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ABSTRACT. This paper is devoted to the study of generalized Ran-
ders change in a specific class of («, 8)-metrics of conformally flat
type. These metrics are defined as F' = aexp(8/a) + €8, where
€ # 0 is a real constant, and are called the generalized Randers
change(G.R.C.) of the exponential metric. We demonstrate that if
F possesses a relatively isotropic mean Landsberg curvature, it must
either be a Riemannian or a locally Minkowskian metric. Further-
more, if F' is a non-Riemannian weak Einstein metric, it necessarily
reduces to a locally Minkowskian metric.
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1. INTRODUCTION

Conformal geometry has attracted considerable interest because of its
broad relevance in various physical theories. Within the framework of
general relativity, conformal transformations between pseudo-Riemannian
metrics maintain the structure of null (light-like) geodesics. In the con-
text of Finsler geometry, Weyl’s theorem highlights the crucial role of
conformal and projective characteristics in describing the behavior of
metric structures [15], 21].

Consider a differentiable manifold M. Finsler metrics F and F on
M are said to be conformally equivalent if F' = e"(®) | where x(z) is a
smooth function on M. In this case, k(z) is referred to as the conformal
factor. When F is a Minkowski metric, the metric F' is described as
conformally flat in the sense of Finsler geometry.

S. Kikuchi [14] introduced a Finsler connection that remains invariant
under conformal transformations and used it to characterize conformal
flatness. Later, M. Matsumoto [I8] extended this concept by formulating
a conformally invariant Finsler connection applicable to metrics that
meet certain specific conditions. Subsequently, Ichijyo and Hashiguchi
identified criteria determining when a Randers metric is conformally flat
[11]. Randers metrics represent the most elementary examples of («, /3)-
metrics, a notable class within Finsler geometry with applications across
disciplines, including physics and biology [II, 20].

An (o, f)-metric is a Finsler metric F' that is of the form F' = a¢(s),
s = g, where a(z,y) = \/a;j(z)y'y/ and B(z,y) = b;()y’ denote
a Riemannian metric and a 1-form, respectively, and ¢(s) denotes a
C*° function satisfying certain conditions [I7]. These metrics can de-
scribe Riemannian spaces that are influenced by external forces; they
are computationally tractable and play an important role in the Finsler
geometry.

L. Kang [13] investigated conformally flat Randers metrics possessing
scalar flag curvature, establishing their projective flatness and present-
ing a full classification of such metrics. Further research on conformally
flat (o, B)-metrics - those having specific geometric quantities, such as
relatively isotropic mean Landsberg curvature, isotropic S-curvature and
constant flag curvature- revealed that these metrics are necessarily Rie-
mannian or locally Minkowskian [4, Bl 6]. Analogous results were ob-
tained for weak Einstein Matsumoto and Kropina metrics of conformally
flat type [12]. Collectively, these works highlight the close connection
between conformal geometry and Finsler geometry, showing how the
structure of Finsler metrics is influenced by curvature conditions. For
additional studies, refer to [2] 19, 23, 25| 26} 31].
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The («, 8)-metric F = aexp(s), s := g, is referred to as the expo-

nential metric and has been extensively investigated by various authors
[7, 10} 221, 24], 27, 28, 29, 0], who have explored its geometric properties
under different conditions. One notable feature of the exponential metric
is its relationship to Rander’s metric. Specifically, under certain trans-
formations, the exponential metric can be reduced to Rander’s metric,
which has significant applications in theoretical physics, particularly in
the study of space time geometries and cosmological models. On the
other hand, a special form of the exponential metric as

F=ae (/s Ay
= aex i
P 0 1+ qtvb? —t2

with b := ||8]|o and ¢ a constant, is an almost regular unicorn metric.
Unicorn metrics refer to Finsler metrics that are Landsberg metrics but
do not belong to the class of Berwald metrics [27]. Thus, the exponential
metrics represent a notable subclass of («, 8)-metric that deserves more
attention.

