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ABSTRACT. The central objective of this study is to employ the
generalized exponential rational function method in order to de-
rive exact analytical solutions for the generalized nonlinear frac-
tional Schrodinger—Hirota equation. By applying various ansatz
techniques with time-dependent coefficients, both bright and dark
optical soliton solutions of the proposed model are systematically
constructed and analyzed. These soliton structures highlight the
rich dynamical behavior of the equation and demonstrate the ef-
fectiveness of the adopted analytical approach. Furthermore, a de-
tailed graphical investigation of the obtained solutions is carried out
using Mathematica software. This visual analysis provides deeper
insight into the evolution, stability, and fluctuation characteristics
of the solutions under different parameter settings, thereby enhanc-
ing the physical interpretation of the results. The outcomes of this
research have potential applications in the development of advanced
theoretical models in plasma physics, condensed matter physics, op-
tical fiber communications, and various industrial processes.
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1. INTRODUCTION

Finding exact solution methods for partial differential equations remains
a fundamental challenge across many scientific disciplines, including
mathematics, physics, and engineering. In many practical situations,
these equations exhibit strong nonlinearity or complex boundary condi-
tions, making classical solution techniques ineffective or entirely inappli-
cable. As aresult, developing systematic approaches that can yield exact
or closed-form solutions is of great theoretical and practical significance.

Partial differential equations play a central role in modeling a wide
range of natural and physical phenomena such as fluid flow, heat trans-
fer, wave propagation, and electromagnetic fields. Accurate analytical
solutions not only provide a deeper understanding of the underlying
physical processes but also serve as reliable benchmarks for validating
numerical and approximate methods. Moreover, exact solutions can re-
veal qualitative properties of the system, including stability, symmetry,
and long-term behavior, which are often difficult to detect through nu-
merical simulations alone.

Given the importance of these equations, numerous analytical tech-
niques have been proposed and refined over the years, including trans-
formation methods, symmetry analysis, perturbation techniques, and
variational approaches. These methods have proven effective for spe-
cific classes of equations and have significantly contributed to the ad-
vancement of mathematical modeling in science and engineering. Conse-
quently, continued research into innovative analytical strategies remains
essential for expanding the range of solvable partial differential equa-
tions and improving our understanding of complex systems. Due to the
importance of the subject, several analytical methods have been suc-
cessfully applied to obtain the exact solution of such equations. Some of
these methods [1-22]. In the following, we consider the definitions and
basic concepts for fractional derivatives.

1.1 we assumef : [0,00) — R, the conformable derivative of a function
f(t) of order a, is defined as

Do) =i =IO oy s (1.1)

—0

This new definition satisfies the following properties.
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1.2 if that ¢ > 0 and ¢ > ¢, let h be a function defined on (c, t] as well
as a € R. Then, the a—fractional integral of his given by

e = [ 18,

a

C

if the Riemann improper integral exists.

1.3 Theorem. for a € (0,1], f, g be a-differentiable at a point ¢, then
D¢ (af 4+ bg) = aDy(f) + bDy*(g), for a,b € R.
Dy (tH) = ptt=, for p € R.

Di(fg) = I D (g) + gDi (f)-
Dg(f) — fD&
pedy =4 (f)g2f (9)
Di(fog) (t) = t'=*g(t)*¢" (t) DY (f (1))1—y(s)

where “prime” is the classical derivatives with respect to t.

2. BASIC STRUCTURE FOR GERF METHOD

From the GERFM we consider the following nonlinear PDE
£(¢7¢ma¢ta'¢wx7--') =0. (21)

Using the transformations ¢ = ¢(§) and { = ox —[t, we reduce the non-
linear partial differential equation to the following ordinary differential
equation:

Ly, " ..) =0, (2.2)

Where o and [ will be found later. Now we consider that Eq. (2.2)) has
solution of the form

M M
P(€) = Ao+ > AT+ Bp¥(¢)7F, (2.3)
k=1 k=1

Where

_ ple(hf +p2€Q25
o p3e‘Z3£ + p4€(I4§ )
The values of constantsp;, ¢;(1 < i < 4), Ag, Ax and Br(1 < k < M)
are determined, in such a way that solution (2.3 always persuade Eq.
(2.2). By considering the homogenous balance principle the value of M
is determined .

