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Abstract. In this work, by employing the Leggett-Williams fixed
point theorem, we study the existence of at least three positive solu-
tions of boundary value problems for system of third-order ordinary
differential equations with (p1, p2, . . . , pn)-Laplacian{

(φpi(u
′′
i (t)))′ + ai(t)fi(t, u1(t), u2(t), . . . , un(t)) = 0 0 ≤ t ≤ 1,

αiui(0)− βiu′i(0) = µi1ui(ξi), γiui(1) + δiu
′
i(1) = µi2ui(ηi), u′′i (0) = 0,

where φpi(s) = |s|pi−2s,, are pi-Laplacian operators, pi > 1, 0 <
ξi < 1, 0 < ηi < 1 and µi1, µi2 > 0 for i = 1, 2, . . . , n.

Keywords: Positive solution; Third-order ordinary differential

equation; Fixed point theorem, (p1, p2, . . . , pn)-Laplacian.

1. INTRODUCTION

In this paper, we will study the existence of at least three positive
solutions of boundary value problems for system of third-order ordinary
differential equations with (p1, p2, . . . , pn)-Laplacian{

(φpi(u
′′
i (t)))

′ + ai(t)fi(t, u1(t), u2(t), . . . , un(t)) = 0 0 ≤ t ≤ 1,
αiui(0)− βiu′i(0) = µi1ui(ξi), γiui(1) + δiu

′
i(1) = µi2ui(ηi), u′′i (0) = 0,

(1.1)
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where φpi(s) = |s|pi−2s,, are pi-Laplacian operators, pi > 1, 0 < ξi <
1, 0 < ηi < 1 and µi1, µi2 > 0 for i = 1, 2, . . . , n.
In [4], Il’in and Moiseev studied the existence of solutions for a lin-
ear multi-point boundary value problem. Gupta [3] studied certain
three-point boundary value problems for nonlinear ordinary differen-
tial equations. Since then, more general nonlinear multi-point boundary
value problems have been studied by several authors because multi-point
boundary value problems describe many phenomena of applied mathe-
matics and physics (see [2, 5, 12, 11]). There is much current interest
in questions of positive solutions of boundary value problems for ordi-
nary differential equations, you may see [1, 8-10, 13-15] and references
therein. Motivated by the works [7, 16], in this paper we will show the
existence of three positive solutions for the problem (1).

The basic space used in this paper is a real Banach space E =∏n
i=1(C[0, 1],R), with the norm ‖(u1, u2, . . . , un)‖ :=

∑n
i=1 ‖ui‖, where

‖ui‖ = maxt∈[0,1] |ui(t)|. For convenience, we make the following as-
sumptions:

(A) αi ≥ 0, βi ≥ 0, γi ≥ 0, δi ≥ 0, ρi = αiγi + βiγi + αiδi > 0, ρi −
µi2ψ(ηi) > 0, ρi − µi1ϕ(ξi) > 0, µi1, µi2 > 0,∆i < 0, for i = 1, 2, . . . , n,
and σ ∈ (0, 1

2),

∆i =

∣∣∣∣ −µi1ψ(ξi) ρi − µi1ϕ(ξi)
ρi − µi2ψ(ηi) −µi2ϕ(ηi)

∣∣∣∣ , i = 1, 2, . . . , n,

where

ψi(t) = βi + αit, ϕi(t) = γi + δi − γit, t ∈ [0, 1], i = 1, 2, . . . , n,(1.2)

are linearly independent solutions of the equation x′′(t) = 0, t ∈ [0, 1].
Obviously, ψi is non-decreasing on [0, 1] and ϕi is non-increasing on [0, 1].

(B)fi ∈ C([0, 1] ×
∏n
i=1[0,+∞), [0,+∞)), are continuous and ai :

(0, 1) → [0,+∞) is continuous and ai(t) 6= 0, for i = 1, 2, . . . , n on any
subinterval of (0, 1), and

0 <

∫ 1

0
ai(s)ds < +∞.

For the convenience of the reader, we present here the Leggett-Williams
fixed point theorem [6].
Given a cone K in a real Banach space E, a map α is said to be a non-
negative continuous concave (resp. convex) functional on K provided
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that α : K → [0.+∞) is continuous and

α(tx+ (1− t)y) ≥ tα(x) + (1− t)α(y),

(resp.α(tx+ (1− t)y) ≤ tα(x) + (1− t)α(y)),

for all x, y ∈ K and t ∈ [0, 1].
Let 0 < a < b be given and let α be a nonnegative continuous concave
functional on K. Define the convex sets Pr and P (α, a, b) by

Pr = {x ∈ K|‖x‖ < r},

and

P (α, a, b) = {x ∈ K|a ≤ α(x), ‖x‖ ≤ b}.