In Finsler geometry, several fundamental quantities, including the
Cartan torsion C and the Ricci curvature Ric, are obtained from the
Finsler metric . The horizontally covariant derivative of C along the
geodesics of F yields a new tensor field L, known as the Landsberg
curvature. Taking contractions of the tensors C and L, one obtains
two tensors I and J which are refereed to as the mean Cartan torsion
and the mean Landsberg curvature, respectively. A Finsler metric F
is said to possess relatively isotropic mean Landsberg curvature if the
quotient J/I, which describes how the mean Cartan torsion varies along
the geodesics, is isotropic. Equivalently, there exists a scalar function
¢ = ¢(z) defined on M satisfying

dt),

J 4+ cFI=0. (1.1)

A Finsler metric F' on an n-dimensional manifold M is said to be a weak
Einstein metric if its Ricci curvature takes the form

Ric = (n — 1)(%” —|—J>F2, (1.2)

where 1 := 1;(z)y" denotes a 1-form and o := o(x) is a scalar function on
M. When 7 vanishes, the Finsler metric F' is refereed to as an Einstein
metric, in which case the Ricci curvature satisfies Ric = (n —1)0 F2. In
the case where o is constant, F' is known as the Ricci constant Finsler
metric. Furthermore, a Finsler metric F' is called Ricci flat when its
Ricci curvature vanishes [3].
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This paper considers a special transformation of the exponential («, §)-
metrics, defined as

F = aexp(B/a) + B,

where € # 0 is a constant. It is referred to as the generalized Randers
change (G.R.C.) of the exponential («, 3)-metrics. This metric repre-
sents a extension of the classical Rander’s metric and the exponential
metric, combining their features in a way that opens up new avenues for
geometric exploration. We assume that these metrics are of conformally
flat type and possess either a relatively isotropic mean Landsberg cur-
vature or are weak Einstein metrics, and categorize them accordingly.
Our results show that, under these assumptions, those metrics reduce
to either Riemannian or locally Minkowskian.

2. PRELIMINARIES

Let M denote an n-dimensional differentiable manifold, and T M :=
Uzenr(TeM\{0}) denotes the slit tangent bundle of M. Suppose that
F = F(x,y) is a Finsler metric defined on M, the symmetric bilinear
form (g,) = (gij(w,y)) on T M that is expressed as

1 9°F?
© 20yioyd
is called the fundamental tensor of F.

A smooth curve z = 2°(t) defined on a Finsler space (M, F) is called
a geodesic if it satisfies the subsequent system of ODEs:

R dzx

dt2 +G (:L"E) =0,

gij<m7y) : (.I',y),

for which G are the coefficients of the geodesic spray that is derived
from F' as

i L ogp 0F% L, O[F?
¢ T4 {&cmayly T }

The tensor field R := Rikdxk O of type (1,1) is defined by

ox?
O aGt Gt . 9GT 8GiaGy
RY =2— — — — _4J J - — - 2.1
b= 2505 " gyt T2 sk T o o (B

and is called the Riemann curvature of (M, F'). Taking contractions of
the Riemann curvature tensor R yields the Ricci curvature Ric, there-
fore

Ric = R'}.
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Within Finsler geometry, certain geometric quantities vanish in the
Riemannian case and are therefore referred to as non-Riemannian quan-
tities. Among these is the Cartan torsion C, a symmetric trilinear form
on T'My denoted as C := Cjjdx' @ da’ @ dz®. Tt is defined by
1 _ 1 3gij
4 vt T g gk
A Finsler metric F' becomes Riemannian if and only if C = 0, hence C
characterizes the Riemannian metrics in the Finsler geometry.

The tensor field I := I;dx*, is called the mean Cartan torsion, where

I; := g’* Ciji.

I = o [t et

Another non-Riemannian quantity is the Landsberg curvature L :=
Ll-jkda;i@)d:vj ®@dx*, that is a tensor field on T M. It is defined as Liji =
Cijk;my™, where ”;” represents the horizontal covariant derivative with
respect to the Berwald connection associated with F. An equivalent
formulation of the Landsberg curvature is given by

1
Ll_]k’ — —iFFym [Gm]

Cijk = = [F?]

Moreover, it satisfies

yiyiyk- (2.2)

A Landsberg metric is a Finsler metric F' such that its Landsberg cur-
vature L vanishes.

Taking the horizontal covariant derivative of the mean Cartan tor-
sion I along the geodesics determined by F', yields the mean Landsberg
curvature J := J;dz*. Therefore, we have

An equivalent formulation for J can be expressed as
Ji = ¢"* Lijy.