v(¢) (2.4)
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3. REsSULTS

The generalized nonlinear fractional Schrodinger—Hirota system consid-
ered as following form

iDfu+ ayD2u + ias D¥u + ay DI + bDg (Juf* u) +

io [u|® D&u + iAD2 (\u!2> =1 Jul?u+ e |ul*, (3.1)
We look for solution of Eq. in the form
u(z,t) = ¢ (8) G ) &= —a — vg (3.2)
By replacing into (3.1) we have
(ag + 4agk) peee + (X + 20 + 3b) p?pe— (3.3)

(v — 2a9k + 3azk?® + 4a4k‘3) we =10
And
a4peeee + (az — 3ask — 6(14]€2) pee + (a4k4 + a3k3 — a2k2 — w) p—
(c1 + kX + bk) p3 — co® =0
(3.4)
Considering that we have two equations fory (£), we must consider the
compatibility conditions for one of these equations, for example, for the
imaginary state. So we have
az = —4ask, A= —20 — 3b, v = 2a9k — 3ask® — dask> (3.5)
3.1 Analytical solutions corresponding to the real part
In the following at first by applying into (3.4) we obtain
aqpeeee + (ag + 6a4k‘2) Yee + (a4k4 + ask® — agk? — w) p—
(c1 — 20k — 2bk) @3 — co® = 0
Considering the homogeneous balance between @°and ¢ in we
haveM = 1. So we have

(3.6)

p(€) = Ao + A1V (E) + B (e) ™, (3.7)
Set 1: for p = [i,4,1, —1]and ¢ = [i,4, 1, —1] we have
_ cos ()
V(E) = - © (3.8)

Applying into then into we obtain
Ay =0, Bl = 02_1 (24@40%)i U = 2a9k — 3ask?® — dask®,
Al = 2{;8 (a4cg) (12a4k203 + 24@40% (2bk + 2ko — 1) + 40@40% + 2@20%) ,
w = grtag (F12((b+ o)k =) (4 ) a4 + ) Voau+
=4 (cg (3K = 5k% — D) a + (Fask® — Jk%az — 2a2) ©) +

5a4c
(b+o)k—9) ay— 2o

Say

5a4c
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So final solution of equation (3.6) will be obtained as follows

1 _3
up (z,t) = 21473 (a4c3) 4 (12&41{203 + v/24a4c3 (2bk + 2ko — ¢1) + 40a4c§ + 2@03) X

cos(zj_52@2’?—3%/62—4114]4:3)5) i(k%*w%*eo)_i_

2a2k—3a3k2—4a4k3)%)

1 4 3\ sin(%—(2a2k—3a3k2—4a4k3)%) i(kﬂ—wﬁ—eo)
«@ [e%

€2 (2 a462) cos(%f(2a2k73a3k274a4k3)%)

. []
sm( r__
«@

Y

| SR —— e ¥
—_—

5
o &

Imagel: RevolutionPlot3D for u; (z,t)witha = 0.3, o = 0.9 respec-

tively and z = 0..2m,¢ = 0..27.
Set 2: for p =1[-1,0,0,1]Jand ¢ = [0, 0,0, 1] we have

WE) = (39

Applying (3.9) into (3.7]) then into (3.6)) we obtain

24/ —bc2(2kb+2ko—c1)
= \/ ;A1 =0,

AO 5c2
—5c¢2(2kb+-2ko—
Bl — \/ 02( 56; z CI) } k — ka

v = 2a9k — 3ask?® — daqsk®

So final solution of equation (3.6) will be obtained as follows

2\/—502(2kb+2ka—cl)) (ks —w—to)

wr(a.0) = (B
V—5c2(215ci>j2ka—c1> <1 +e§_(za2k_3a3k2_4a4k3)§> ez(k%—w%—eo),
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Image2: RevolutionPlot3D for us (z,t)witha = 0.3, o = 0.9 respec-
tively and z = 0..27,¢t = 0..27.
Set 3: for p=12,3,1,1Jand ¢ = [0, 1,0, 1] we have

_3e€+2

() es +1

(3.10)

Applying (3.10) into (3.7)) then into (3.6) we obtain

Ag = =522, [ab + 2ko + \/(4a4k4 + dagk3 — dask? — dw)ca +4 (b + o)k — L) — e,

2c2

A = \/E\/zkw 2ko + \/(4a4k4 + dask® — dagk® —dw)ca +4((b+0)k— §) — 1,
By =0,v = 2ask — 3ask? — dask®, w = ask* + ask® — ask?

