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1. Introduction

Conformal geometry has attracted considerable interest because of its
broad relevance in various physical theories. Within the framework of
general relativity, conformal transformations between pseudo-Riemannian
metrics maintain the structure of null (light-like) geodesics. In the con-
text of Finsler geometry, Weyl’s theorem highlights the crucial role of
conformal and projective characteristics in describing the behavior of
metric structures [15, 21].

Consider a differentiable manifold M . Finsler metrics F and F̃ on
M are said to be conformally equivalent if F = eκ(x)F̃ , where κ(x) is a
smooth function on M . In this case, κ(x) is referred to as the conformal

factor. When F̃ is a Minkowski metric, the metric F is described as
conformally flat in the sense of Finsler geometry.

S. Kikuchi [14] introduced a Finsler connection that remains invariant
under conformal transformations and used it to characterize conformal
flatness. Later, M. Matsumoto [18] extended this concept by formulating
a conformally invariant Finsler connection applicable to metrics that
meet certain specific conditions. Subsequently, Ichijyō and Hashiguchi
identified criteria determining when a Randers metric is conformally flat
[11]. Randers metrics represent the most elementary examples of (α, β)-
metrics, a notable class within Finsler geometry with applications across
disciplines, including physics and biology [1, 20].

An (α, β)-metric is a Finsler metric F that is of the form F = αϕ(s),

s := β
α , where α(x, y) :=

√
aij(x)yiyj and β(x, y) := bi(x)y

i denote
a Riemannian metric and a 1-form, respectively, and ϕ(s) denotes a
C∞ function satisfying certain conditions [17]. These metrics can de-
scribe Riemannian spaces that are influenced by external forces; they
are computationally tractable and play an important role in the Finsler
geometry.

L. Kang [13] investigated conformally flat Randers metrics possessing
scalar flag curvature, establishing their projective flatness and present-
ing a full classification of such metrics. Further research on conformally
flat (α, β)-metrics - those having specific geometric quantities, such as
relatively isotropic mean Landsberg curvature, isotropic S-curvature and
constant flag curvature- revealed that these metrics are necessarily Rie-
mannian or locally Minkowskian [4, 5, 6]. Analogous results were ob-
tained for weak Einstein Matsumoto and Kropina metrics of conformally
flat type [12]. Collectively, these works highlight the close connection
between conformal geometry and Finsler geometry, showing how the
structure of Finsler metrics is influenced by curvature conditions. For
additional studies, refer to [2, 19, 23, 25, 26, 31].
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The (α, β)-metric F = α exp(s), s := β
α , is referred to as the expo-

nential metric and has been extensively investigated by various authors
[7, 10, 22, 24, 27, 28, 29, 30], who have explored its geometric properties
under different conditions. One notable feature of the exponential metric
is its relationship to Rander’s metric. Specifically, under certain trans-
formations, the exponential metric can be reduced to Rander’s metric,
which has significant applications in theoretical physics, particularly in
the study of space time geometries and cosmological models. On the
other hand, a special form of the exponential metric as

F = α exp(

∫ s

0

q
√
b2 − t2

1 + qt
√
b2 − t2

dt),

with b := ∥β∥α and q a constant, is an almost regular unicorn metric.
Unicorn metrics refer to Finsler metrics that are Landsberg metrics but
do not belong to the class of Berwald metrics [27]. Thus, the exponential
metrics represent a notable subclass of (α, β)-metric that deserves more
attention.

In Finsler geometry, several fundamental quantities, including the
Cartan torsion C and the Ricci curvature Ric, are obtained from the
Finsler metric F . The horizontally covariant derivative of C along the
geodesics of F yields a new tensor field L, known as the Landsberg
curvature. Taking contractions of the tensors C and L, one obtains
two tensors I and J which are refereed to as the mean Cartan torsion
and the mean Landsberg curvature, respectively. A Finsler metric F
is said to possess relatively isotropic mean Landsberg curvature if the
quotient J/I, which describes how the mean Cartan torsion varies along
the geodesics, is isotropic. Equivalently, there exists a scalar function
c = c(x) defined on M satisfying

J+ cF I = 0. (1.1)

A Finsler metric F on an n-dimensional manifoldM is said to be a weak
Einstein metric if its Ricci curvature takes the form