A weak Landsberg metric is a Finsler metric with vanishing mean Lands-
berg curvature.

A Finsler metric F' is an (o, 8)-metric if F' = a¢(s), s := f/a,
where a = \/a;;(z)y’y’ is a Riemannian metric, 3 = b;(z)y’ is a 1-form
with ||Bz|| < bo, z € M and ¢(s) is a positive C* function on (—by, bo)
satisfying

3(s) = 56 (s) + (b = )" (s) > 0, [s| <b < by, (2.4)

which yields that F' is positive definite [9]. The fundamental tensor
F = a¢(5/a) is represented by

9ij = pai; + pobib; + p1(bic; + bjai) + pacvia;,
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here a; 1= a‘laijyj, and
p=o(¢—sd), po = ¢¢" +¢'¢,
p1 = —5po + o¢', p2 := s{—spo + ¢¢'}.
One can see that
g7 = p~Ha" — 7b'W — nYY7}, (2.5)

where bt := a¥ b; and

H P2 2 2
= = — Y = ]_ )\ )\ b
=iy BT + (A +€)s + Aeb”,
. . . — (55 P1
Yi=yla 40, A= =
Yy« + 9 1+ 5()2 , € p27
5o PO~ €pa 0
= 7= —.
p 1+ b2
Let
1 1
rij = 5 iy +bja)s sij = 5 (bl — by
where b, ; represents the coefficients of the covariant derivative of 8 with

respect to a. Furthermore we define

B I e M
Too = Ti5Y ij Ti0 ‘== Tim¥y T = b T'mi,
To == 1Y, ;= a Tmyg, S$i0 = Sim¥Y
8% = a""smj, s; = b"smi, S0 = 81’

Suppose that G* and G?, represent the geodesic coefficients of F' = ap(s)
and «, respectively. The relationship between G* and G, is expressed
as:

G =G+ aQs’y + {—2Qasg + roo}{\lfbi + @oflyi}. (2.6)
Here
__ ¢
Q T ¢ _ qu,)
/!
U= ¢

29— 50/ + (2~ )"’
99’ — (4" + ¢'¢')
2¢[¢ _ S(b, + (bz _ 82)¢//]'

0 :=

For more details, see [9].
As we known that, a Randers metric /' = a4 [ can be obtained as a
transformation of Riemannian metric o. For a Finsler space (M, F) and
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a one form B = b;(x)y’ defined on M, one can consider the following
transformation

F— F=F+eb,

where € is a non-zero constant. If F = o and € = 1, then F is a Randers
metric, thus it is called generalized Randers change (G.R.C.) of F.

3. MAIN RESULTS

This section considers the generalized Randers change of exponential
(a, B)-metrics of conformally flat type. They are expressed as

F =aexp(f/a) +ep,

where € # 0 is a constant. One can see that, if [|8;] < 1, then F is
positive definite.

The next Lemma is fundamental for the study of («, )-metrics of
conformally flat type.

Lemma 3.1. ([I]) For an (o, B)-metric F = a¢(5/a),
F' is locally Minkowskian <= « is parallel w.r.t. «.

Firstly, we study conformally flat G.R.C. of exponential (¢, 3)-metric
whose mean Landsberg curvature is relatively isotropic. We begin with
a Lemma that computes the mean Cartan torsion corresponding to an
(a, B)-metric.

Lemma 3.2. ([§])Let F = a¢(f/a) be an (o, B)-metric. Its mean Car-
tan torsion can be expressed as

Ii= == (6 — 56, (3.1)
where
A:=1+3sQ+ (b —sH)Q,
®:=(1+nA+ SQ)(SQ’ -Q)— ( b —5°)(sQ + 1)Q",

Az
hj = bj — a_lsyj.

By combining equation (3.1)) with Deicke’s theorem, we obtain the
subsequent lemma.

