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ABSTRACT. This study presents a comprehensive exploration of
Sheffer stroke BE-algebras (SBE-algebras), delving into fundamen-
tal concepts, definitions, and associated results. We introduce the
concept of transitive SBE-algebras, examining their properties and
characterizing SBE-filters. Additionally, implicative SBE-filters are
introduced, demonstrating their equivalence to SBE-filters and ex-
ploring their fundamental properties on transitive SBE-algebras.
Moreover, the concept of positive implicative SBE-filters is intro-
duced and its equivalence with both SBE-filters and implicative
SBE-filters is established on transitive SBE-algebras.
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1. INTRODUCTION

H. M. Sheffer introduced the concept of the Sheffer operation, also
referred to as the Sheffer stroke, in 1913 [4]. He illustrated in that
all Boolean functions could be derived from a single binary operation
as term operations [18]. Furthermore, it has been demonstrated that
this principle extends not only to ortholattices but also to lattices with
antitone involution.

The Sheffer stroke, also referred to as the NAND operator, signifies
the negation of a conjunction and stands out as one of the two opera-
tors capable of independently forming a logical formal system, without
requiring additional logical operators. There is considerable interest in
uncovering straightforward axiom systems for diverse algebras and log-
ics, with simplicity measured by the minimal number of axioms within
a given system. In line with this pursuit, Oner and Senturk introduced
Sheffer stroke basic algebras as an innovative approach to consolidat-
ing basic algebras into a unified single operation [11]. These pioneer-
ing advancements lay the groundwork for refined reasoning mechanisms
and establish a fundamental algebraic framework applicable across var-
ious domains, offering avenues for reductions in a wide array of alge-
braic structures such as BCK-algebras, MV-algebras, Wajsberg alge-
bras, MTL-algebras and etc [15, 16]. The P-Sheffer stroke defined on a
partially ordered set serves as a foundation for generating various fuzzy
logic operations and implications, offering practical applications in fuzzy
reasoning and real-life decision-making problems [L(].

The concept of BE-algebra was originally introduced by H.S. Kim
and Y.H. Kim as a generalization of a dual BCK-algebra. They pro-
vided definitions for a filter and an upper set on this algebraic structure
[8]. Ahn and So subsequently defined ideals on BE-algebras and offered
various characterizations of these ideals [2, B]. Additionally, Ahn and So
extended the concept of upper sets in BE-algebras and examined certain
properties of the characterizations of generalized upper sets concerning
the structure of ideals in transitive and self-distributive BE-algebras.
More recently, in 2012, Ahn, Kim, and Ko introduced the concept of
a terminal section of BE-algebras. They provided several characteriza-
tions of commutative BE-algebras in relation to lattice-ordered relations
and terminal sections [1]. Rezaei and Saeid introduced a definition of
regular congruence relation to construct quotient BE-algebras from self-
distributive BE-algebras and also introduced commutative ideals in BE-
algebras with several properties [13, [14]. Furthermore, Rao examined
prime filters of commutative BE-algebras [12], and Ciungu examined
commutative pseudo BE-algebras [§]. N. Chunseei P. Julatha and A.
lampan study fuzzy set approaches to ideal on Sheffer stoke BE-algebras
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[7]. In alignment with these studies, investigations into congruences and
filters extend to Sheffer stroke reducts algebras, as discussed in [17].

In this paper, we delve into the properties of transitive SBE-algebras
and provide characterizations of SBE-filters, highlighting their essential
properties and noteworthy findings. Additionally, we introduce implica-
tive SBE-filters and explore their fundamental properties and associated
results. By establishing connections among these filters, we construct
bridges that contribute to theoretical advancements. The empirical con-
tributions of this paper include introducing the concept of (positive)
implicative SBE-filters, which will benefit researchers across various sci-
entific domains requiring the concept of filters. Moreover, we present a
theoretical framework for (positive) implicative filters, facilitating their
adaptation to various algebraic structures. In Section 2, we offer a thor-
ough review encompassing essential concepts, fundamental definitions,
lemmas, and associated results concerning Sheffer stroke BE-algebras.
Additionally, we revisit the concept of filters within the context of this
study. In Section 3, we introduce the concept of transitive SBE-algebra.
We explore various properties of this algebraic structure and provide
a characterization of SBE-filters. We present several equivalent condi-
tions for these filters and define the congruence concept, demonstrating
that [1¢] is an SBE-filter. Additionally, we investigate fundamental rela-
tionships between filters and congruences. Moreover, we illustrate that
SBE-filters coincide with a congruence kernel. In Section 4, we present
the concept of implicative SBE-filters. We demonstrate that each im-
plicative SBE-filter is indeed an SBE-filter. Additionally, we examine
various properties of implicative SBE-filters on transitive SBE-algebras.
We illustrate that SBE-filters coincide with implicative SBE-filters on
transitive SBE-algebras. Furthermore, we investigate fundamental rela-
tionships between SBE-filters and implicative SBE-filters. In Section 5,
we introduce the concept of positive implicative SBE-filter. We demon-
strate that a positive implicative SBE-filter is indeed an SBE-filter. Ad-
ditionally, we provide a condition for proving the other direction of the
previous assumption. Finally, we establish that SBE-filter, implicative
SBE-filter, and positive implicative SBE-filter are equivalent to each
other on transitive SBE-algebras.

2. PRELIMINARIES

We recall some basic definitions and results that are necessary in the
sequel.

Definition 1 ([9]). Let S =< S, 0 > be a groupoid. The operation o on
S is said to be a Sheffer operation (or Sheffer stroke) if it satisfies the
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following conditions:

(S1) pog=gqop,

(52) (pop)o(poq)=p,

(S3) po((gor)o(gor)) =((pog)o(pog))or,

(54) (po((pop)o(goq)))o(po((pop)o(goq))) =np.
for all p,q,r € S.

