Caspian Journal of Mathematical Sciences (CJMS)
University of Mazandaran, Iran
http://cjms.journals.umz.ac.ir

ISSN: 1735-0611

CIMS. 2(1)(2013), 33-38

Cy-free zero-divisor graphs

Sayyed Heidar J afariE]
! Department of Mathematics, University of Shahrood, Shahrood, Iran

ABSTRACT. In this paper we give a characterization for all commu-
tative rings with 1 whose zero-divisor graphs are Cy-free.
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1. INTRODUCTION

The graph theory terminology in general is followed in this study. [9].
Specifically, let G = (V, E') be a graph with vertex set V of order n and
edge set E. We denote the degree of a vertex v in G by dg(v), which is
the number of edges incident to v. A graph G is complete if there is an
edge between every pair of the vertices. A subset X of the vertices of a
graph G is called independent if there is no edge with two endpoints in
X. A graph G is called bipartite if its vertex set can be partitioned into
two subsets X and Y such that every edge of G has one endpoint in X
and other endpoint in Y. A graph G is said to be star if G contains one
vertex in which all other vertices are joined to this vertex and G has
no other edges. A path of length n is an ordered list of distinct vertices
Vg, V1, ..., Uy, such that v; is adjacent to v;41 fori =1,2,....n—1. We use
Vo —v1 — ... — Uy, to refer such path. A (u,v)-path is a path with endpoints
uand v. A cycle is a path vy, vy, ..., v, with an extra edge vgv,. A graph
G is connected if it has a (u,v)-path for each pair u,v € V(G).

By the zero-divisor graph I'(R) of a ring R we mean the graph with
vertices Z(R) \ {0} such that there is an (undirected) edge between
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vertices a and b if and only if @ # b and ab = 0. Thus I'(R) is the
empty graph if and only if R is an integral domain. The concept of
zero-divisor graphs has been studied extensively by many authors. For
a list of references and the history of this topic the reader is referred to
[, 2, 3L 4, 6L [7].

Bipartie zero-divisor graphs are studied by Akbari et al. [2], Dancheng
et al. [6], Demeyer et al. [7], and Jafari Rad et al. [8]. Dancheng et al.
in [6] posed the following open question.

Question. How can one characterize the zero-divisor graphs which
contain no rectangles?

In this paper I will characterize all commutative rings with 1 whose
zero-divisor graphs are Cy-free.

We denote by K, and C, the complete graph and the cycle on n
vertices. Also we denote by K, , the complete bipartite graph.

Throughout, R will always be a commutative ring with 1 # 0, unless
we state R does not have 1. We also note that by G < H for two graphs
we mean that G is a subgraph of H, while by R < S for two rings we
mean that R is a subring of S.

Consider the following rings.

Ty = {0,z,2 + 1,1}, where 22 = 22 = 2 = 0,

Ty = {0,z, 2%, v 4+22, 1,1+, 1+22 1 +x+22}, where 22 =20 =2 =0,

T ={0,z, 2% v +2%, 1,1+, 1+ 22, 1 + 2+ 22}, where 23 = 22 = 4 = 0,

To={0,1,—-1,z,—z,1+x,1—x,2—1,—1 -z}, where 22 = 3z = 3 = 0.
We make use of the following.

Theorem 1.1. ([§]) Let R be a commutative ring with identity, and R
is not an integral domain. Then I'(R) contains no triangle, if and only
if R satisfies one of the following.

(1) Z(R) = I U J, where I,J are commutative domains as rings, and
INJ=0.

(2) R= Z4, Zg, Zg, T4, Tg, Té or Tg.

2. THE MAIN RESULT
We shall prove the following.

Theorem 2.1. Let R be a commutative ring with identity, R is not an
integral domain, and |R| & {8,16,32,64}. Then I'(R) is Cy-free if and
only if R satisfies one of the following.

(1) |R| =9 and Nil(R) = {0,z, —z},

(2) R = Zs x F, where F is a field.

For the proof of this theorem we consider three cases, I'(R) has no
triangle, nil(R) = 0 or nil(R) # 0.
We begin with the following lemma.
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Lemma 2.2. (a) If x is nilpotent, thenl 4+ z is invertable.

(b) If x € R, then |ﬁ@| = |Rx|.

(c) Let R = Ry x Rp. If min{|R1|,|R2|} > 3, Then I'(R) contains a
Cy.
(d) T'(R1 x Ry x R3) is Cy-free if and only if R; = Zy fori=1,2,3.
(e) Let R = Ry X Ro, and Ry = Zg. Then I'(R) contains a Cy if and
only if A(T'(R2)) > 2.

Proof. Is elementary. O

Theorem 2.3. Let R be a commutative ring with identity, and R is not
an integral domain. If I'(R) has no triangle, then I'(R) is Cy-free if and
only if R =79 x F, where F is a field.