So final solution of equation (3.6) will be obtained as follows

—3+/2co N

us (x? t) = 2co

z® t%

\/ka + 2ko + \/(4a4k4 + dazk® — dagh? — dw)co + 4 ((b+ o)k — %) — oot (B0 =00) |

VQ%\/M + 2k + ) (dask? + dagh® — dask? — 4w) e + 4 ((b+ o)k — ) — e (3—3“) *

ei(k%—w§—oo)
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Image3: RevolutionPlot3D for us (z,t)witha = 0.3, o = 0.9 respec-
tively andx = 0..27,¢t = 0..27.
Set 4: for p=10,1,1,1Jand ¢ = [0, 1,0, 1] we have

eg

VO = e (3.11)

Applying (3.11]) into (3.7 then into (3.6)) we obtain

. \/ﬁ(—bk—kﬂ—i—%cl) o
L 5o @bkt 2ko—c1)’ Ao =0,
\/—_
B = VIOy/ca(20k+2ko —c1) , U = 2a0k — 3ask? — 4a4k3,

10c2
w = 1555 (150a4k?ca + 150azk®cy + 348b°k? + 696bk?0 + 348k%0? — 150k>caaz) +

5k%ag — 155 (348bker — 348kaey + 125a¢y + 125a4¢) + 87¢F)

So final solution of equation (3.6) will be obtained as follows

Za [e% .
s (2, 1) = VIO0(—bk—ko+Ler) ( L5 (20nkB03k? —dagh?) £ ) ez(k%—w%—eo)Jr
e

5y/ca(2bk+2ko—c1) \ 5 —(2a2k—3azh? —dagk?) I
[e% «@
V10+/ca (2bk+2ko—c1) ( 1+e% 7(2“2’“*3“3’“2*‘”4’“3) % > @i (k;7 _w%_go)

10c2 6%7(2a2k73a3k274a4k3)%




274 A. Sharif* | A. Khojeh, N. A. Taghi-Nezhad and M. Shahini

—

Image4: RevolutionPlot3D for uy (z,t)witha = 0.3, o = 0.9 respec-
tively andz = 0..27,t = 0..27.
Set 5: for p=[1+14,1—4,1,1]and ¢ = [—4,4, —i,i] we have

sin (€) + cos (€)
(&) = 12
== (312)
Applying (3.12)) into (3.7 then into (3.6)) we obtain
1 1
A = 102—24 (ascd)®, Ag = 0,v = 2ask — 3agk? — 4ask?,
1
2(3a4c3) % c
By = %z)r <\/§ (b+0)k—Z) Vascs + 3 (ask® + taz — Lay) c%) ,
k— —6a4((a2—260a4))
- 6aq )

So final solution of equation (3.6) will be obtained as follows

1 1 sin (2% — 0t ) poos( 2% —yt™ -<—~HWIT%Wﬁ_ ﬁ_g)
U5(l‘,t): 124 (0463)4 <sm(a va) COS va)>ez Gay ° Wy 0 +

15a4cg

1
O (V3 ((0+ o)k — %) Vard +3 (ak? + boa — Par) 3) x
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EE- : b . I".III

4] o] 5

Image5: RevolutionPlot3D for us (x,t)witha = 0.3, a = 0.9 respec-
tively andx = 0..27,¢t = 0..27.

4. CONCLUSION

The generalized exponential rational function method is a powerful ap-
proach with various solutions for solving non-linear differential equa-
tions. The solutions obtained in this study for the generalized nonlinear
fractional Schréodinger—Hirota equation using this method are new and
have not been observed in any other study. These types of solutions
are named soliton and periodic solutions and play considerable roles in
many directions of nonlinear physical sciences. Moreover, a graphical
visualization including three-dimensional, contour, and two-dimensional
profiles was displayed for some of the gained solutions with the cho-
sen functions and parameters. The answers obtained in this study are
more accurate compared to other methods proposed so far, and their
most obvious feature is that they are much easier to obtain than other
methods.
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