11) = (i) By rearing the order if necessary, we may assume that
A #O0fori=1,...,kand A\, = 0 for £k < ¢ < n. Let z,...,z, be
elements of X.

g (M@ + A x,) 2 min{ﬂAl (@) - Foa, (), Foa, (Y1), s Ha, (Yi) }-
Since Hoa, (0) = SUP e x Ha (y), we get

Az, 4N 2 minfig (), oty (@) s, (0). s (0)).

1

Now
[ix a,4ana, (2) = sup, o o man py o, (20) 00y 4 (2,)]
= SUP, oy = (TN 0y (1) by (84 b0, (0)s s pig s (0)]
= SUP, iy = [Ny (L AD)@)s s g (AT 04, (0); s 110, (0)]]
S sup, oo = A (/A2 + o XA/ A)2y) = ().
Also

UA()\lxl—i_"'_'_Akxk) S ,rn’a’a”.{VA1 (x1)7 e VA (xk)7 VAk+1 (yl)7 AR VA (ynfk)}

n

k
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Since Voa, (0) =in vexVa, (y), we get

VA, et A,) S maafi, (@), envy (@) Vs (0),e vy (0)).

k +1

Now
V)\1A1+)\nAn (Z) = Sup;c1+...+xk:z [mZn V)\lAl (ml)’ bR V)\nAn (xn):l

(@4 )s Voa (0)7-"7#40,4” (0)]

= Sup, | i, . [min Yy a, (@), Vs, 4, .
—inf e (maz v, (A, ey (LA)2), 00 (0), sy, (0)F

Zinfy yogey = VAL AT+ o+ A A)7) = v, (2)
O

Lemma 4.12. Let A = (p,,v,) is an ILF set of X. Then the following
are equivalent:

(i)A is an ILF subspace of X;

(ii)For all scalars k,m € F, we have kA + mA C A;

(iii)For all scalars k,m € F and all z, y € X, we have: u,(kx + my) <

min{p, (), p,(y)} and v, (kx +my) > maz{p,(v), 1, (y)}-

Proof. Clearly, we have 1 — 2 holds. Also (2) and (3) are equivalent by
Proposition 4.11.

(i2) — (7)
Patpy=1p, +1p, Chpy,,

and
v,+v,=1v, +1v, Dv,;
also
kpoy =kpy +0p, Cpiy,
and

kv, =kv,+0v, Dv,,
O
Proposition 4.13. Let f be a linear map from X, into X,. If A =
(#ta,v,) is an ILF subspace of X, then f(A) = (1, .V, 4,) is an ILF
subspace of X,. Similary, f~!(B) = (,LLFl(B) , foms)) is an ILF subspace
of X, whenever B = (u,,v,) is an ILF subspace of X,.
Proof. For k, m scalars we have
Fpigay +mppy, = fpy +mpy) C gy,
and
kv, +muv,, = f(kv, +mv,) Dv,,,
which shows f(A) is an ILF subspace of F. Also,

s (e my) = o, (F (k4 my)) = oy (kf (2) + mf ()
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> min{u, f(z), ns f(y)}
= min{p, (@)1, 1, )}
and

V1 (ketmy) = vy (F(ketmy) = v, (f (ha+my)) = v, (k] (2)+mf (4))
< min{v, f(2),v, f ()}

= min{l/f71<B) (l'), Vf—l(B) (y)}
. Hence f~1(B) is an ILF subspace by Lemma 4.12. O

Theorem 4.14. Let f : X, — X, be a surjective algebra homomor-
phism. If A = (u,,v,) is an ILF subalgebra of X, then f(A) is also an
ILF subalgebra of X,.

Proof.  Since f(0) = 0, p,(0) =1 and v,(0) = 0, it is clear that
f(A)(0) = 1 and f(v,)(0) = 0. By proposition 4.13 f(A) is an ILF
subspace of X, .

Let 2, y € X,. it is enough to show that f(A )(z.y) > FAY (@) AF(A)(y).

If 2.y € f(X,), assume thatf(u,)(z.y) < f(p,)(x) A f(p,)(y). Then

Flna)(@y) < Flu) (@) or flu)(@y) < flu,) ).
We can choose a number ¢ € [0,1] such that f(u)(z.y) <t < f(u,)(z)
and f(v,)(z.y) < t < f(v,)(z). There exist an a € f~'(z) C X,,
be f~(y) C X, such that ,uA( )>tand p,(b) >t.
Since f(a.b) = f( ).f(b) = 2.y , we have f~1(z.y) # @ , and

Fu)wy) = suplin(z) - = € [ @)} > uy(ab) > py(a) > t >

f(u,)(z.y). That is a contradiction. Similary, if Via (x.y) > Via (x) A
f(A)( y), then we get a contradiction. Hence, f(A) is an ILF subalgebra
of X,. O

Theorem 4.15. Let f : X, — X, be a surjective algebra homomor-
phism. If A = (u,,v,) is an ILF ideal of X,, then f(A) is also an ILF
ideal of X,.