Proof. By Theorem I'(R) is Cs-free if and only if (1) or (2) holds
in Theorem [1.1] If R satisfies (2), then |Z(R)| < 4. So I'(R) is Cy-free.
Let R satisfies (1). By Lemma [2.2(c), |I| = 2 or |J| = 2. Let |I| = 2,
and I = {0,2}. Hence by Lemma [2.2(b), || = 2, and so I is a maximal
ideal of R. We deduce that I +J = R. Thus R= I x J. Since 1 € R, I
and J are fields. For the converse notice that I'(R) is a star. g

Proposition 2.4. (a) Let a,b be two distinct elements of R.

If |(ann(a) Nann(b)) \ {a,b,0}| > 2, then T'(R) contains a Cj.

(b) Let Nil(R) = 0. If T'(R) contains a triangle, then I'(R) is Cy-free
if

and only if R = Zo X Zo X Zo.

Proof. (b) Let © —y — z — x be a triangle in I'(R). Let I = ann(z)
and J = ann(y). Since y,z € I, [I| > 3. Also I N Rx = 0 since
Nil(R) = 0. By Lemma(c), |Rz| = 2, and by Lemma(b), 12 =2.
Similarly, |[%#| = 2. On the other hand by case(a), |I N J| = 2. Now
|%| < |%||§| This implies that |R| < 8, and I = {0,y, z,y + z}. Note
that |I| = |J| = |ann(z)| = 4. Consequently, ann(z?) = I, ann(y?) = J
and ann(z?) = ann(z). Since I # J, we have I +J = R and |R| = 8.
We deduce that R 2 I x Rz. We next show that y? = y. Suppose that
y? #y. Hence y> = z or y? = y+ 2. If y?> = 2z, then 3® = yz = 0,
a contradiction. So y? = y + z. Therefore y?(y — 1) = yz = 0, and
y—1¢€ J = {0,z,z,2 + z}. In each possiblity for y — 1 we get a
contradiction, since y(y — 1) = 0. Thus y?> = y. Similarly, 22 = z,
y(y+z) =y, and z(y+ z) = z. We conclude that I = Zy x Zs. It proves
the nontrivial side, and the proof is complete. O

Lemma 2.5. IfT'(R) is Cs-free and 2™ = 0, then n < 4.

Proof. If n > 5, then 2"t — 2772 — g3 — (z" 1 4 2" 2) — 2" lis a
C4, a contradiction. O
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Let
A={z:2*>=0,2#0},

B ={z:2°=0,2° #0},

and

C={z:2"=0,2%#0}

Proposition 2.6. (a) If C # (), then T'(R) is Cy-free if and only if
|R| = 16, and Nil(R) = {0, z, 2%, 23, v+ 22, v+ 23, 22 + 23, v + 22 + 23},
where x € C.

(b) Let Nil(R) = {z : 23 = 0} and B # (). Then ['(R) is Cy-free if
and only if R = {0,z, 22,z + 2%, 1,1+ 2,1+ 2% 1+ + 2%}, wherex € B
and char(R) € {2,4,8}.

Proof. (a) Let € C, and let C; = {0,z,2%, 2%, 2 + 2%, 2 + 23,22 +
23, x4+ 2%+ 23}. We show that ann(z?) C C;. If r € ann(z?)\ Cy, then
rz? =0 and so r — 2% — 23 — (22 +23) — r is a Oy, a contradiction. Now
we obtain ann(z?) = {0, 22, 3, 2%+ 23}. For any r € R, rz? € ann(z?).
This implies that rz? = 0, rz? = 22, ra? = 22, or ra? = 22 + 25.
We deduce that r € ann(z?), r — 1 € ann(z?), r — 1 — 2 € ann(x?)
or r —x € ann(z?). We obtain ]mm $2)] 4. Since |ann(x?)| = 4,

we obtain |R| = 16. But ann(x3) # R. So |ann(x3)| = 8. Therefore
Nil(R) = ann(z?) is the unique maximal ideal of R. We have
R= {0,3:,:1:2,:63,3:—1—3;2,35—1—1’3,3:2—i—a:3,:c+a:2+a:3,1,1+:c,1+a:2,1+
Bl4+r+a?l+r+231+22+23 14+ 2+ 22+ 23}

By Lemma [2.2] Z(R) = Nil)R). Thus I'(R) = T'(Nil(R)), and so is
Cy-free. The converse is trivial.

(b) Let * € B. First we show that ann(x) = {0,2%}. Let r €
ann(z)\{0,2%}. We have r —x — 2 — (z+2%) —r is a C4, a contradiction.
So ann(z) = {0,2?}. Hence Rz? = {0,2%} and |(mn(x2)] 2. Next we

show that ann( ) ={0,x,2% v+2%}. Letr € ann(z?)\{0, z, 22, z+22}.
Therefore rz? = 0 and rz € cmn(a;). Thus 7z = 0 or rz = x2. Since
r ¢ ann(r), we have rz = 2%, and so (r — z)z = 0. This implies
that r — 2z € ann(x) = {O,xz}. Therefore r € {0,z,2%, x + 2}, a
contradiction. Hence |R| = 8, and Nil(R) = {0,z, 2% x + 2?}. For the
converse, notice that |Z(R)| = 3. O

Lemma 2.7. (a) Let Nil(R) = {x : 2% = 0}, A # 0, and char(Nil(R)) #
2. Then T'(R) is Cy-free if and only if |R| =9 and Nil(R) = {0, z, —x}.