Definition 2 ([9]). A Sheffer stroke BE-algebra (shortly, SBE-algebra)
is a structure (S;o0,1) of type (2,0) such that 1 is the constant in S, o
is a Sheffer operation on S and the following axioms are satisfied for all
p,q,r €S-

(SBE-1) po (pop)

—1,
(SBE-2) po((qo(ror

))olge(ror)))=go((po(ror))o(po(ror)).

Proposition 3 ([9]). Every SBE-algebra (S, o, 1) satisfies the following
items.

(VpeS)(po(lol)=1). (2.1)
(Vp€S)(Lo(pop)=p). (2.2)
(Vp,g € S)(po((go(pop))e(go(pop)))=1). (2.3)
(Vp,g € S)(po(((polgoq))o(goq))o((po(goq))o(goq))) = 1)2-4)
(VpeS)((pol)o(pol)=p). (2.5)

(Vp,g € S) (po((pog)o(pogq)) =pog=((pog)o(pog))oq).
Definition 4 ([9]). An SBE-algebra (5, o, 1) is said to be
o commutative if it satisfies:
(Vp.g;m € S)((po(goq))o(goq)=(qo(pop))o(pop). (28)

o self-distributive if it satisfies:

(Vp7q7r€5)(pO((QO(TOT))O(qO(TOY’)))=(po(QOQ))0((130(7'(;8)0(1)0(7'07’))))-

In an SBE-algebra (S, o, 1), a binary relation “=<” is defined by
(Vp,q € S)(p=q & polgoq) =1). (2.10)

The relation is not a partial order on S since it is only reflexive by
(SBE-1).
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Proposition 5 ([9]). Every SBE-algebra (S, o, 1) satisfies the following

items.

(Vp,qe S)( Ifp=<gq, thenqgog=pop). (2.11)

(Vp.g € 5)(p 2 (go(pop))). (2.12)

MpeS)(1=<p = p=1). (2.13)

(Vp,q € S)(p = (go(pop))o(pop)). (2.14)

(Vp,g€S)(p = (po(goq))olgoq)). (2.15)

(Vp,q € S)( If S is self-distributive, then p < q implies gor <por).
(2.16)

(Vp,q € S) ( If S is self-distributive, then go (ror) = (ro(p op))(o (((7])0 (pop))o(qo(pop)))).
2.1

Definition 6 ([9]). A non-empty subset F' of an SBE-algebra (S, o, 1)
is called an SBE-filter of (S, o, 1) if it satisfies:

1€ F, (2.18)
(Vp,qe S)(pe F,po(qoq) €F = q€F). (2.19)

Lemma 7 ([9]). Let S be an SBE-algebra. Then a non-empty subset
F C S is an SBE-filter of S if and only if for all p,q € S

(i)p€ F and q € F imply (poq)o(pogq) € F

(it) p € F and p < q imply q € F.

3. ON SBE-FILTERS

In this section, we study some properties of transitive SBE-algebra
and we characterize SBE-filters. We prove that SBE-filters and congru-
ence kernels coincide in a transitive SBE-algebra.

Theorem 8. Let o be a Sheffer operation on a non-empty set S with
constant 1 satisfying (SBE-1). Then the following are equivalent.
(SBE-2) po (g (ror))o (g0 (ror)) = go ((po (ror) o (po (ror))).
(SBE-3) po((qo(ror))o(ge(ror))) =po((ge((pe(ror))e(po(ro
r)))e(go((po(ror))oe(po(ror))))).
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Proof. (SBE-2) = (SBE-3): Assume (SBE-2). Let p,q,r € S and
A=po(ror). Then

pol{go (4o A)}o{go(AoA)
2 [(poq)o(pog)o(Aod)
:) [(qop) (gop)lo(AcA)
{po(AoA)}ofpo(doA)]

of
:3 o[{l[lpop)o(pop)lo(ror)to{l(pop)o(pop)o(ror)}
E golworor)opolron)
(SEE-2) o[(go(ror))o(go(ror))]

(SBE-3) = (SBE-2): Assume (SBE-3). Let p,¢,7 € S and A =
po (ror). Then

pollge(ror))o(go(ror))
pol{go(AoA)}o{go(AoA)}
2 pollilgop)o(gop)o(ror)]ol((gop)o(gop)o(ror)]

2 [(pof{(gop)o(gop)})o(po{(gop)o(gop)})o(ror)

(SBE-3)

{lpeog)o(pog)opto{l(pog)o(pog)lop}o(ror)

[

[{[(gop)o(gop)lop}to{l(gop)o(gop)op}to(ror)
{gol(pop)o(pop)lfo{go((pop)o(pop))}te(ror)
[

(gop)o(gop)lo(ror)

(

3
()
(5
(52)
53)

gol(po(ror))o(po(ror))
(]

Theorem 9. Let S be an SBE-algebra. Let F' be a non-empty subset of
S satisfying the following conditions:

(Vp,qe S)(pe S and q € F imply po(qoq) € F), (3.1)
(Vp,a,b € S)(p € S,a,be F imply (ao((bo(pop))o(bo(pop)))) E) (p)op) €F).
3.2

Then F' is an SBE-filter of S.
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Proof. Let F be a non-empty subset of S satisfying (@) and (@) Then
1 € F. Hence () holds. Let p € F and po (qoq) € F. Then

PropositionB(3 SBE—-1
P 1o(goq) P2 [(polgoa))odp o (a0 1)) o (Do (g0 9)Ho(goq) € F
and hence () holds. Therefore F' is an SBE-filter of S. O

Theorem 10. If S is an SBE-algebra and F' is an SBE-filter of S, then
F satisfies (@) and (@)

Proof. Let F be an SBE-filter of S. Let a € F and p € S. Then, by
Proposition E(B),

ao((po(aca))o(po(aca)))=1.
Since 1 € F and a € F, it follows from the filter condition () that
po(aca)€F.
Hence, F' satisfies (@) Let a,b € F and p € S. Set
A= (bo(pop))o(bo(pop)).
Then, by Proposition a(), we have
ao(((aoA)oA)o((aoA)oA))=1.
Since 1 € F and a € F, applying the filter condition (), we obtain
(aoA)oA€EF.
Now using (SBE-3), we get
bo(((acA)e(pop))o((acA)o(pop))) =bo(((acA)oA)o((acA)oA)).