Ric = (n− 1)
(3η
F

+ σ
)
F 2, (1.2)

where η := ηi(x)y
i denotes a 1-form and σ := σ(x) is a scalar function on

M . When η vanishes, the Finsler metric F is refereed to as an Einstein
metric, in which case the Ricci curvature satisfies Ric = (n− 1)σF 2. In
the case where σ is constant, F is known as the Ricci constant Finsler
metric. Furthermore, a Finsler metric F is called Ricci flat when its
Ricci curvature vanishes [3].
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This paper considers a special transformation of the exponential (α, β)-
metrics, defined as

F = α exp(β/α) + εβ,

where ε ̸= 0 is a constant. It is referred to as the generalized Randers
change (G.R.C.) of the exponential (α, β)-metrics. This metric repre-
sents a extension of the classical Rander’s metric and the exponential
metric, combining their features in a way that opens up new avenues for
geometric exploration. We assume that these metrics are of conformally
flat type and possess either a relatively isotropic mean Landsberg cur-
vature or are weak Einstein metrics, and categorize them accordingly.
Our results show that, under these assumptions, those metrics reduce
to either Riemannian or locally Minkowskian.

2. Preliminaries

Let M denote an n-dimensional differentiable manifold, and TM0 :=⋃
x∈M (TxM\{0}) denotes the slit tangent bundle of M . Suppose that

F = F (x, y) is a Finsler metric defined on M , the symmetric bilinear
form (gy) = (gij(x, y)) on TxM that is expressed as

gij(x, y) :=
1

2

∂2F 2

∂yi∂yj
(x, y),

is called the fundamental tensor of F .
A smooth curve x = xi(t) defined on a Finsler space (M,F ) is called

a geodesic if it satisfies the subsequent system of ODEs:

d2xi

dt2
+Gi(x,

dx

dt
) = 0,

for which Gi are the coefficients of the geodesic spray that is derived
from F as

Gi :=
1

4
gil

{ ∂2[F 2]

∂xm∂yl
ym − ∂[F 2]

∂xl

}
.

The tensor field R := Ri
kdx

k ∂
∂xi of type (1,1) is defined by

Ri
k := 2

∂Gi

∂xk
− ∂2Gi

∂xj∂yk
yj + 2Gj ∂2Gi

∂yj∂yk
− ∂Gi

∂yj
∂Gj

∂yk
, (2.1)

and is called the Riemann curvature of (M,F ). Taking contractions of
the Riemann curvature tensor R yields the Ricci curvature Ric, there-
fore

Ric = Rm
m.
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Within Finsler geometry, certain geometric quantities vanish in the
Riemannian case and are therefore referred to as non-Riemannian quan-
tities. Among these is the Cartan torsion C, a symmetric trilinear form
on TM0 denoted as C := Cijkdx

i ⊗ dxj ⊗ dxk. It is defined by

Cijk :=
1

4
[F 2]yiyjyk =

1

2

∂gij
∂yk

.

A Finsler metric F becomes Riemannian if and only if C = 0, hence C
characterizes the Riemannian metrics in the Finsler geometry.

The tensor field I := Iidx
i, is called the mean Cartan torsion, where

Ii := gjkCijk.

Moreover, it satisfies

Ii =
∂

∂yi

[
ln
√

det(gjk)
]

Another non-Riemannian quantity is the Landsberg curvature L :=
Lijkdx

i⊗dxj⊗dxk, that is a tensor field on TM0. It is defined as Lijk :=
Cijk;my

m, where ”; ” represents the horizontal covariant derivative with
respect to the Berwald connection associated with F . An equivalent
formulation of the Landsberg curvature is given by

Lijk = −1

2
FFym [G

m]yiyjyk . (2.2)

A Landsberg metric is a Finsler metric F such that its Landsberg cur-
vature L vanishes.

Taking the horizontal covariant derivative of the mean Cartan tor-
sion I along the geodesics determined by F , yields the mean Landsberg
curvature J := Jidx

i. Therefore, we have

Ji := Ii;my
m. (2.3)

An equivalent formulation for J can be expressed as

Ji := gjkLijk.