Lemma 3.3. For an (a, B)-metric F = ad(5/a),

F is Riemannian <= ® = 0.
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Combining relations (2.3)) and (3.1)), it follows that the mean Lands-
berg curvature corresponding to an (a, 8)-metric F' = a¢(s), s = f/a,
can be expressed as

1 203 1@
Jj :M{bg_sg [K + (n+1)(Q — sQ") | (so + 70)h;
2

« P
+ m |:\I/1 + SZ} (Too — QOéQSO)hj

+a [ — a?Q'soh; + aQ(a®s; — y;s0) + @ Asjo

+ oz2(rj0 —2aQ)sj) — (roo — 20&@80)3/]1 i}, (3.2)

where y; := a;;4". Further information can be found in [8} [16].

Using of (3.1)) and (3.2)), we get

1 208 1@
Jj +c(x)FIj = —M{bgj@ [Z +(n+1)(Q - SQ')} (s0 +70)h;

a? (0}
+ e [\111 + SZ] (roo — 20:Qs0)hj + a{ — aQQ’sohj

+ aQ(a?s; — yjso) + a?Asjo + a?(rjo — 2aQs;)
— (roo — QOJQSO)y]} % + c(x)a®(p — sdJ’)h]}. (3.3)

Now, consider a conformally flat («, )-metric F' = a¢(5/a), de-
fined on a manifold M. By definition, F' = ¢*(*) F where F is a locally
Minkowski metric on M. Since the metric F = a¢(/a) constructed
from o and §, the conformal relation induces corresponding scaled quan-
tities. Consequently

F=ag¢(5/a),

where

From (3.4)), we have
Ebij = eQﬁ(I)aij, ZN)Z = eﬁ(x)bz‘.

The Christoffel symbols corresponding to the Levi-Civita connections of
a and & are connected through the relation

B i R S
i = U + 05Kk + 0Ky — Klaj,
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Ok
Ozt "
the covariant derivative of 5 with respect to &, satisfy

and k' := a"k;. As a consequence, the components of

where k; :=

7 852 7 T K r
Since F is a locally Minkowski metric, Lemma implies that Bi|| ; =0.
Substituting into the (3.5)), yields
bi|j = bjlii - brlﬁ',raij. (36)
From (3.6)) we obtain
1 . 1, 1,
Tij = §(I€ibj + /ijbl') — bk Qij, ry = —5(() K}r)bj + ilﬂjb , (37)
1 1
rio = SlRiB + (kry")bi] = w:07ys, sij = 5 (Ribj — Kjbi), (3.8)
1 1
5§ = §(bT“r)bj — rb?, Sip = 5[’%5 — (kry")bi]. (3.9)
Furthermore, we have
Too = (Hryr)/g - (HrbT)OéQ, (3'10)
1 1
ro = i(mryr)bQ — §(HTbr)5, (3.11)
1 1
sp = i(l-irb”)ﬁ - i(myr)bQ. (3.12)

Equations (3.11)) and (3.12)) together imply that, for an (a, 8)-metric of
conformally flat type, the condition rg 4+ so = 0 holds. This condition is

equivalent to saying that the length of 5 with respect to a be constant.

To streamline the subsequent calculations, we choose at any point x
an a-orthonormal basis such that o = /> 1 (y")2 and 8 = by', where
b :=||Bz]la. We then introduce the coordinate change

) (s,0t) — (i),

in T, M, which

1_ s ~ A_ A —
Y= 62_32a, yr=v* A:=2,...,n, (3.13)
where & = /> ,(v4)2. One can see that
b b
a 3 ) (3.14)

:7d’ P —
N N
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Then, by (3.6)-(3.14) one can obtain

L, bsRoa 1

roo = —brk1a* + Rk To = —S0 = 552’7007 (3.15)
1 kabsa 1, _

TA0 = ii,m — (br1)va, 710 = §b"€0a (3.16)
1

sS4 = —51@41)2, s1 =0, (3.17)
1 kqbsa 1

SA0 = 5@7 510 = _ibROa (3.18)
Vb% — s2svuy 2

hy= ———-—= hi=b— —. 1
A = , 1 (3.19)

where Ro 1= kav3.
We may now proceed to demonstrate the theorem stated below.

Theorem 3.4. Let F' = aexp(s) +€f, s :== B/a be an («a, 5)-metric
of conformally flat type on an n-dimensional differentiable manifold M,
(n > 3). Suppose that F has relatively isotropic mean Landsberg curva-
ture. Then F reduces either to a Riemannian or to a locally Minkowsk:
metric.