}BIy (@) and (acA)oA € F, we have bo(((acA)oA)o((acA)oA)) € F.

bo(((acA)o(pop))o((acA)o(pop)))€F.
Since b € F, again applying (), we conclude that

(aoA)o(pop) € F.
Substituting back A, we obtain
(@o((bo(pop))o(bo(pop))))e(pop) € F.
Hence, F' satisfies (@) Therefore, F' satisfies both (@) and (@) O

Theorem 11. Let F' be a non-empty subset of S. Then F is an SBE-
filter of S if and only if for every a,b € F andp € S, ao ((bo(pop))o
(bo(pop))) =1 impliesp € F.
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Proof. Suppose F' is an SBE-filter of S and a,b € F,p € S such that

o((bo(pop))o(bo(pop))) =1. By (@), we have ao ((bo(pop))o(bo
(pop))) € F. Then, by (%), we obtain p € F. Conversely, assume that
the condition holds. Let a € F. Then ao((ao(lol))o(ao(lol))) =1
implies 1 € F. Suppose po (goq) € F and p € F. Then po [((po (go
q))o(goq))o((po(qgoq))o(goq))] =1 implies ¢ € F. Hence F is an
SBE-filter of S. O

Lemma 12. Let F be an SBE-filter of S. Then (ao (pop))o(pop) € F
forallae F andp € S.

Proof. Since F' is an SBE-filter of S, 1 € F and F 5at1sﬁes (@) by
Theorem @ Ifb=11in (@) then, by Proposition E ), (ao(pop))o
(pop)€ Fforalla€e FandpeS. O

Proposition 13. A non-empty subset F' of an SBE-algebra S is an SBE-
filter of S if and only if it satisfies (i)1 € F (ii) po((go(ror))o(go(ror))) €
F,q € F impliespo (ror) € F for all p,q,r € S.

Proof. Suppose F' is an SBE-filter of S. Then 1 € F. Let p,q € S be
such that po((go(ror))o(go(ror))) € F and g € F. Then, by (SBE-2),
go((po(ror))o(po(ror)))=po((go(ror))o(go(ror))) € F. Since
q € F and F is an SBE-filter of S, we have (po(ror))o(po(ror)) € F.
Now, 1 € Fland 1o (po(ror)) =1o(((po(ror))o(po(ror)))e((po(ro
r))o(po(ror)))) = (po(ror))o(po(ror)) € F implies that po(ror) € F.
Conversely, assume that the conditions hold. Let p,q € S be such that

po(goq) € Fandp € F. Then 1o((po(gog))o(po(goq))) = po(qoq) € F
and p € F and hence, by (ii), g=10(qoq) € F. O

Theorem 14. Let (S,0,1) be an SBE-algebra. Then, for all p,q,r € S,
the following are equivalent.

(1) po(gogq) 2 (ro(pop))o((ro(gog))o(ro(goq)))
(2) po(goq) X (qo(ror))o((po(ror))o(po(ror))).
Proof. Let p,q,7 € S.

(1) = (2): Assume (1). Then, by (SBE-2) and (1), po(goq)o (((go(r
r))o((po(ror))o(po(ror))))o((go(ror))o((p (7“0 ))e(po(ror)))))
go(ror)o(((po(goq))o((po(ror))o(po(ror))))o((polgog))o((p
(ror))o(po(ror))))) =1

(2) = (1): Assume (2). Then, by (SBE-2) and (2), po(goq)o (((ro(p
p))o((ro(geq))e(ro(geg))))o((ro(pop))e((ro(gegq))o(ro(geq)))))
ro(pop)o(((po(goq))o((ro(gog))o(ro(gog))))o((polgoq))o((r
(gog))o(ro(goq))))) =1

Definition 15. an SBE-algebra (S,0,1) is said to be transitive if it
satisfies

o||o

o}

Doll

po(goq) = (go(ror))o((po(ror))o(pe(ror)))
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for all p,q,r € S.

Example 1. Let S = {0,1,2,3,4,5} be a set with binary operation o
given in the following table:

o0 1 2 3 4 5
013 3 3 111
113 540 21
213 4 4111
3101 0 21
411 2 1 2 2 1
511 1 1 1 1 1

Then (S, o, 1) is a transitive SBE-algebra.

Theorem 16. In a transitive SBE-algebra (S,0,1), for all p,q,7 € S,
the following conditions hold:

(1) p=xq impliesro(pop) <ro(qoq).

(2) po(goq) 2 (qo(ror))o(po(ror)).

(3) p =< q implies qo (ror) <po(ror).

(4) ((po(gog))o(gog))o(ror) Zpo(ror).

(5) p=qand q=2r implyp <r.

Proof. Let (S, o, 1) be a transitive SBE-algebra and ,rE€S.

1). Suppose p = q. Then po (qoq) = 1. Hence, by ﬁ) and Theorem
(ro(pop))o((ro(goq))o(ro(goq))) = 1o(((ro(pop))o((ro(gog))o(ro
))))e((ro(pop))o((ro(geq))e(ro(geq))))) = (po(goq))o(((ro(po

=

—

s
o

Q

p))o((ro(goq))o(ro(goq))))o((ro(pop))o((ro(gog))o(ro(goq))))) = 1.
]g?)T(fO(qoq o(((go(ror))o(po(ror)))o((go(ror))o(po(ror)))) =1
v Theorem

3). Suppose p < ¢. Then po (go
o

q) = Hence, by (@) and Theorem
(go(ror))o((po(ror))o(po(ror))

) =1o(((go(ror))o((po(ror))o(pe
r))))e((go(ror))o((po(ror))o(po(ror))))) = (po(goq))o(((go(ro
o((po(ror))e(po(ror))))o((qo(ror))e((pe(ror))e(po(ror))))) =1.
-po(((pelgoq))o(geoq))e((pelgeog))olqgoq))) = (polgeq))e((pe
oq))o(po(goq))) =1.Hencep < ((po(goq))o(goq)). Therefore,
3), ((pe(geq))olgog))o(ror) Ipo(ror).