A weak Landsberg metric is a Finsler metric with vanishing mean Lands-
berg curvature.

A Finsler metric F is an (α, β)-metric if F = αϕ(s), s := β/α,

where α =
√
aij(x)yiyj is a Riemannian metric, β = bi(x)y

i is a 1-form
with ||βx|| < b0, x ∈M and ϕ(s) is a positive C∞ function on (−b0, b0)
satisfying

ϕ(s)− sϕ
′
(s) + (b2 − s2)ϕ

′′
(s) > 0, |s| ≤ b < b0, (2.4)

which yields that F is positive definite [9]. The fundamental tensor
F = αϕ(β/α) is represented by

gij = ρaij + ρ0bibj + ρ1(biαi + bjαi) + ρ2αiαj ,
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here αi := α−1aijy
j , and

ρ := ϕ(ϕ− sϕ′), ρ0 := ϕϕ′′ + ϕ′ϕ′,

ρ1 := −sρ0 + ϕϕ′, ρ2 := s{−sρ0 + ϕϕ′}.

One can see that

gij = ρ−1{aij − τbibj − ηY iY j}, (2.5)

where bi := aijbj and

η :=
µ

1 + Y 2µ
, µ :=

ρ2
ρ
, Y 2 := 1 + (λ+ ϵ)s+ λϵb2,

Y i := yiα−1 + λbi, λ :=
ϵ− δs

1 + δb2
, ϵ :=

ρ1
ρ2
,

δ :=
ρ0 − ϵ2ρ2

ρ
, τ :=

δ

1 + δb2
.

Let

rij :=
1

2
(bi|j + bj|i), sij :=

1

2
(bi|j − bj|i)

where bi|j represents the coefficients of the covariant derivative of β with
respect to α. Furthermore we define

r00 := rijy
iyj , ri0 := rimy

m, ri := bmrmi,

r0 := riy
i, rij := aimrmj , si0 := simy

m,

sij := aimsmj , si := bmsmi, s0 := siy
i.

Suppose that Gi and Gi
α represent the geodesic coefficients of F = αϕ(s)

and α, respectively. The relationship between Gi and Gi
α, is expressed

as:

Gi = Gi
α + αQsi0 + {−2Qαs0 + r00}

{
Ψbi +Θα−1yi

}
. (2.6)

Here

Q :=
ϕ′

ϕ− sϕ′
,

Ψ :=
ϕ′′

2[ϕ− sϕ′ + (b2 − s2)ϕ′′]
,

Θ :=
ϕϕ′ − s(ϕϕ′′ + ϕ′ϕ′)

2ϕ[ϕ− sϕ′ + (b2 − s2)ϕ′′]
.

For more details, see [9].
As we known that, a Randers metric F = α+ β can be obtained as a

transformation of Riemannian metric α. For a Finsler space (M,F ) and
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a one form β = bi(x)y
i defined on M , one can consider the following

transformation

F → F̃ = F + ϵβ,

where ϵ is a non-zero constant. If F = α and ϵ = 1, then F̃ is a Randers
metric, thus it is called generalized Randers change (G.R.C.) of F .

3. Main results

This section considers the generalized Randers change of exponential
(α, β)-metrics of conformally flat type. They are expressed as

F = α exp(β/α) + εβ,

where ε ̸= 0 is a constant. One can see that, if ∥βx∥ < 1
ε , then F is

positive definite.
The next Lemma is fundamental for the study of (α, β)-metrics of

conformally flat type.

Lemma 3.1. ([1]) For an (α, β)-metric F = αϕ(β/α),

F is locally Minkowskian ⇐⇒ α is parallel w.r.t. α.

Firstly, we study conformally flat G.R.C. of exponential (α, β)-metric
whose mean Landsberg curvature is relatively isotropic. We begin with
a Lemma that computes the mean Cartan torsion corresponding to an
(α, β)-metric.

Lemma 3.2. ([8])Let F = αϕ(β/α) be an (α, β)-metric. Its mean Car-
tan torsion can be expressed as

Ii = − 1

2F

Φ

∆
(ϕ− sϕ′)hi, (3.1)

where

∆ := 1 + sQ+ (b2 − s2)Q′,

Φ := (1 + n∆+ sQ)(sQ′ −Q)− (b2 − s2)(sQ+ 1)Q′′,

Ψ1 :=
√
b2 − s2∆

1
2

[√
b2 − s2Φ

∆
3
2

]′

,

hj := bj − α−1syj .