Proof. Since I;i” ; =0, it follows that b is constant. In the case b = 0, the

relation F' = e¥(®) & shows that F is Riemannian. Therefore, we suppose
that F is a non-Riemannian («, 3)-metric of conformally flat type that
possesses relatively isotropic mean Landsberg curvature. Using ,
and ry + sg = 0, we have

a? o
03 o — 20Qs0)h; +af —a’Q'sohy

+ aQ(azsj —yjs0) + OZ2A3]‘0 + 0z2(7“j0 — 2aQ)s;)

— (oo — 20¢QSO)yj}g — c(z)at®(p — s¢'Yhj = 0. (3.20)

A
Putting j = 1 in (3.20)), yields
o’ {\y+©}( 2aQso)h1 + af — a?Q'soh
2 Y1 T sy (roo — 2aQs0)h + aq — a"Q'soln

+ aQ(a?s) — y1s0) + @®Asig + o (r19 — 2aQs)

— (roo — 2aQso)y1}§ — c(x)a*®(¢p — s¢')hy = 0. (3.21)
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By replacing (3.14))-(3.19) into (3.21]) and afterward multiplying the re-
3

sulting relation with —2A(b? — 52)3/2 we have
b2a3{2\/b2 — $2A[be®(¢ — s¢) + Vyo1]a — Ro[b*@Q' (b* — s7)
+ b (sQ + 1) + ADH* — 201 A(H?Q + )] } =0. (3.22)

From (3.22)), we obtain

A[be® (¢ — s¢') + U1k1] = 0, (3.23)
Ro [*0Q' (0% — s?) + ©b*(sQ + 1) + ADD?
— 20 A(B*Q + s)] = 0. (3.24)

Since A = Q'(b% —5%)+5Q + 1, one can see that simplify as follow
(LPT1AQ + ¥1As)Rg = 0.
This means that
U AD*Q + s)Ro = 0. (3.25)

Now let j = A in (3.20)), thus we obtain

o ® 2y
o) [‘Pl + SK} (roo — 2aQs0)ha + o[ — &*Q'soha

+ aQ(a2sA —yas0) + a?As a0+ oz2(7‘A0 —20Qs4)
P
— (roo — QaQso)yA] A + c(:z:)a4<I>(¢ —s5¢'Yha = 0. (3.26)
By substituting (3.14])-(3.19) into (3.26)) and applying the same argu-

ment as in the situation j = 1, while using the identity A = Q'(b?* —
52) + sQ + 1, we obtain

(SA + 5+ b?Q)b*Prad” — [(sA + s+ b*Q)b°D
+25(6°Q + s) U1 A Rgva = 0, (3.27)
sv/b2 — s2[®be(¢ — 5¢') + Wik1]Avg = 0. (3.28)
It is clear that is equivalent to (3.23]). Furthermore, multiplying
by v4 yields
s(02°Q + 5)¥ 1 ARga® = 0. (3.29)

It is easy to see that (3.29)) is equivalent to (3.25)). Consequently, we have
demonstrated that an (o, 3)-metric of conformally flat type that has

relatively isotropic mean Landsberg curvature satisfies both equations

and (B23).
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If b2Q + s = 0, then it follows that ¢ = kv/b? — s2 for some constant
k. However, this is incompatible with the assumption ¢ = exp(2s)/s.
Therefore b?>Q + s # 0. Consequently, from it follows that either
Ui =0o0r kg =0.

If U1 = 0, then substituting this into yields ® = 0. By Lemma
this condition implies that F' reduces to a Riemannian metric.

When W, # 0, it follows that k4 = 0. Under this assumption , we
show that k1 = 0 as well. Simplifying and then multiplying both
sides by A2, we arrive at the following equation

[+ (17— 2)2)A - g(zﬁ —)aa ke,
— cbA2D(¢p— s¢') =0.  (3.30)

Let Ay := (s — 1) and Ay := (b — 5% — s+ 1). Putting ¢ = exp(s) + es
into (3.30) and multiplying by 2¢A3A3 and using Maple program, we
obtain

Eo + E1e® + Eye® + F3e® =0, (3.31)

where F;, (0 <14 < 3) are polynomials of s. One can see that
Ey : = rk1G1(s) + 2cbCa(s), (3.32)
E3 L= 2Cb<3(8), (333)

where
G3(s) 1 = 2ns” + 5ns® — 3(nb? +n + 1)s° — [(9n — 2)b% 4 10n + 5]s*

+ [2(3nb* 4 6n + 5)b% + 5n + 5]s® 4 [(3n — 4)b* + (9n + 2)b?