). Suppoieaﬁjqandqu. Then po(gog) =1and go (ror) =1.
Hence, by (R.1)) and Theorem [14, po(ror) = 1o((po(ror))o(po(ror))) =
(qo(ror)o((po(rom)o(po(ror))) = Lo(((go(ror))e (po (ror)) o (po
(ror))))o((go(ror))o((po(ror))e(po(ror))))) = (polgeoq))o(((go(ro
P)o((po(ror))o(pe(ror)))o((o(ror))o((pe (ror))o(po(rom))) =

1.
Hence p < r. U

e

—~ T —~
S NS
\_/\_/O

e}
e}
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Let 6 be a binary relation on an SBE-algebra (S, o, 1). We denote
{pe S| (p,1) €6} by [l]yp. If 0 is a congruence relation on S then [1]y
is called a congruence kernel.

Lemma 17. If 0 is a congruence relation on S, then kernel [1]g is an
SBE-filter of S.

Proof. Clearly 1 € [1]g. Suppose p € [1]p and po (qoq) € [1]p. Then

(p,1) €0, (po(gog), 1) € § and hence (po(qoq), q) = (po(goq), 1o(goq)) €
0. By symmetry of 0, (¢,po (qoq)) € §. Therefore, by transitivity of 6,

we obtain (g, 1) € 6 proving q € [1]y. O

The converse is not true in general. We demonstrate this with the
following counterexample.

Example 2. Consider the SBE-algebra S in Example B Define the
equivalence relation:

¢ ={(p,p) Ip€S}U{(0,1),(1,0),(0,2),(2,0),(1,2),(2,1)}
with equivalence classes [0] = [1] = [2] = {0,1,2} and [3] = {3}, [4] =
{4}, 5] = {6}. [1]y = {0,1,2} is an SBE-filter of S. But ¢ is not
congruence relation on S since the substitution property fails. Take
(0,1) € ¢ and (0,1) € o'. Then,
0o0=3 and lol=5.

But (3,5) ¢ o. Therefore, [1]y is an SBE-filter of S but o' is not a
congruence relation on S

Example 3. Consider the SBE-algebra S in Example B We can observe
that the equivalence relation

0 ={(0,0),(1,1),(2,2),(3,3),(4,4),(5,5), (0, 1), (1,0),(0,2), (2,0), (1,2), (2, 1),

(37 4)7 (47 3)’ (37 5)7 (57 3)’ (4’ 5)(5’ 4)}
is a congruence relation on S and the kernel [1]g = {0, 1,2} is an SBE-
filter of S.

Theorem 18. Let (S, o, 1) be a transitive SBE-algebra. Then every
SBE-filter F' of S is a kernel of a congruence O given by

(p,q) € 0F if and only if po(qoq) € F and gop € F.
Moreover, OF is the greatest congruence on S having the kernel F.
Proof. Let F be an SBE-filter of S. Since 1 € F', we have 0 is reflexive.
Clearly 0 is symmetric. We prove transitivity of 6r. Let (p,q) € OF
and (q,7) € p. Then po(goq),qo(pop),qo(ror),ro(qgoq) € F. Since

S is transitive, we have (go (ror))o((po(ror))o(po(ror))) € F.
Therefore po (ror) € F. Similarly, we can prove that ro (pop) € F.
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Thus (p,r) € . Now, we prove the substitution property of 0. Let
(p,q) € O and (u,v) € Op. Then po(qoq), go(pop), uo(vov), vo(uou) € F
and hence (vov)o((uou)o(uou)) = (vov)ou € F. Since S is transitive
and F is SBE-filter of S, we have (po((vowv)o(vow)))o((po((uou)o(uo
w))o (po (o) o (wou)))) = (pov)o (pou) o (pow) € F. Similarly,
we can prove that (powu)o((pov)o(pov)) € F. Hence (pou,pov) € Op.
Also (gogq)o((pop)o(pop)) =(goq)op € F. Since S is transitive and
F is SBE-filter of S, we have (vo ((gog)o(gogq)))o((vo((pop)o(po
p)))o(vo((pop)o(pop)))) = (vog)o((vop)o(vop)) € F. Similarly,
we can prove that (vop)o((vog)o(vogq)) € F. Hence (qov,pov) € Op.
By transitivity of 6z, we conclude (p o u,qov) € Op. Thus Op is a
congruence relation on S.

If pe Fthen lo(pop)=p€ Fand po(lol)=1¢€ F. Therefore
(p,1) € Op, ie., p € [1]p,. Conversely, let p € [1]g,.. Then (p,1) € Op
and hence p = 1o (pop) € F which shows that F' = [1]g,.. Thus F is
the kernel of the congruence 0. Finally, if ¢ is a congruence relation
on S such that [1], = F' then, for (p,q) € ¢, we have (po(goq),1) =
(po(goq),qo(goq)) € ¢ and (go(pop),1) = (go(poa),qo(goq)) € ¢.
Thus po (qoq) € F and go (pop) € F which gives (p,q) € 0. Hence
1 C Op i.e., Op is the greatest congruence relation of S having the kernel
F. U

The following example shows that SBE-filters need not be congruence
kernels:

Example 4. Let S ={0,1,2,3,4,5,6,7,8,9,10,11} be a set with binary
operation o given in the following table:

o0 1 2 3 4 5 6 7 8 9 10 11
0|5 5 8 1 8 1 11 1 8 5 1
1/5 6 3 2 7 0 14 9 8 11 10
218 3 3 1 3 10 1 1 10 8 &8 10
3|12 1 2 1 1 14 2 1 2 1
418 7 3 1 7 100 1 1 10 8 8 10
51 0 10 1 10 0 1 1 O 1 1 10
6/1 1 1 1 1 1 11 1 1 1 1
7T/1 4 1 4 1 1 1 4 4 1 4 1
8|1 9 10 2 10 0 1 4 9 1 2 10
98 8 8 1 8 1 1 1 1 8 8 1
1015 11 8 2 8 1 1 4 2 8 11 1
11|11 10 10 1 10 10 1 1 10 1 1 10

Then (S, o, 1) is a SBE-algebra. But it is not a transitive since (0o (20
2))o{[(30(000))o (30 (202))0 (30 (202)))] o [(32 (000)) o (30 (202))o
(30(202)))]}1o{(10(202))0(1l0(202))} =10(202) =103 =2 # 1.
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Clearly, F = {1,2,4,5,8,11} is an SBE-filter of S. Let (5,4) € 0 for
some congruence relation 8 on S. As 0 is reflexive, we have (0,0) € 6.
Using compatibility of congruence, (1,8) = (005,004) € 6 and hence
8 e [l)g #{1,2,4,5,8,11} = F.

We conclude this section with the following

Theorem 19. Let (S, o, 1) be a transitive SBE-algebra. Then SBE-
filters of S coincide with congruence kernels.

4. IMPLICATIVE SBE-FILTERS

In this section, we define the notion of an implicative SBE-filter of
an SBE-algebra and study its properties. We establish the relationship
between SBE-filter and implicative SBE-filter. We provide conditions
for the trivial SBE-filter to be an implicative SBE-filter. We show that
every SBE-filter is an implicative SBE-filter in a transitive SBE-algebra.

Definition 20. A subset F' of an SBE-algebra S is called an implicative
SBE-filter of S if it satisfies (2.18) and for all p,q,r € S, if
po((go(ror))o(go(ror))) €F, po(goq) € F then po(ror) € F.

(4.1)
Example 5. Let S = {0,1,2,3,4,5} be a set with binary operation o
given in the following table:

o0 1 2 3 4 5
013 3 3 1 11
113 4 5 0 1 2
213 55 1 11
3|1 01 0 1 2
411 1 1 1 1 1
51 2 1 2 1 2
Then (S, o, 1) is a SBE-algebra. Then F = {0,1,2} is an implicative

SBE-filter of S.

We establish the relationship between implicative SBE-filters and
SBE-filters.

Theorem 21. In an SBE-algebra, every implicative SBE-filter is an
SBE-filter.

Proof. Let F' be an implicative SBE-filter of an SBE-algebra S. Let
p,q € S be such that po (¢goq) € F and p € F. If we gubstitute
p, ¢ and r with 1, p and ¢ respectively in (@) and use (R.2), then
1o((po(qoq))ﬁo(qoq))) =po(gog)€e Fand lo(pop)=p€ F.
It follows from (K.1)) that ¢ = 10 (go q) € F. Hence F is an SBE-filter
of S. O
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The following example shows that the converse of Theorem @ is not
true in general.

Example 6. Let S ={0,1,2,3,4,5,6,7,8,9,10,11,12,13} be a set with
binary operation o given in the following table:

o0 1 2 3 4 5 6 7 8 9 10 11 12 13
0/j3 311 3 3 1 1 11 3 1 1 3
113 6 7 0 8 9 1 2 4 5 11 10 13 12
2/ ¢ 71 v 7 11 11 7 1 1 7
3|1 0 1 0 10 10 1 13 4 5 4 10 13 1
413 8 7 10 8 8 1 10 1 1 12 10 10 12
513 9 7 10 8 9 1 10 1 1 12 10 10 12
6/1 1 1 1 1 1 1 1 11 1 1 1 1
711 2 1 13 10 10 1 2 4 5 4 10 13 1
8|1 4 1 4 1 1 1 4 45 4 1 4 1
991 5 1 5 1 1 1 5 5 5 5 1 5 1
1013 11 7 4 12 12 1 4 4 5 11 1 4 12
111 10 1 10 10 10 1 10 1 1 1 10 10 1
1211 13 1 13 10 10 1 13 4 5 4 10 13 1
313 12 7 1 12 12 1 1 1 1 12 1 1 12

Then (S, o, 1) is a SBE-algebra. Then F = {1,4,5} is an SBE-filter of
S. But F is not an implicative SBE-filter of S since 0o [(20 (303)) o
(20(303)))] =00[(200)0(200)] =00(lol)=006=1¢€ F and
00(202)=007=1€F but00(303)=000=3¢F.

In an SBE-algebra S, consider the following condition:

(Vp,q,mr € S)(po((go(ror))o(go(ror)) € F = (po(qoq))o(EZ;)(TOT))O(JJO(TOT))) EF).

The following example shows that an SBE-filter of S may not satisfy
the condition (@)
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Example 7. Let S = {0,1,2,3,4,5,6,7,8,9,10,11,12,13} be a set with

binary operation o given in the following table:

o0 1 2 3 4 5 6 7 8 9 10 11 12 13
0O/5 5 8 10 5 1 1 1 10 3 12 10 10 12
1/5 6 8 9 7 014 2 3 11 10 13 12
2|8 88 1 8 1 11 1 1 8 1 1 8
3|10 9 1.9 10 01 4 13 1 0 10 13 1
415 7 8 100 7 1 1 1 10 3 12 10 10 12
511 0 1 0 1 014 0 1 0 1 0 1
6/1 1 11 1 111111 1 1 1
711 4 1 4 1 414 4 1 4 1 4 1
8|10 2 1 13 10 0 1 4 2 1 0 10 13 1
93 3 1 1 3 1111 3 3 1 1 3
10112 11 8 0 12 01 4 0 3 11 1 0 12
1110 10 1 10 10 1 1 1 10 1 1 10 10 1
12110 13 1 13 10 0 1 4 13 1 0 10 13 1
13112 12 8 1 12 1 1 1 1 3 12 1 1 12

Then (S, o, 1) is a SBE-algebra. Then F = {0,1,4} is an SBE-filter of
S. But F does not satisfy the condition (4.2) since

00((20(303))0(20(303))) = 00((209)0(209)) = 00(lol) =006 =1€ F

but (00 (202))o((00(303))0(00(303)))=(008)0((009)0(009)) =
100(303)=1009=3¢ F.