By combining equation (3.1) with Deicke’s theorem, we obtain the
subsequent lemma.

Lemma 3.3. For an (α, β)-metric F = αϕ(β/α),

F is Riemannian ⇐⇒ Φ = 0.
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Combining relations (2.3) and (3.1), it follows that the mean Lands-
berg curvature corresponding to an (α, β)-metric F = αϕ(s), s = β/α,
can be expressed as

Jj =
1

2α4∆

{
2α3

b2 − s2

[Φ
∆

+ (n+ 1)(Q− sQ′)
]
(s0 + r0)hj

+
α2

b2 − s2

[
Ψ1 + s

Φ

∆

]
(r00 − 2αQs0)hj

+ α
[
− α2Q′s0hj + αQ(α2sj − yjs0) + α2∆sj0

+ α2(rj0 − 2αQsj)− (r00 − 2αQs0)yj

]Φ
∆

}
, (3.2)

where yj := aijy
i. Further information can be found in [8, 16].

Using of (3.1) and (3.2), we get

Jj + c(x)FIj = − 1

2α4∆

{
2α3

b2 − s2

[Φ
∆

+ (n+ 1)(Q− sQ′)
]
(s0 + r0)hj

+
α2

b2 − s2

[
Ψ1 + s

Φ

∆

]
(r00 − 2αQs0)hj + α

[
− α2Q′s0hj

+ αQ(α2sj − yjs0) + α2∆sj0 + α2(rj0 − 2αQsj)

− (r00 − 2αQs0)yj

]Φ
∆

+ c(x)α4Φ(ϕ− sϕ′)hj

}
. (3.3)

Now, consider a conformally flat (α, β)-metric F = αϕ(β/α), de-

fined on a manifold M . By definition, F̃ = eκ(x)F where F̃ is a locally
Minkowski metric on M . Since the metric F = αϕ(β/α) constructed
from α and β, the conformal relation induces corresponding scaled quan-
tities. Consequently

F̃ = α̃ϕ(β̃/α̃),

where

α̃ = eκ(x)α, β̃ = eκ(x)β. (3.4)

From (3.4), we have

ãij = e2κ(x)aij , b̃i = eκ(x)bi.

The Christoffel symbols corresponding to the Levi-Civita connections of
α and α̃ are connected through the relation

Γ̃i
jk = Γi

jk + δijκk + δikκj − κiajk,
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where κi :=
∂κ
∂xi and κi := aijκj . As a consequence, the components of

the covariant derivative of β̃ with respect to α̃, satisfy

b̃i∥j =
∂b̃i
∂xj

− b̃sΓ̃
i
jk = eκ(bi|j − bjκi + brκ

raij). (3.5)

Since F̃ is a locally Minkowski metric, Lemma 3.1 implies that b̃i∥j = 0.
Substituting into the (3.5), yields

bi|j = bjκi − brκ
raij . (3.6)

From (3.6) we obtain

rij =
1

2
(κibj + κjbi)− brκ

raij , rj = −1

2
(brκr)bj +

1

2
κjb

2, (3.7)

ri0 =
1

2
[κiβ + (κry

r)bi]− κrb
ryi, sij =

1

2
(κibj − κjbi), (3.8)

sj =
1

2
(brκr)bj − κjb

2, si0 =
1

2
[κiβ − (κry

r)bi]. (3.9)

Furthermore, we have

r00 = (κry
r)β − (κrb

r)α2, (3.10)

r0 =
1

2
(κry

r)b2 − 1

2
(κrb

r)β, (3.11)

s0 =
1

2
(κrb

r)β − 1

2
(κry

r)b2. (3.12)

Equations (3.11) and (3.12) together imply that, for an (α, β)-metric of
conformally flat type, the condition r0 + s0 = 0 holds. This condition is
equivalent to saying that the length of β with respect to α be constant.