Proof. Slnce f(0) =0, p,(0) =1 and v,(0) = 0, it is clear that
f(A)(0) = 1 and f(VA)( ) = 1. By proposition 4.13 f(A) is an ILF
subspace. Let z, y € X,. it is enough to show that f(A)(z.y) >
F(A) @)V F(A)(y). Assume that f(s,) (@) < F(11,)(@)V.F(11,)(y). Then

Flu)(zy) < flpa)(@) or flua)(zy) < fpa)y) and f(v,)(zy) >
fw)(x) or f(v)(z.y) > f(r,)(y). Without loss of generality, we can

choose a number t € [0,1] such that f(u,)(z.y) < t < f(u,)(z) and
fw)(zy) >t > f(r,)(x). There exist an a € f~'(z) C X, such that
p,(a) >t and v,(a) < t. Since f is surjective, there exist b € X, such
that A(b) = y. Since f(a.b) = f(a).f(b) = z.y , we have flzy) £ 0,
and f(u,)(z.y) = sup{p,(2) :z € fTH(zy)} > py(ab) > p,(a) >t >
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f(p,)(z.y). That is a contradiction. Similary we can prove the other
case. Hence, f (A) is an ILF ideal in X,. (]
Theorem 4.16. (i) Let A = (pu,,v,) be any ILF of a ring R and let
t = A(0). Then the ILF subset A* of R/A,, defined by A*(z+A4,) = A(x)
for all x € R, is an ILF ideal of R/A,.

(ii) If A = (p,,v,) is an ILF ideal of R and 6 is an ILF ideal of R/A
such that 6(x + A) = 0(A) only when = € A, then there exists an ILF
ideal A = (u,,v,) of R such that A, = A, where t = A(0) and § = A*.
Proof. (i) Since A is an ILF ideal of R, A, is an ILF ideal of R, too. Now
A* is well defined because v +p, =y+p, wherez,y € R -z —y € p,
= pa (@ —y) = p,(0) = py () = p,(y) = wh (e +p,) =10 (Y + 1)
Next, we show that p*, is an ILF ideal of R. To this end, for any =,y € R,
we have 1% ((z + p,) — (y + 1)) = pwi((z —y) +p,) = pu(z—y) =
min(p, (x), p, (y) = min(p) (x +p,), 10 (@ +p1,)), and p, (2 +p,)(y +
py)) = i (wy+p,) = py(xy) Also for every z,y € R, z+v, =y+v, —
Py € v o vy - ) = 1,(0) - v, (2) = vy(y) > (@t ) =
Vi (y +v,). Next, we show that v is an ILF ideal of R. To this end, for
any =,y € R, we have v ((z+v,)—(y+v,)) = vi((zr—y)+v,) = v, (z—y)
<maz(v,(z),v,(y)) = max (v (z+v,), v (r+v,)) and v, ((x +v,)(y +
b)) = v ey +,) = v, (z).

(ii) Define an ILF ideal A of R by A(z) = 6(z + A) for all z € R. A
routine computation shows that A is an ILF ideals of R. Also, A, = A,
since x € p, < p,(x) = p,(0) < 6(z+ A) = 0(A),x € A. Finally
wh =0, because p* (x + A) = p* (z + p,) = p, () = 0(x + A) and since
rev, & v, (sx) =v,(0) < 0(x+ A) =0(A),r € A. Finally v} = 0,
because v (z + A) = v (v +v,) = v,(z) = 0(x + A). So there exists
an ILF ideal A = (u,,v,) of R such that A, = A, where t = A(0); and
0 =A". (]

Theorem 4.17. Let f : X, — X, be an algebra homomorphism,
then (i) If A = (p,,v,), B = (up,v,) are ILF subalgebras of X, then

f(Ae B) = f(A) & f(B). i

(ii) If {4, : i € I} be a set of ILF subalgebras of X, , then f(() _, A,) =
mie[ f(AZ)

(iii) If A = (p,,v,), B = (up,v,) are ILF subalgebras of X, then
f(A® B) = f(A) ® f(B).