Theorem 1.1. (Leggett-Williams fixed point theorem). Let A : Pc → Pc
be a completely continuous operator and let α be a nonnegative contin-
uous concave functional on K such that α(x) ≤ ‖x‖ for all x ∈ Pc.
Suppose there exist 0 < a < b < d ≤ c such that
(A1) {x ∈ P (α, b, d)|α(x) > b} 6= ∅, and α(Ax) > b for x ∈ P (α, b, d),
(A2) ‖Ax‖ < a for ‖x‖ ≤ a, and
(A3) α(Ax) > b for x ∈ P (α, b, c) with ‖Ax‖ > d.
Then A has at least three fixed points x1, x2, and x3 and such that
‖x1‖ < a, b < α(x2) and ‖x3‖ > a, with α(x3) < b.

Inspired and motivated by the works mentioned above, in this work we
will consider the existence of positive solutions to BVP (1). we shall first
give a new form of the solution, and then determine the properties of the
Green’s function for associated linear boundary value problems; finally,
by employing the Leggett-Williams fixed point theorem, some sufficient
conditions guaranteeing the existence of three positive solutions. The
rest of the article is organized as follows: in Section 2, we present some
preliminaries that will be used in Section 3. The main results and proofs
will be given in Section 3. Finally, in Section 4, an example are given to
demonstrate the application of our main result.

2. PRELIMINARIES

In this section, we present some notations and preliminary lemmas
that will be used in the proof of the main result.

Definition 2.1. Let X be a real Banach space. A non-empty closed
convex set P ⊂ X is called a cone of X if it satisfies the following
conditions:
(1) x ∈ P, µ ≥ 0 implies µx ∈ P ,
(2) x ∈ P,−x ∈ P implies x = 0.
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Let yi(t) = −φpi(u′′i (t)), for i = 1, 2, . . . , n, then the following bound-
ary value problems{

(φpi(u
′′
i (t)))

′ + ai(t)fi(t, u1(t), . . . , un(t)) = 0, 0 ≤ t ≤ 1,
u′′i (0) = 0,

is turned into the following boundary value problems{
y′i(t)− ai(t)fi(t, u1(t), . . . , un(t)) = 0, 0 ≤ t ≤ 1,
yi(0) = 0,

i = 1, 2, . . . , n.(2.1)

Lemma 2.2. The BVP (3) has a unique solution

yi(t) =

∫ t

0
ai(s)fi(s, u1(s), . . . , un(s))ds, i = 1, 2, . . . , n. (2.2)

Lemma 2.3. If (A) holds, then for yi(t) ∈ C([0, 1]), i = 1, 2, . . . , n, the
following boundary value problems u′′i (t) + φ−1

pi (yi(t)) = 0, 0 ≤ t ≤ 1,
αiui(0) = βiu

′
i(0) = µi1ui(ξi),

γiui(1) + δiu
′
i(1) = µi2ui(ηi),

(2.3)

have a unique solution

ui(t) =

∫ 1

0
Gi(t, s)φ

−1
pi (yi(s))ds+Ai(φ

−1
pi (yi))ψi(t) +Bi(φ

−1
pi (yi))ϕi(t),(2.4)

where

Gi(t, s) =
1

ρi

{
ϕi(t)ψi(s), s ≤ t,
ϕi(s)ψi(t), t ≤ s, (2.5)

Ai(φ
−1
pi (yi)) =

1

∆i

∣∣∣∣∣ µi1
∫ 1

0 Gi(ξi, s)φ
−1
pi (yi)ds ρi − µi1ϕi(ξi)

µi2
∫ 1

0 Gi(ηi, s)φ
−1
pi (yi)ds −µi2ϕi(ηi)

∣∣∣∣∣ , (2.6)

Bi(φ
−1
pi (yi)) =

1

∆i

∣∣∣∣∣ −µi1ψi(ξi) µi1
∫ 1

0 Gi(ξi, s)φ
−1
pi (yi)ds

ρi − µi2ψi(ηi) µi2
∫ 1

0 Gi(ηi, s)φ
−1
pi (yi)ds

∣∣∣∣∣ , (2.7)

Proof. The proof follows by routine calculations. �

Remark 2.4. For fixed integrable function y, it is obvious thatAi(φ
−1
pi (y)), Bi(φ

−1
pi (y)),

for i = 1, . . . , n, are constants.