+ 6n + 5]s* — [(2nb? + Ind* + Tb? + 12n + 12)b* + 5n + 5s

+ (n+2)0° + (3n +5)b* + 3n +4)b%> +n + 1,
Co(s) 1 = (1 —5n)s® + (1 — 14n)s™ + [(15n — 3)b? + 4n + 4]s°

+ [(27n — 6)b* + 28n + 13]s® — [3(5n — 1)b* + 6(4n + 3)b?

+5n 4 5]s* — [3(4n — 3)b* + 3(11n + 4)b* + 20n + 17]s°

+ [(5n — 1)b5 + 3(7n + 5)b* + 24(n + 1)b* + 8n + 8]s

— [(n+ b8 +3(2—=n)b? — 2n — 2]s — (n+ 1)[p° + 3b* + 30> + 1],
C1(s) - = (12 — 9n)s® + 3[2(n — 2)b* — 3]s* + 2[(Tn — 5)b? + 8n + 5]s>

— [8(n —2)b* + (17n — 1)b* + 11n + 11]s* — [(n — 2)b*

—2(n —4)b* — 2n — 2]s + (n — 2)(26% + 3)b* + (n + 1)v°.
We see that (j(s) # 0, (1 < j < 3). From it follows that F; =
0, (0 <7< 3), and using and , we obtain that ¢ = k1 = 0.
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Since k1 = k4 = 0, the function x must be constant. Consequently,
the metric F' is locally Minkowskian. O

Now, we study the weak Einstein conformally flat G.R.C. of exponen-
tial («, §)-metrics.

The formula for Ricci curvature of an (v, §)-metric of conformally flat
type has been obtained in [4]. In fact, the subsequent Lemma holds.

Lemma 3.5. Suppose that F = a¢(s), s := B/a be an («, B)-metric
of conformally flat type defined on a manifold M. Thus, F = e"@F,
where F = a¢(B/a) is a locally Minkowski metric and r(zx) is a scalar
function on M. In this case, the Ricci curvature of F' is expressed as

Ric =c1||Vk||262% + ok + csrofa + o f262

+csfia+ 66072 + c7kQo- (3.34)
where
co : = 610" Kij + o2 fa,
o
61 - ¢ — 8¢,’
¢¢//
Cgo + —

(¢ — s¢')[(¢ — s¢) (0% — s2)¢"]
and |Vk|% = aVkikj, f = biki, f1 = l;iyj/iij, fo = 62575” Here
c1,Co,C3,Cq4, C5,C7 are the functions depending on the variable s and are

independent Of 657 R0, K00, f) f17 f27 dwﬁz‘]

In this time, we suppose that F' = aexp(s) + 0 be a weak Einstein
metric of conformally flat type and show that F'is Ricci-flat.

Lemma 3.6. Suppose that F = aexp(s) +ef, s := [/a, be a weak
Einstein metric of conformally flat type on a manifold M of dimension
n > 3, with € # 0 a real constant. Then F is Ricci flat.

Proof. Since F is a weak Einstein («, 3)-metric of conformally flat type,

equations ([1.2)) and (3.34) imply that
30
(n—1) (f + 0) F? :cl|]Vﬁ\|§d2 + 02/1(2] + eskofa + caf2a?
+ c5fra + 066(2 + Cc7K00- (335)
We use the same coordinate transformation introduced in Theorem
for & and §. In fact, we choose at any point x an &-orthonormal

basis such that & = /Y ;—;(y*)? and B = by', where b := HBde We

then introduce the coordinate change

Y (s,0%) — (),
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in T, M, which

1_ S ~ A_ A —
Yy = *62—8206’ yt=v", A:=2,...,n,
where @ = /> ,(v4)2. Under this transformation, we obtain
I T
T N
Thus
. exp(k)b _
F =exp(r)a¢(s) = #aqﬁ(s),
V2 — 2
7 BSKH _ ~_
[ = kb, Ji = ——=a+ bk,
b2 _ o2
79 tlS _9 _
f2 = b%K11, 0=——= a” +to, (3.36)
b2 _ 42

where T := X% _,tqu’.