We explore the conditions for an SBE-filter to be an implicative SBE-
filter.

Theorem 22. If an SBE-filter F' of an SBE-algebra S satisfies the
condition (@), then F' is an implicative SBE-filter of S.

Proof. Let F be an SBE-filter of an SBE-algebra S which satisfies the
condition (@) Let p, g, € S be such that po((go(ror))o(go(ror))) € F
and po (qoq) € F. By the condition (4.2), we have (po(goq))o ((po
(ror))o(po(ror))) €F and po(qoq) € F. Since F is an SBE-filter
of §, it follows from (E) that (po (ror))o(po(ror)) € F. Hence
po(ror) e F. Therefore F' is an implicative SBE-filter of S. O

Lemma 23. Let (S, o, 1) be a transitive SBE-algebra. Then, for any
p.q,r €5,

po((ge(ror))o(go(ror))) 2 (polgoq))o((pe(ror))o(po(ror))).
Proof. Let p,q,r € S. Then, by (SBE-2), Theorem @ and @)

of
(ror))e(go(ror))) =qo((po(ror))o(po(rer))) = (polgoq
(po((po(ror))o(po(ron)))e(po((polror))o(po(ror)))

o

)
(¢
)
) =
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(polgog))o((pe(ror))o(po(ror))). Hence po((go(ror))e(go(ror))) =
(polgeq))ol(pe(ror))o(pe(ror))). O
Theorem 24. Let (S, o, 1) be a transitive SBE-algebra. Then every
SBE-filter of S is an implicative SBE-filter of S.

Proof. Let F be an SBE-filter of a transitive SBE-algebra S and po ((go
ror))o(qo(ror))) € F,po(qoq) € F. Then, by Lemma R3 and Lemma
, we get po(ror) e F. O

Given a point « and a non-empty subset F' of an SBE-algebra .S, we
consider a special set:

Fo:={peS|ao(pop) € F}. (4.3)

If Fis an SBE-filter of an SBE-algebra S, then 1, € F,, for all a € S.
We have the following questions.

Question 1. If F' is an SBE-filter of an SBE-algebra S, then is the set
F, in (@) an SBE-filter of S¢

The following example gives a negative answer to the Question m

Example 8. Let S ={0,1,2,3,4,5,6,7,8,9,10,11,12,13} be the SBE-
algebra in Example |{. Take SBE-filter F = {0,1,4}. Then Fjy =
{0,1,2,4,9,10,13} and it is not an SBE-filter of S since 9o (8 0 8) =
902=1¢€ Fig and 9 € Fig but8¢F10.

We suggest conditions that will lead to a positive answer to the Ques-
tion [I.

Theorem 25. If F_is an implicative SBE-filter of an SBE-algebra S,
then the set Fy, in (@) is an SBE-filter of S.

Proof. Assume that F' is an implicative SBE-filter of an SBE-algebra
S. Let p,qg € S be such that po (qoq) € F, and p € F,. Then
ao((po(goq))o(po(goq))) € Fand ao(pop) € F. It follows from
(B.1) that « o (goq) € F, that is, ¢ € F,,. Hence F, is an SBE-filter of
S. O

We suggest the conditions under which an SBE-filter can be an im-
plicative SBE-filter.

Theorem 26. For every subset F' of an SBFE-algebra S, if 1 € F' and
the set Fy, in (@) is an SBE-filter of S for every a € S, then F is an
implicative SBE-filter of S.

Proof. Suppose that 1 € F' and the set F, in (@) is an SBE-filter of S
for every a € S. Let po((go(ror))o(qo(ror))) € F and po(qoq) € F.
Then go(ror) € F, and ¢ € F,. Since F, is an SBE-filter of S, we have
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r € F,and so po(ror) € F. Hence F is a implicative SBE-filter of
S. O

Corollary 27. Given a SBE-filter F' of an SBE-algebra S, if the set Fy,
in (@) is an SBE-filter of S for every a € S, then F is an implicative
SBE-filter of S.

Theorem 28. If F is an implicative SBE-filter of an SBE-algebra S,
then the set Iy, in (@) is the least SBE-filter of S containing F and a.

Proof. Assume that F' is an implicative SBE-filter of an SBE-algebra
S and let @ € S. Then F, is an SBE-filter of S (see Theorem 25).
It is obvious that F, contains F' and «. Let GG be an SBE-filter of S
containing ' and a. If p € F,, then co (pop) € F C G and so p € G.
Hence F, C G and F, is the least SBE-filter of S containing F' and
Q. O

The following example shows that the trivial filter {1} of an SBE-
algebra S is not an implicative SBE-filter of S.

Example 9. Let S = {0,1,2,3,4,5} be a set with binary operation o
given in the following table:

ol0 1 2 3 4 5
03 3 1111
113 45 01 2
211 5 5111
3101 011
411 1 1 1 11
511 2 1 1 1 2

Then (S, o, 1) is a SBE-algebra. Then F' = {1} is an SBE-filter of S. But
F is not an implicative SBE-filter of S since 0o((20(303))0(20(303))) =
00((200)0(200)) =00(lol)=1€ Fand00(202)=005=1€ F
but 00 (303) =000=3# 1.

Given an element a in an SBE-algebra S, the set a := {p € S | a < p}
is called the upset of a.

In general, the set a is not an SBE-filter of S as seen in the following
example.