For convenience, let

Λ0 = min
{
ϕ1(1−σ)
ϕ1(σ) , ψ1(σ)

ψ1(1) , . . . ,
ϕn(1−σ)
ϕn(σ) , ψn(σ)

ψn(1)

}
,

Λ1 = max
{

1, ‖ψ1‖, ‖ϕ1‖, . . . , ‖ψn‖, ‖ϕn‖
}
,

Λ2 = min
{

mint∈[σ,1−σ] ϕ1(t),mint∈[σ,1−σ] ψ1(t), . . . ,
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mint∈[σ,1−σ] ϕn(t),mint∈[σ,1−σ] ψn(t), 1
}
,

λ = min
{

Λ0,
Λ2
Λ1

}
.

If (A) and (B) hold, then from Lemmas 1 and 2, we know that

u = (ui(t), . . . , un(t)

is a solution of the BVP (1) if and only if

ui(t) =

∫ 1

0
Gi(t, s)φ

−1
pi (Wi(s))ds+Ai(φ

−1
pi (Wi(s)))ψi(t) + (2.8)

Bi(φ
−1
pi (Wi(s)))ϕi(t), 0 ≤ t ≤ 1,

where Wi(s) =
∫ s

0 ai(τ)fi(τ, u1(τ), . . . , un(τ))dτ , for i = 1, . . . , n.

We need some properties of the functions Gi, i = 1, . . . , n, in order to
discuss the existence of positive solutions.
For the Green’s functions Gi(t, s)i = 1, . . . , n,, we have the following two
Lemmas [7].

Lemma 2.5. If (A) and (B) hold, then

0 ≤ Gi(t, s) ≤ Gi(s, s), t, s ∈ [0, 1], (2.9)

and

Gi(t, s) ≥ Λ0Gi(s, s), t ∈ [σ, 1− σ], s ∈ [0, 1], (2.10)

for i = 1, . . . , n.

Denote

K = {u = (u1, . . . , un) ∈ E|ui(t) ≥ 0, min
t∈[σ,1−σ]

(

n∑
i=1

ui(t)) ≥ λ‖u‖, i = 1, . . . , n}.

It is obvious that K is cone.

Define the operator T : E → E by

T (u)(t) = (T1(u)(t), . . . , Tn(u)(t)), ∀t ∈ (0, 1), (2.11)
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where

T1(u)(t) =
∫ 1

0 G1(t, s)φ−1
p1 (W1(s))ds+A1(φ−1

p1 (W1(s)))ψ1(t)
+B1(φ−1

p1 (W1(s)))ϕ1(t), 0 ≤ t ≤ 1,
...

Tn(u)(t) =
∫ 1

0 Gn(t, s)φ−1
pn (Wn(s))ds+An(φ−1

pn (Wn(s)))ψn(t)
+Bn(φ−1

pn (Wn(s)))ϕn(t), 0 ≤ t ≤ 1,

(2.12)

andWi(s) =
∫ s

0 ai(τ)fi(τ,u(τ))dτ , and u = (u1, . . . , un), for i = 1, . . . , n.
Evidently, (u1(t), . . . , un(t)) is a solution of the BVP (1) if and only if
(u1(t), . . . , un(t)) is a fixed point of operator T .

Lemma 2.6. If (A) and (B) holds, then the operator defined in (13)
satisfies T (K) ⊆ K.

Proof. For any u = (u1, . . . , un) ∈ K, then from properties of Gi(t, s),
we have Ti(u)(t) ≥ 0, t ∈ [0, 1], and it follows form (18) that

Ti(u)(t) =
∫ 1

0 Gi(t, s)φ
−1
pi (Wi(s))ds+Ai(φ

−1
pi (Wi(s)))ψi(t)+Bi(φ

−1
pi (Wi(s)))ϕi(t)

≤
∫ 1

0 Gi(s, s)φ
−1
pi (Wi(s))ds+ Λ1[Ai(φ

−1
pi (Wi(s))) +Bi(φ

−1
pi (Wi(s)))].