Using (3.36)), the Eq. (3.35) is equivalent with two following equa-
tions.

[cﬂﬂ”VﬁH% + conis? + cab?wis + caribt 4 cski1b®s + (6107 iy

=2

+ coak1102)b? + C7H1182} ~2a 5+ CcoRZ + crRoo
b% —s
—1)e"(3t1b rp2
_ (n=1)e %2 ! 3; oY) 2 (337)
-5
(2c2s + 0352)%;1/1,4 + (0552 + 2¢78)k14 = 3(n — l)e”tAng. (3.38)

Let Ay = (s — 1), Ay:=(b? — s> — s+ 1). Putting ¢(s) = exp(s) + &5
and multiplying (3.37)) by e%* A3 A3¢?(b? — s?) and using Maple program
we get
Dy + D1 + Dye? + D3e + Dye® + Dse®™ + Dge® =0,  (3.39)
where D;, (0 <1i < 6) are polynomials of s, specially we have
Dy = (n — 1)sb(4e*"cbo + 3e"t;) A3 A3a?, (3.40)
Dg := (n — 1)b*(e*F0) A Aa2. (3.41)
Thus D; = 0, (0 < i < 6), and therefore from (3.40) and (3.41]) we
conclude that o = t; = 0.
Similarly, multiplying (3.38]) with e®A; A3¢? and using Maple program
we get,

,7:0 + .7:165 + f2€25 + ./—"3638 + ]:4648 = 07 (342)
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where F;, (0 <i < 4) are polynomials of s. Therefore F; =0, (0 <i <
4) and since

Fy = —6(n—1)bA;Aje"t 4, (3.43)
thus we get t4 = 0. From t; = t4 = 0, it follows that 8 = 0 and therefore
Ric = 0. O

Now, we consider weak Einstein G.R.C. of exponential metrics of
conformally flat type and prove the subsequent Theorem.

Theorem 3.7. Suppose that F = aexp(s) +&f, s := B/a be a weak
FEinstein (o, B)-metric of the conformally flat type defined on a manifold
M of the dimension n > 3, with € # 0 a real constant. Then F is either
a Riemannian or a locally Minkowskian metric.

Proof. We assume that b # 0. Since t; = 0 = 0, Eq. (3.37) is reduced
to

[clszVan—y + cokts® 4 c3b®wis 4+ cartb® + cskri1b%s

2

y e~ a

+ (661(5”/%]‘ + 06251162)62 + C7I€1182:| =
2 _ 2
+ CQE(Q) + crkog = 0, (3.44)

Multiplying (3.44) by e?s A3 A3¢? (132 — 52) and using Maple program we
have

Eo + Ere® + Eye® + F3e® 4 Ege’* =0, (3.45)

where F;, (0 < i < 4) are functions of s which are independent of e®.
Thus E; =0, (0 <1i<4).
One can see that

Eo = Nigs'™ + Ni3s!3 + -+ Nis + N, (3.46)
where N; (0 < i < 14), are functions independent from s and
Ny o= P[(s1 — | Vk|Z)a® + &),
No - = 6t (n — )05 (0% 4 1)%R2.
Thus NV; = 0, (0 < i < 14). From Ny = 0, we get
Ka =0, (3.47)
thus
[V&[Z = 0. (3.48)
Substituting and in Ni4 = 0, we obtain ;1 = 0. From

k1 = ka = 0, we have that k is constant. Consequently, the metric F' is
locally Minkowskian. O
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4. CONCLUSION

In This paper, we study conformally flat G.R.C. of exponential met-
rics that have either relatively isotropic mean Landsberg curvature or
weak Einstein metrics. We prove that such metrics are either locally
Minkowskian or Riemannian metrics. Thus, we extended well-known
results about some («, )-metrics such as Randers, Kropina, Matsumoto
and exponential metrics of conformally flat type to a transformation of
exponential metrics.
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