—
Example 10. From Ezample @, we can observe that 2 :={0,1,2,3} is
— —
not an SBE-filter of S since 3 € 2 and30 (4o 4)=301=0¢€ 2 but
—
4¢3,
We provide conditions for the set d to be an SBE-filter.
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Theorem 29. Given an element a in an SBE-algebra S, the following
are equivalent.

(i) The set @ :={p € S |a=p} is an SBE-filter of S.
(ii) S satisfies:

(Vp,g € S)(a=po(goq), aXp = a=q). (4.4)

Proof. Assume that a is an SBE-filter of S. Let p,q € S be such that
a Xpo(qoq)and a < p. Then po(goq) € a and p € a. Since a is
an SBE-filter of S, it follows that g € Z, that is, a < q. Suppose that
S satisfies the condition (@) It is clear that 1 € a. Let p,q € S be
such that po(qoqﬁ a and p € a. Then a < po(goq) and a <X p

which imply from (#.4) that a < ¢. Hence ¢ € 3, and therefore @ is an
SBE-filter of S. O

Theorem 30. In an SBE-algebra S, the following are equivalent.

(i) The trivial SBE-filter {1} is an implicative SBE-filter.
(ii) For every a € S, the set a = {p € S|a=p}isan SBE-filter
of S.

Proof. Assume the trivial SBE-filter {1} is an implicative SBE-filter of S.
It is clear that 1 € a. Let p,q € S be such that po(goq) € a and pE a.
Then a < po(goq) and a < p, that is, ao((po(goq))o(po(goq))) =1 € {1}
and ao (pop) =1¢€ {1}. Since {1} is an implicative SBE-filter of S, it
follows from (@) that ao (gogq) € {1}. Hence q € a. Therefore a is
an SBE-filter of S.

Conversely, suppose that the set a is an SBE-filter of S for every
a€S. Let p,g,r € S be such that po ((go (ror))o(go(ror))) € {1}
and po(qogq) € {1}. Then po ((gqo(ror))o(go(ror))) = 1 and
po(qoq) =1, 1e ,p=qo(ror)andp <gq. Henceqo(ror) € p and
q € p Since p is an SBE-filter of S, we have r € p, that is, p < r.
Thus po (ror) =1¢€ {1}, and therefore {1} is an implicative SBE-filter
of S. O

5. POSITIVE IMPLICATIVE SBE-FILTERS

In this section, we define the notion of a positive implicative SBE-filter
of an SBE-algebra and study its properties. We provide equivalent con-
ditions for an SBE-filter to be a positive implicative SBE-filter. We show
that every SBE-filter is a positive implicative SBE-filter in a transitive
SBE-algebra.
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Definition 31. A subset F' of an SBE-algebra S is called a positive
implicative SBE-filter of S if it satisfies (@) and for all p,q,r € S, if

po((go(ror))o(ge(ror))) e F, pc F then ((TO(qOQ))O(qo?g)S(TOT’)GF-

Example 11. From the Example , we can observe that (S, o, 1) is
SBE-algebra and F = {1,2,4} is a positive implicative SBE-filter of S.

Theorem 32. Fvery positive implicative SBE-filter is an SBE-filter.

Proof. Let F be a positive implicative SBE-filter of an SBE-algebra S
and let p, g € S be such that po(gqoq) € F and p € F. Then po((1o(go
qﬁo (lo(gogq)))=po(goq) € F and p € F. It follows from (SBE-1),
(

), (.2) and (@) that ¢ = ((go(lo1l))o(lol))o(qoq) € F. Thus
F is an SBE-filter of S. ]

The following example shows that the converse of Theorem @ is not
true.

Example 12. Let S = {0,1,2,3,4,5,6,7,8,9,10,11,12,13} be a set
with binary operation o given in the following table:

o0 1 2 3 4 5 6 7 8 9 10 11 12 13
0| 5 1.5 5 1 11115 1 1 5
1/ 6 9 7 8 0 1 3 4 2 11 10 13 12
211 9 9 10 10 131 3 4 1 3 10 13 1
3|5 7 10 v v 10 1 1 1 2 12 10 10 12
415 8 10 v 8 10 1 1 1 2 12 10 10 12
51 0 13 10 10 0 1 3 4 1 3 10 13 1
6/1 1 1 1 1 1 11111 1 1 1
113 3 1 1 3 1341 3 1 3 1
811 4 4 1 1 4 1 4 41 4 1 4 1
991 2 1 2 2 1 1112 2 1 1 2
015 11 3 12 12 3 1 3 4 2 11 1 3 12
111 10 10 10 10 10 1 1 1 1 1 10 10 1
1211 13 13 10 10 13 1 3 4 1 3 10 13 1
13(5 12 1 12 12 1 1 1 1 2 12 1 1 12

Then (S, o, 1) is a SBE-algebra. Then F' = {1,3,4} is an SBE-filter of
S. But F is not a positive implicative SBE-filter of S since 1o((00(202))o
(00(202))) =1o(lol) =106 =1 € F but ((20(000))0(000))o(202) =
((205)05)09=(1305)09=109=2¢F.

We provide conditions for an SBE-filter to be a positive implicative
SBE-filter.
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Theorem 33. Let F' be an SBE-filter of an SBE-algebra S. Then F' is
a positive implicative SBE-filter of S if and only if it satisfies:

(Vp,g € S)(po(goq) € F = ((go(pop))o(pop))o(qgoq) 61*2)- |
5.2

Proof. Assume that F' is a positive implicative SBE-filter of S and p o
(goq) € F for all p,q € S. Using (@) and (@), we have 1o ((po(go
qg))o(po(gqoq))) =po(goq) € Fand1e F. It follows from (ﬁ) that
((go(pop))o(pop))o(qgoq) €F.