Thus,

‖Ti(u)‖ ≤
∫ 1

0 Gi(s, s)φ
−1
pi (Wi(s))ds+Λ1[Ai(φ

−1
pi (Wi(s)))+Bi(φ

−1
pi (Wi(s)))].

On the other hand, for t ∈ [σ, 1− σ], we have

mint∈[σ,1−σ] Ti(u)(t) = mint∈[σ,1−σ]

[ ∫ 1
0 Gi(t, s)φ

−1
pi (Wi(s))ds+

Ai(φ
−1
pi (Wi))ψi(t) +Bi(φ

−1
pi (Wi))ϕi(t)

]
≥ Λ0

∫ 1
0 Gi(s, s)φ

−1
pi (Wi(s))ds+Ai(φ

−1
pi (Wi))ψi(t) +Bi(φ

−1
pi (Wi))ϕi(t)

≥ Λ0

∫ 1
0 Gi(s, s)φ

−1
pi (Wi(s))ds+ Λ2

Λ1
.Λ1.[Ai(φ

−1
pi (Wi)) +Bi(φ

−1
pi (Wi))]

≥ λ
[ ∫ 1

0 Gi(s, s)φ
−1
pi (Wi(s))ds+ Λ1.[Ai(φ

−1
pi (Wi)) +Bi(φ

−1
pi (Wi))]

]
≥ λ‖Ti(u)‖.

Therefore

mint∈[σ,1−σ]

(
T1(u)(t), . . . , Tn(u)(t)

)
≥ λ‖T1(u)‖+ . . .+ λ‖Tn(u)‖

= λ‖(T1(u), . . . , Tn(u))‖.

From the above, we get T (K) ⊆ K. This completes the proof of Theo-
rem 4. �
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3. MAIN RESULTS

In this section, we discuss the existence of positive solutions of
BVP (1). We define the nonnegative continuous concave functional on
K by

α(u1, . . . , un) = min
σ≤t≤1−σ

(u1(t) + · · ·+ un(t)).

It is obvious that, for each u = (u1, . . . , un) ∈ K,α(u) ≤ ‖u‖.

Throughout this section, for convenience, let

Ãi =
1

∆i

∣∣∣∣ µi1 ρi − µi1ϕi(ξi)
µi2 −µi2ϕi(ηi)

∣∣∣∣ , B̃i =
1

∆i

∣∣∣∣ −µi1ψi(ξi) µi1
ρi − µi2ψi(ηi) µi2

∣∣∣∣ ,
Mi = max

0≤t≤1

∫ 1

0
Gi(t, s)ds, mi = min

σ≤t≤1−σ

∫ 1−σ

σ
Gi(t, s)ds, i = 1, . . . , n.

Also, we assume that pi, i = 1, . . . , n, are positive numbers satisfying
1
p1

+ · · ·+ 1
pn
≤ 1.

Assume that (A) and (B) hold. In addition, assume there exist non-
negative numbers a, b, c such that 0 < a < b ≤ min{λ, m1

p1M1
, . . . , mn

pnMn
}c,

and fi(t, u1, . . . , un), satisfy the following conditions:
H1) fi(t, u1, . . . , un) < 1∫ 1

0 ai(t)dt
φpi
(

c

piMi[1+Λ1Ãi+Λ1B̃i]

)
, for any t ∈ [0, 1], u1+

· · ·+ un ∈ [0, c],
H2) fi(t, u1, . . . , un) < 1∫ 1

0 ai(t)dt
φpi
(

a

piMi[1+Λ1Ãi+Λ1B̃i]

)
, for any t ∈ [0, 1], u1+

· · ·+ un ∈ [0, a],
H3) fi(t, u1, . . . , un) > 1∫ 1−σ

σ ai(t)dt
φpi
(

b

mi[1+Λ2Ãi+Λ2B̃i]

)
, for some i =

1, 2, . . . , n, and for any t ∈ [0, 1], u1 + · · ·+ un ∈ [b, bλ ].

Then the system (1) has at least three positive solutions ui = (u
(i)
1 , . . . , u

(i)
n ), i =

1, 2, 3, such that ‖u1‖ < a, b < α(u2), and ‖u3‖ > a, with α(u3) < b.