(b) Let Nil(R) = {z : 2> = 0}, A # 0, char(Nil(R)) = 2, and Nil(R)
has at least two nontrivial distinct elements x,y such that xy # 0. Then
L'(R) is Cy-free if and only if |R| = 16 and Nil(R) = {0,z,xy,x +
Y, Y,y + T,y + xy,y + x + oy}
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Proof. (a) Let x € B, and x # —z. We show that ann(z) = {0, z, —z}.
Let r, s be two distinct elements of ann(x)\ {0, z, —z}. Therefore r—z—
s—(—z)—ris a Cy, a contradiction. So |ann(z)\{0,z, —z}| < 1. On the
other hand {0,z,—z} < ann(z), and so 3 | |ann(z)|. We deduce that
ann(z) = {0,z,—x}, and {0, z, —x} = Rx. By Lemma(b), ]ﬁ}zﬂ =
3,and so |R| =9. Hence R = {0,z, —z,1,1+x,1—2,—1, —1+z, —1—=x}.
By Lemma 2.2)(a), Z(R) = {0,z,—z} = Nil(R). For the converse by
Lemma [2.2)(a), Z(R) = {0,z, —z} and I'(R) = Ko.

(b) We first show that ann(x) = {0, z,zy,x + zy}. Let r € ann(x) \
{0, 2,2y, x+2y}. Hence r—x— (v +zy) —ay—r is a C4, a contradiction.
So ann(x) = {0, z,zy, z + xy}. On the other hand Rz < ann(z), which

implies that Rz = ann(x). By lemma [2.2(b), \WR@)] = 4. Thus |R| =
16, and Nil(R) = {0, z,zy,z + zy,y,y + x,y + zy,y + = + xy}. For the
converse by Lemma Z(R) = Nil(R), and I'(R) is Cy-free. O

Lemma 2.8. (a) Let Nil(R) = {z : 22 = 0}, A # 0, char(Nil(R)) = 2,
and for any pair of elements x,y in Nil(R), vy = 0. If T(R) is Cy-free
then |Nil(R)| < 4.

(b) Let Nil(R) = {0,z}, and T'(R) contains a triangle. Then I'(R)
contains a Cy.

(¢) Let Nil(R) = {0, z,y,x +y}, where 2c =2y = zy = 0. IfT'(R) is
Cy-free, then |R| € {8,16,32,64}.

Proof. (a) Is trivial.

(b) Assume to the contrary that I'(R) is Cy-free. Let a —b—c —a is
a triangle in I'(R). Let r € R. If ra ¢ {0,a,b,c}, thena—b—ra—c—a
is a Cy, a contradiction. So ra € {0,a,b,c}. We consider two cases.

Case 1. = ¢ {a,b,c}. We have ra € {0,a,b,c}. If ra = b, then
ra? = ba = 0 and so (ra)? = 0. Hence ra = 0, a contradiction. Thus
ra # b. Similarly ra # c¢. We deduce that Ra = {0,a} and by Lemma
(b), |anTR(a)| = 2. Similarly, ‘anTR(b)| = 2. Since a,b € ann(a) N
ann(b), by Proposition [2.4(a) |ann(a) Nann(b)| = 2. On the other hand
ann(a) + ann(b) = R, and so |R| = 8. Also ann(a) = {0,b,¢,b+ ¢} and
R ={0,b,¢,b+c,a,a+ba+c,a+b+c}. But x € R. Soxz =b+ec,
a+b,a+cora+b+ec If v =b+c, then 22 = b? +¢? = 0 which implies
that b> = —c? and so b®> = —c?b = 0. Hence b = z, a contradiction. So
x # b+ c. By a similar discussion we obtain z ¢ R, a contradiction.

Case 2. x € {a,b,c}. Without loss of generality assume that x = c.
Ifa+x#0b, thena—x— (a+x) —b—ais a Cy, a contradiction. So
a+x = b, and hence (a+x)a = 0, that is > = 0. By assumption a = =,
a contradiction.
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(c) Let I = ann(x) and J = ann(y). By Proposition [2.4(a), [INJ| =
4. On the other hand Rz C Nil(R). By lemma 12| € {2,4}.
Similarly, | #| € {2,4}. We conclude that |R| € {8,16,32,64}. O

As a consequence of Lemmas [2.7] and [2.8] we obtain the following.

Proposition 2.9. Assume that R contains a triangle, A # 0, and
|R| & {8,16,32,64}. Then T'(R) is Cy-free if and only if |[R| = 9 and
|Nil(R)| = 3.

Now the result follows from Theorem and Propositions
and 2.9
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