To streamline the subsequent calculations, we choose at any point x
an α-orthonormal basis such that α =

√∑n
i=1(y

i)2 and β = by1, where
b := ∥βx∥α. We then introduce the coordinate change

ψ : (s, vA) −→ (yi),

in TxM , which

y1 =
s√

b2 − s2
ᾱ, yA = vA, A := 2, . . . , n, (3.13)

where ᾱ =
√∑n

i=2(v
A)2. One can see that

α =
b√

b2 − s2
ᾱ, β =

bs√
b2 − s2

ᾱ. (3.14)
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Then, by (3.6)-(3.14) one can obtain

r00 = −bκ1ᾱ2 +
bsκ̄0ᾱ√
b2 − s2

, r0 = −s0 =
1

2
b2κ̄0, (3.15)

rA0 =
1

2

κAbsᾱ√
b2 − s2

− (bκ1)vA, r10 =
1

2
bκ̄0, (3.16)

sA = −1

2
κAb

2, s1 = 0, (3.17)

sA0 =
1

2

κAbsᾱ√
b2 − s2

, s10 = −1

2
bκ̄0, (3.18)

hA = −
√
b2 − s2svA

bᾱ
, h1 = b− s2

b
. (3.19)

where κ̄0 := κAv
A.

We may now proceed to demonstrate the theorem stated below.

Theorem 3.4. Let F = α exp(s) + εβ, s := β/α be an (α, β)-metric
of conformally flat type on an n-dimensional differentiable manifold M ,
(n ≥ 3). Suppose that F has relatively isotropic mean Landsberg curva-
ture. Then F reduces either to a Riemannian or to a locally Minkowski
metric.

Proof. Since b̃i∥j = 0, it follows that b̃ is constant. In the case b̃ = 0, the

relation F = ek(x)α̃ shows that F is Riemannian. Therefore, we suppose
that F is a non-Riemannian (α, β)-metric of conformally flat type that
possesses relatively isotropic mean Landsberg curvature. Using (1.1),
(3.3) and r0 + s0 = 0, we have

α2

b2 − s2

{
Ψ1 + s

Φ

∆

}
(r00 − 2αQs0)hj + α

{
− α2Q′s0hj

+ αQ(α2sj − yjs0) + α2∆sj0 + α2(rj0 − 2αQsj)

− (r00 − 2αQs0)yj
}Φ
∆

− c(x)α4Φ(ϕ− sϕ′)hj = 0. (3.20)

Putting j = 1 in (3.20), yields

α2

b2 − s2

{
Ψ1 + s

Φ

∆

}
(r00 − 2αQs0)h1 + α

{
− α2Q′s0h1

+ αQ(α2s1 − y1s0) + α2∆s10 + α2(r10 − 2αQs1)

− (r00 − 2αQs0)y1
}Φ
∆

− c(x)α4Φ(ϕ− sϕ′)h1 = 0. (3.21)
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By replacing (3.14)-(3.19) into (3.21) and afterward multiplying the re-

sulting relation with −2∆(b2 − s2)3/2 we have

b2ᾱ3

{
2
√
b2 − s2∆

[
bcΦ(ϕ− sϕ′) + Ψ1σ1

]
ᾱ− κ̄0

[
b2ΦQ′(b2 − s2)

+ Φb2(sQ+ 1) + ∆Φb2 − 2Ψ1∆(b2Q+ s)
]}

= 0. (3.22)

From (3.22), we obtain

∆
[
bcΦ(ϕ− sϕ′) + Ψ1κ1

]
= 0, (3.23)

κ̄0
[
b2ΦQ′(b2 − s2) + Φb2(sQ+ 1) + ∆Φb2

− 2Ψ1∆(b2Q+ s)
]
= 0. (3.24)

Since ∆ = Q′(b2−s2)+sQ+1, one can see that (3.24) simplify as follow

(b2Ψ1∆Q+Ψ1∆s)κ̄0 = 0.