Proof. First, we show that T : Pc → Pc is a completely continuous op-
erator. If (u1, . . . , un) ∈ Pc, by condition (H1), for i = 1, . . . , n, we have
Ai(φ

−1
pi (Wi))

≤ 1
∆i

∣∣∣∣∣ µi1
∫ 1

0 Gi(ξi, s)φ
−1
pi (
∫ s

0 ai(τ)fi(τ, u1(τ), . . . , un(τ))dτ)ds ρi − µi1ϕi(ξi)
µi2
∫ 1

0 Gi(ξi, s)φ
−1
pi (
∫ s

0 ai(τ)fi(τ, u1(τ), . . . , un(τ))dτ)ds −µi2ϕi(ηi)

∣∣∣∣∣
≤ c

pi[1+Λ1Ãi+Λ1B̃i]
Ãi,

and

Bi(φ
−1
pi (Wi))
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≤ 1
∆i

∣∣∣∣∣ −µi1ψi(ξi) µi1
∫ 1

0 Gi(ξi, s)φ
−1
pi (
∫ s

0 ai(τ)fi(τ, u1(τ), . . . , un(τ))dτ)ds

ρi − µi2ψi(ηi) µi2
∫ 1

0 Gi(ξi, s)φ
−1
pi (
∫ s

0 ai(τ)fi(τ, u1(τ), . . . , un(τ))dτ)ds

∣∣∣∣∣
≤ c

pi[1+Λ1Ãi+Λ1B̃i]
B̃i,

Thus,

‖Ti(u1, . . . , un)‖ = max0≤t≤1 |Ti(u1, . . . , un)(t)|
= max0≤t≤1

( ∫ 1
0 Gi(t, s)φ

−1
pi (Wi(s))ds+Ai(φ

−1
pi (Wi))ψi(t) +

Bi(φ
−1
pi (Wi))ϕ1(t)

)
≤ c

pi[1+Λ1Ãi+Λ1B̃i]
+ c

pi[1+Λ1Ãi+Λ1B̃i]
Ãiϕ1(t)

+ c

pi[1+Λ1Ãi+Λ1B̃i]
B̃iϕi(t)

≤ c

pi[1+Λ1Ãi+Λ1B̃i]
[1 + Λ1Ãi + Λ1B̃i] = c

pi
.

thus

‖T (u1, . . . , un)‖ =
∑n

i=1 ‖Ti(u1, . . . , un)‖ ≤
∑n

i=1
c
pi
≤ c.

Therefore, ‖T (u1, . . . , un)‖ ≤ c, that is, T : Pc → Pc. The operator
T is completely continuous by an application of the Ascoli-Arzela theo-
rem.
In the same way, the condition (H2) implies that the condition (A2) of
Theorem 1 is satisfied. We now show that condition (A1) of Theorem 1 is
satisfied. Clearly, {(u1, . . . , un) ∈ P (α, b, bλ)|α(u1, . . . , un) > b} 6= ∅. If

(u1, . . . , un) ∈ P (α, b, bλ), then b ≤ u1(s) + · · ·+un(s) ≤ b
λ , s ∈ [σ, 1−σ].

By condition (H3), for i = 1, . . . , n, we get

Ai(φ
−1
pi (Wi))

≥ 1
∆i

∣∣∣∣∣ µi1
∫ 1−σ
σ Gi(ξi, s)φ

−1
pi (
∫ 1−σ
σ ai(τ)fi(τ, u1(τ), . . . , un(τ))dτ)ds ρi − µi1ϕi(ξi)

µi2
∫ 1−σ
σ Gi(ξi, s)φ

−1
pi (
∫ 1−σ
σ ai(τ)fi(τ, u1(τ), . . . , un(τ))dτ)ds −µi2ϕi(ηi)

∣∣∣∣∣
≥ b

[1+Λ2Ãi+Λ2B̃i]
Ãi,

and

B(φ−1
pi (Wi))

≥ 1
∆i

∣∣∣∣∣ −µi1ψi(ξi)µi1
∫ 1−σ
σ Gi(ξi, s)φ

−1
pi (
∫ 1−σ
σ ai(τ)fi(τ, u1(τ), . . . , un(τ))dτ)ds

ρi − µi2ψi(ηi) µi2
∫ 1−σ
σ Gi(ξi, s)φ

−1
pi (
∫ 1−σ
σ ai(τ)fi(τ, u1(τ), . . . , un(τ))dτ)ds

∣∣∣∣∣
≥ b

[1+Λ2Ãi+Λ2B̃i]
B̃i.