Proof. (i) and (ii) can be proved by the same method as the proof of
Theorem 4.16. It is sufficient to prove (iii). Let x € X,. We prove that
If z =y.2 € f(X,), we have y ¢ f(X,) or 2 ¢ f(X,). By the proof of
theorem 4.16 we get (1, © i,)(z) = 0 and (F(11,) ® Fli,))(z) =
F(ua)(@) @ fug)(x) = sup{f(p)) A f(pp)(2) 2 =y} = 0. and
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fwy @ pp)(z) = 1and (f(v,) @ f(v,))(@) = f(v,)(@) © f(v,)(z) =
mf{f(V Jy) V fwp)(z) sz =y} =1 Let e =yz¢ f(X,) or
Flia @ pp)(@) < flu) (@) @ flug) (@) or fv, @ vy)(x) > fv,) (@) ®
f(VB)( ). We can choose an element ¢ € L such that Flu, @ py)(x) <
E< Fna)(@) © (15)(@) or Flu, ®vy)@) > t > F1,)(1) ® (1) (),
respoctively. Since f(j1,)(x) ® f(15)(#) = sup{F(a) (1) A Fliig)(2)
z=y.ztand f(v,)(@)@f(vy)(@) = inf{f (V) WV (v,)(z) @ =yz},
there exist y, z € X, such that z = y.z with Flu) @) >t flug)(z) >t
or f(v,)(y) <t, f(vy)(z) <t.Since x € f(X,), there exist an z, € X,
such that f(z,) = = and z, = y,.z, for y, € f1(y), 2, € f1(2)
with p,(y,) > t and p,(2,) > t and v,(y,) < t, v,(z) < t. Since
F2) = F@)-F(5) = 9.2 = 2, we have
f(:uA ® :LLB)('I) = Sup{(:uA ® IUJB)($1)’f(x1 =z}
= sup{p,(a) A py (0)| f(ab) = x}
> pa(yn) A g () >t
f(VA ® UB)(:I:) = inf{(VA ® VB)(xl)|f($1) =z}
= 2‘nf{l/A(a) Vg f(z,) =2}
S va(y) V() <t

respectively. This is a contradlcuon Similarly, for the case f (A®

B)(x) > (f(A® f(B))(x) or f(v, ®@vp)(x) < (f(v, ® f(v))(x), we get
a contradiction. Hence f(A®B) f( )@ f(B). O

Theorem 4.18. Let f : X, — X, be a surjective algebra homomor-
phism, then (i) if A = (u,,v,), B = (upg,v,) are ILF ideals of X, then

f(A® B) = f(4) ® f(B). i

(ii) if {4, : @ € I} is a set of ILF ideals of X,, then f((_, 4,) =
N FA) ~

(iii) if A= (u,,v,), B = (ug,v,) are ILF ideals of X, then f(A® B) =
f(A)® f(B).

Proof. (i) and (ii) can be proved by the same method as proof of The-
orem 4.16. It is sufficient to prove (iii). Let z € X,. We prove that

Fa ® 1) = (F(11) © (1)) and (v, @) = (F() ® (v,)(2).
Assume that F(i, ® i) () < (7(11) ® 1)) (2) and (v, @) (x) >
(f(VA)®f( ))(2). We can choose an element ¢ € L such that f(u,)(z)®
Flpp)(@) = sup{f(p,)() A f(up)(2) - @ = y.z} and ¢ € L such that
Fn)(@) ® Fr)(@) = infLfwa)5) V F(ry)(2) < @ = .5}, there ex-
ist y,z € X,, such that x = y.z with f(u,)(y) > ¢t and f(ug)(z) > t.
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flv)(y) < tand f(v,)(2) < t. Since f is surjective, there exists a
x, € X,,suchthat f(z,) =xandz, = y,.2, fory, € f1(y),z, € f1(2)
with p,(y,) > t and p,(z,) > t and v, (y,) > ¢t and u,(z,) > t.
Since f(y,.2,) = f(y,)-f(z,) = y.z = z, we have f(u, ® py)(z) =
aup{( @) () F(2.)) = suplsuplyey (@) Ay (6) F(2) = Fa.b) =
a}}y = sup{p,(a) A pg(b) : fla.b) = @t} = p,(y,) A pp(z,) > ¢, and
Fr, @ vy)(@) = inf{(v, @ v,) (@) : F(3,)} = inf{inf{v, (@) V v, ()
F(2) = Flab) = o}y = inflv, (@) V() : flab) = a}} < v, (3,) v
v, (z,) < t. This is a contradiction. Slmllarly, for the case f(A® B)(x) >
(f(A) ® (B))(x), we get a contradiction. Hence f(A)® f(B). -

5. CONCLUSION

In this paper, the concept of ILF'Ss of Novikov algebras is introduced.
ILFSs include deeper aspects of uncertainty and vagueness where tradi-
tional fuzzy sets may not fully succeed, by using membership and non-
membership degrees. Furthermore, the notions of ILF ideals and ILF
subalgebras are explored alongside essential and fundamental theorems
and lemmas. Also key properties of ILF algebras, including operations
such as intersection, sum, and product are investigated. Additionally,
significant conditions, such as when an ILF subspace is an ILF ideal
are discussed. Finally, homomorphisms on ILF ideals is introduced and
illustrative examples are also added.
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