This means that

Ψ1∆(b2Q+ s)κ̄0 = 0. (3.25)

Now let j = A in (3.20), thus we obtain

α2

b2 − s2

[
Ψ1 + s

Φ

∆

]
(r00 − 2αQs0)hA + α

[
− α2Q′s0hA

+ αQ(α2sA − yAs0) + α2∆sA0 + α2(rA0 − 2αQsA)

− (r00 − 2αQs0)yA
]Φ
∆

+ c(x)α4Φ(ϕ− sϕ′)hA = 0. (3.26)

By substituting (3.14)-(3.19) into (3.26) and applying the same argu-
ment as in the situation j = 1, while using the identity ∆ = Q′(b2 −
s2) + sQ+ 1, we obtain

(s∆+ s+ b2Q)b2ΦκAᾱ
2 −

[
(s∆+ s+ b2Q)b2Φ

+ 2s(b2Q+ s)Ψ1∆
]
κ̄0vA = 0, (3.27)

s
√
b2 − s2[Φbc(ϕ− sϕ′) + Ψ1κ1]∆vA = 0. (3.28)

It is clear that (3.28) is equivalent to (3.23). Furthermore, multiplying
(3.27) by vA yields

s(b2Q+ s)Ψ1∆κ̄0ᾱ
2 = 0. (3.29)

It is easy to see that (3.29) is equivalent to (3.25). Consequently, we have
demonstrated that an (α, β)-metric of conformally flat type that has
relatively isotropic mean Landsberg curvature satisfies both equations
(3.23) and (3.25).
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If b2Q+ s = 0, then it follows that ϕ = k
√
b2 − s2 for some constant

k. However, this is incompatible with the assumption ϕ = exp(2s)/s.
Therefore b2Q+ s ̸= 0. Consequently, from (3.25) it follows that either
Ψ1 = 0 or κA = 0.

If Ψ1 = 0, then substituting this into (3.23) yields Φ = 0. By Lemma
3.3, this condition implies that F reduces to a Riemannian metric.

When Ψ1 ̸= 0, it follows that κA = 0. Under this assumption , we
show that κ1 = 0 as well. Simplifying (3.23) and then multiplying both
sides by ∆2, we arrive at the following equation{

[−sΦ+ (b2 − s2)Φ′]∆− 3

2
(b2 − s2)Φ∆′

}
κ1

− cb∆2Φ(ϕ− sϕ′) = 0. (3.30)

Let A1 := (s− 1) and A2 := (b2 − s2 − s+ 1). Putting ϕ = exp(s) + εs
into (3.30) and multiplying by 2ϕA3

1A
2
2 and using Maple program, we

obtain

E0 + E1e
s + E2e

2s + E3e
3s = 0, (3.31)

where Ei, (0 ≤ i ≤ 3) are polynomials of s. One can see that

E2 : = κ1ζ1(s) + 2cbζ2(s), (3.32)

E3 : = 2cbζ3(s), (3.33)

where

ζ3(s) : = 2ns7 + 5ns6 − 3(nb2 + n+ 1)s5 − [(9n− 2)b2 + 10n+ 5]s4

+ [2(3nb2 + 6n+ 5)b2 + 5n+ 5]s3 + [(3n− 4)b4 + (9n+ 2)b2

+ 6n+ 5]s2 − [(2nb4 + 9nb2 + 7b2 + 12n+ 12)b2 + 5n+ 5]s

+ (n+ 2)b6 + (3n+ 5)b4 + (3n+ 4)b2 + n+ 1,

ζ2(s) : = (1− 5n)s8 + (1− 14n)s7 + [(15n− 3)b2 + 4n+ 4]s6

+ [(27n− 6)b2 + 28n+ 13]s5 − [3(5n− 1)b4 + 6(4n+ 3)b2

+ 5n+ 5]s4 − [3(4n− 3)b4 + 3(11n+ 4)b2 + 20n+ 17]s3

+ [(5n− 1)b6 + 3(7n+ 5)b4 + 24(n+ 1)b2 + 8n+ 8]s2

− [(n+ 4)b6 + 3(2− n)b2 − 2n− 2]s− (n+ 1)[b6 + 3b4 + 3b2 + 1],

ζ1(s) : = (12− 9n)s5 + 3[2(n− 2)b2 − 3]s4 + 2[(7n− 5)b2 + 8n+ 5]s3

− [8(n− 2)b4 + (17n− 1)b2 + 11n+ 11]s2 − [(n− 2)b4

− 2(n− 4)b2 − 2n− 2]s+ (n− 2)(2b2 + 3)b4 + (n+ 1)b2.