Conversely, let ' be an SBE-filter of S which satisfies the condition
(@) Let p,q,r € S be such that po ((go(ror))o(go(ror))) € F and
p € F. Then go(ror) € F by (2.19), and so ((yo(gog))o(gog))o(ror) € F
by (p.2). Therefore F' is a positive implicative SBE-filter of S. O

Theorem 34. Given an element ¢ in an SBE-algebra S, the upset ¢ of
¢ is a positive implicative SBE-filter of S if and only if S satisfies:

(Vpge S)(a=xpo((go(ror))o(ge(ror)), a=p = ai((TO(éqiSq))o(qoq))O(TOT)%

Proof. Assume that a is a positive implicative SBE-filter of S. Let
p,q,7 € S be such that a < po((go(ror))o(qgo(ror))) and a =< p.
Then po ((qo (ror))o(go(ror))) € a and p € a. Since da is a positive
implicative SBE-filter of S, it follows that ((ro(gog))o(goq))o(ror) € a,

that is, a < ((ro(goq))o(goq))o(ror).

Conversely, suppose that S satisfies the condition (@) It is clear
that 1 € a. Let p,q,7 € S be such that po ((go(ror))o(go(ror))) € a
and p € a. Thena < po((go(ror))o(qgo(ror)) and a < p
which imply from (@) that a < ((ro(geoq))o(goq))o(ror). Hence
((ro(gogq))o(goq))o(ror) € d, and therefore a is a positive implicative
SBE-filter of S. U

In general the trivial SBE-filter {1} in not a positive implicative SBE-
filter as seen in the following example.
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Example 13. Let S ={0,1,2,3,4,5,6,7} be a set with binary operation
o given in the following table:

o0 1 2 3 45 6 7
0j4 4111141
114 5 3 2 0176
211 3 31 6 1 16
311 21 211 21
4110 6 1 01 1 6
511111 1 1 11
6|14 71 21111
7116 6 1 6 1 1 6

Then (S, o, 1) is a SBE-algebra. Then F = {1} is an SBE-filter of S.
But F' is not a positive implicative SBE-filter of S since 1o ((00(202))o
(00(202)))=10((003)0(003))=10o(lol)=1€ F and1 € F but
((20(000))0(000))0(202) = ((204)04)03 = (604)03 =103 =2¢ F.

In the following theorem, we look for conditions under which the
trivial SBE-filter is a positive implicative SBE-filter.

Theorem 35. In a commutative SBFE-algebra, the trivial SBE-filter is
a positive implicative SBE-filter.

Proof. Let S be a commutative SBE-algebra and let p,q,r € S be such
that po((qo(ror))o(go(ror))) € {1} and p € {1}. Then go(ror) =1,
and so ((ro(goq))o(goq))o(ror)=((qgo(ror))o(ror))o(ror)=
(lo(ror))o(ror)y=ro(ror)=1¢€ {1} by (@), (SBE-1) and (ﬂ)
Therefore {1} is a positive implicative SBE-filter of S. O

Theorem 36. Let (S, o, 1) be a transitive SBE-algebra. Then every
SBE-filter of S is a positive implicative SBE-filter of S.

Proof. Let F be an SBE-filter of a transitive SBE-algebra S and go (po
p) € F. Then go(pop) = ((po(qeq))e(goq))e((po(goq))o(pop)). Since
(po(gog))e(pop) = p, we have go(pop) = ((po(goq))e(goq))e(pop).
Since F' is an SBE-filter of S, we have ((po(gogq))o(gogq))o(pop) € F.
Hence, by Theorem B3|, F' is a positive implicative SBE-filter of S. [

Theorem 37. Let (S, o, 1) be a transitive SBE-algebra and F a non-
empty subset of S. Then the following are equivalent.

(i) F is an SBE-filter of S.

(ii) F is an implicative SBE-filter of S.

(iii) F is a positive implicative SBE-filter of S.



(Positive) implicative SBE-filters of SBE-algebras 409

In the following diagram, we illustrate the relationships between differ-
ent types of SBE-filters. The notation A — B means that A implies B.
transitive

=4
Implicative SBE-filter SBE-filter Congruence kernel
M-

-7
\ ///
\ Phd
\ P
\

VL // P
transitive - transitive

oy
I
W

Positive implicative SBE-filter

6. CONCLUSION

In this study, we have investigated into the intricate properties of
transitive SBE-algebras, shedding light on their essential characteristics
and unveiling characterizations of SBE-filters. Furthermore, our explo-
ration extends to the introduction of implicative SBE-filters, where we
have meticulously examined their fundamental properties and associ-
ated results. Through establishing interconnections among these filters,
we have erected theoretical bridges that advance our understanding of
this algebraic domain. Our empirical contributions extend to introduc-
ing the concept of (positive) implicative SBE-filters, a novel addition
that holds promise for researchers across diverse scientific disciplines re-
quiring the utilization of filters. Moreover, we have presented a robust
theoretical framework for (positive) implicative filters, facilitating their
seamless adaptation to various algebraic structures.

In introducing the concept of transitive SBE-algebras, we have em-
barked on a comprehensive exploration of their properties, culminating
in a detailed characterization of SBE-filters. Additionally, we have elu-
cidated several equivalent conditions for these filters, alongside defining
the congruence concept and showcasing the pivotal role of [1y] as an
SBE-filter. Furthermore, our investigation has unveiled the inherent re-
lationship between filters and congruences, emphasizing the correspon-
dence between SBE-filters and congruence kernels. Moreover, we have
introduced implicative SBE-filters and meticulously demonstrated their
status as SBE-filters. Through an exhaustive examination of their prop-
erties on transitive SBE-algebras, we have illustrated the alignment be-
tween SBE-filters and implicative SBE-filters. Furthermore, our inquiry
into the fundamental relationships between SBE-filters and implicative
SBE-filters has enriched our understanding of their interconnectedness.
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Finally, we have introduced the concept of positive implicative SBE-
filter and demonstrated its equivalence to SBE-filters and implicative
SBE-filters on transitive SBE-algebras. By providing a condition for
proving the reciprocal of the previous assumption, we have further so-
lidified the equivalence between these filter concepts, underscoring their
significance in the realm of algebraic structures.
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