We see that ζj(s) ̸= 0, (1 ≤ j ≤ 3). From (3.31) it follows that Ei =
0, (0 ≤ i ≤ 3), and using (3.32) and (3.33), we obtain that c = κ1 = 0.
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Since κ1 = κA = 0, the function κ must be constant. Consequently,
the metric F is locally Minkowskian. □

Now, we study the weak Einstein conformally flat G.R.C. of exponen-
tial (α, β)-metrics.

The formula for Ricci curvature of an (α, β)-metric of conformally flat
type has been obtained in [4]. In fact, the subsequent Lemma holds.

Lemma 3.5. Suppose that F = αϕ(s), s := β/α be an (α, β)-metric

of conformally flat type defined on a manifold M . Thus, F = eκ(x)F̃ ,
where F̃ = α̃ϕ(β̃/α̃) is a locally Minkowski metric and κ(x) is a scalar
function on M . In this case, the Ricci curvature of F is expressed as

Ric =c1∥∇κ∥2α̃α̃2 + c2κ
2
0 + c3κ0fα̃+ c4f

2α̃2

+ c5f1α̃+ c6α̃
2 + c7κ00. (3.34)

where

c6 : = c61ã
ijκij + c62f2,

c61 : = − ϕ

ϕ− sϕ′
,

c62 : =
ϕϕ′′

(ϕ− sϕ′)
[
(ϕ− sϕ′)(b2 − s2)ϕ′′

] .
and ∥∇κ∥2α̃ := ãijκiκj , f := b̃iκi, f1 := b̃iyjκij , f2 := b̃ib̃jκij. Here
c1, c2, c3, c4, c5, c7 are the functions depending on the variable s and are
independent of α̃, κ0, κ00, f, f1, f2, ã

ijκij.

In this time, we suppose that F = α exp(s) + εβ be a weak Einstein
metric of conformally flat type and show that F is Ricci-flat.

Lemma 3.6. Suppose that F = α exp(s) + εβ, s := β/α, be a weak
Einstein metric of conformally flat type on a manifold M of dimension
n ≥ 3, with ε ̸= 0 a real constant. Then F is Ricci flat.

Proof. Since F is a weak Einstein (α, β)-metric of conformally flat type,
equations (1.2) and (3.34) imply that

(n− 1)
(3θ
F

+ σ
)
F 2 =c1∥∇κ∥2α̃α̃2 + c2κ

2
0 + c3κ0fα̃+ c4f

2α̃2

+ c5f1α̃+ c6α̃
2 + c7κ00. (3.35)

We use the same coordinate transformation introduced in Theorem
3.4, for α̃ and β̃. In fact, we choose at any point x an α̃-orthonormal
basis such that α̃ =

√∑n
i=1(y

i)2 and β̃ = b̃y1, where b̃ := ∥β̃x∥α̃. We
then introduce the coordinate change

ψ : (s, vA) −→ (yi),
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in TxM , which

y1 =
s√

b2 − s2
ᾱ, yA = vA, A := 2, . . . , n,

where ᾱ =
√∑n

i=2(v
A)2. Under this transformation, we obtain

α̃ =
b̃√

b̃2 − s2
ᾱ, β̃ =

b̃s√
b̃2 − s2

ᾱ.

Thus

F = exp(κ)α̃ϕ(s) =
exp(k)b̃√
b̃2 − s2

ᾱϕ(s),

f = κ1b̃, f1 =
b̃sκ11√
b̃2 − s2

ᾱ+ b̃κ̄10,

f2 = b̃2κ11, θ =
t1s√
b̃2 − s2

ᾱ2 + t̄0, (3.36)

where t̄0 := Σn
A=2tAu

A.
Using (3.36), the Eq. (3.35) is equivalent with two following equa-

tions.[
c1b̃

2∥∇κ∥2ᾱ + c2κ
2
1s

2 + c3b̃
2κ21s+ c4κ

2
1b̃

4 + c5κ11b̃
2s+ (c61δ

ijκij

+ c62κ11b̃
2)b̃2 + c7κ11s

2
] ᾱ2

b̃2 − s2
+ c2κ̄

2
0 + c7κ̄00

=
(n− 1)eκ(3t1b̃s+ σeκb̃2ϕ)

b̃2 − s2
ᾱ2ϕ, (3.37)

(2c2s+ c3b̃
2)κ1κA + (c5b̃

2 + 2c7s)κ1A = 3(n− 1)eκtAb̃ϕ. (3.38)

Let A1 := (s− 1), A2 := (b̃2 − s2 − s+ 1). Putting ϕ(s) = exp(s) + εs

and multiplying (3.37) by e2sA3
1A

4
2ϕ

2(b̃2− s2) and using Maple program
we get

D0 +D1e
s +D2e

2s +D3e
3s +D4e

4s +D5e
5s +D6e

6s = 0, (3.39)

where Di, (0 ≤ i ≤ 6) are polynomials of s, specially we have

D5 := (n− 1)sb̃(4e2κεb̃σ + 3eκt1)A
3
1A

4
2ᾱ

2, (3.40)

D6 := (n− 1)b̃2(e2κσ)A3
1A

4
2ᾱ

2. (3.41)

Thus Di = 0, (0 ≤ i ≤ 6), and therefore from (3.40) and (3.41) we
conclude that σ = t1 = 0.

Similarly, multiplying (3.38) with esA1A
4
2ϕ

2 and using Maple program
we get

F0 + F1e
s + F2e

2s + F3e
3s + F4e

4s = 0, (3.42)
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where Fi, (0 ≤ i ≤ 4) are polynomials of s. Therefore Fi = 0, (0 ≤ i ≤
4) and since

F4 := −6(n− 1)b̃A1A
4
2e

κtA, (3.43)

thus we get tA = 0. From t1 = tA = 0, it follows that θ = 0 and therefore
Ric = 0. □

Now, we consider weak Einstein G.R.C. of exponential metrics of
conformally flat type and prove the subsequent Theorem.

Theorem 3.7. Suppose that F = α exp(s) + εβ, s := β/α be a weak
Einstein (α, β)-metric of the conformally flat type defined on a manifold
M of the dimension n ≥ 3, with ε ̸= 0 a real constant. Then F is either
a Riemannian or a locally Minkowskian metric.

Proof. We assume that b̃ ̸= 0. Since t1 = σ = 0, Eq. (3.37) is reduced
to [

c1b̃
2∥∇κ∥2ᾱ + c2κ

2
1s

2 + c3b̃
2κ21s+ c4κ

2
1b̃

4 + c5κ11b̃
2s

+ (c61δ
ijκij + c62κ11b̃

2)b̃2 + c7κ11s
2
] ᾱ2

b̃2 − s2

+ c2κ̄
2
0 + c7κ̄00 = 0, (3.44)

Multiplying (3.44) by e2sA3
1A

4
2ϕ

2(b̃2 − s2) and using Maple program we
have

E0 + E1e
s + E2e

2s + E3e
3s + E4e

4s = 0, (3.45)

where Ei, (0 ≤ i ≤ 4) are functions of s which are independent of es.
Thus Ei = 0, (0 ≤ i ≤ 4).

One can see that

E0 := N14s
14 +N13s

13 + · · ·+N1s+N0, (3.46)

where Ni (0 ≤ i ≤ 14), are functions independent from s and

N14 : = ε4b̃2[(κ21 − ∥∇κ∥2ᾱ)ᾱ2 + κ̄20],

N0 : = 6ε4(n− 1)b̃6(b̃2 + 1)2κ̄20.

Thus Ni = 0, (0 ≤ i ≤ 14). From N0 = 0, we get

κA = 0, (3.47)

thus

∥∇κ∥2ᾱ = 0. (3.48)

Substituting (3.47) and (3.48) in N14 = 0, we obtain κ1 = 0. From
κ1 = κA = 0, we have that κ is constant. Consequently, the metric F is
locally Minkowskian. □
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4. Conclusion

In This paper, we study conformally flat G.R.C. of exponential met-
rics that have either relatively isotropic mean Landsberg curvature or
weak Einstein metrics. We prove that such metrics are either locally
Minkowskian or Riemannian metrics. Thus, we extended well-known
results about some (α, β)-metrics such as Randers, Kropina, Matsumoto
and exponential metrics of conformally flat type to a transformation of
exponential metrics.
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