Thus,
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α(T (u1, . . . , un)(t)) = minσ≤t≤1−σ(T1(u1, . . . , un)(t)+· · ·+Tn(u1, . . . , un)(t))

≥ minσ≤t≤1−σ

( ∫ 1
0 G1(t, s)φ−1

p1 (W1(s))ds+A1(φ−1
p1 (W1))ψ1(t)

+B1(φ−1
p1 (W1))ϕ1(t)

)
+
...
+ minσ≤t≤1−σ

( ∫ 1
0 Gn(t, s)φ−1

pn (Wn(s))ds+An(φ−1
pn (Wn))ψn(t)

+Bn(φ−1
pn (Wn))ϕn(t)

)
≥ b

1+Λ2Ã1+Λ2B̃1
+ b

1+Λ2Ã1+Λ2B̃1
Ã1ψ1(t) + b

1+Λ2Ã1+Λ2B̃1
B̃1ϕ1(t)

≥ b

1+Λ2Ã1+Λ2B̃1
[1 + Λ2Ã1 + Λ2B̃1] = b

Therefore, condition (A1) of Theorem 1 is satisfied.
Finally, we show that the condition (A3) of Theorem 1 is also satisfied.
If (u1, . . . , un) ∈ P (α, b, c), and ‖T (u1, . . . , un)‖ > b

λ , then
α(T (u1, . . . , un)(t)) = minσ≤t≤1−σ T (u1, . . . , un)(t)
≥ λ‖T (u1, . . . , un)‖ > b.
Therefore, the condition (A3) of Theorem 1 is also satisfied. By Theo-

rem 1, there exist three positive solutions ui = (u
(i)
1 , . . . , u

(i)
n ), i = 1, 2, 3,

such that ‖u1‖ < a, b < α(u2), and ‖u3‖ > a, with α(u3) < b. we have
the conclusion. �

4. APPLICATION

Example 4.1. Consider the following boundary value problem system:
(φp1(u′′1(t)))′ + a1(t)f1(t, u1(t), u2(t)) = 0 0 ≤ t ≤ 1,
(φp2(u′′2(t)))′ + a2(t)f2(t, u2(t), u2(t)) = 0 0 ≤ t ≤ 1,
u1(0)− u′1(0) = u1(1

4), u1(1) + u′1(1) = 1
2u(1

2), u′′1(0) = 0,
u2(0)− u′2(0) = u2(1

4), u2(1) + u′2(1) = 1
2u2(1

2), u′′2(0) = 0,

(4.1)

where n = 2, ai(t) = 1, αi = βi = γi = δi = 1, and

fi(t, u1, u2) =
t

1000 + u1+u2
1000 , t ∈ [0, 1], 0 ≤ u1 + u2 ≤ 1,

t
1000 + 2((u1 + u2)2 − (u1 + u2)) + 1

1000 , t ∈ [0, 1], 1 < u1 + u2 < 2,
t

1000 + 2
[

log2(u1 + u2) + u1+u2
2

]
+ 1

1000 , t ∈ [0, 1], 2 ≤ u1 + u2 ≤ 4,
t

1000 + 4
√
u1 + u2 + 1

1000 , t ∈ [0, 1], 4 < u1 + u2 < +∞,
for i = 1, 2. Choose σ = 1

4 , p = q = 3, p1 = p2 = 2. Then by di-
rect calculations, we can obtain that
ρi = 3 ψi(t) = 1 + t, ϕi(t) = 2− t, t ∈ [0, 1],
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∆i =

∣∣∣∣ −µi1ψi(ξi)ρi − µi1ϕ1(ξ1)
ρi − µi2ψi(ηi)− µi2ϕi(ηi)

∣∣∣∣ = −15
8 , Ãi = 11

15 , B̃i = 23
8 ,

Mi = max0≤t≤1

∫ 1
0 Gi(t, s)ds = 4

3 ,

mi = minσ≤t≤1−σ
∫ 1−σ
σ Gi(t, s)ds = 25

96 ,∫ 1
0 ai(t)dt = 1,

∫ 1−σ
σ ai(t)dt = 1

2 i = 1, 2,

Λ0 = min
{
ϕ1(1−σ)
ϕ1(σ) , ψ2(σ)

ψ2(1) ,
ϕ2(1−σ)
ϕ2(σ) , ψ2(σ)

ψ2(1)

}
= 5

7 ,

Λ1 = max
{

1, ‖ψ1‖, ‖ϕ1‖, ‖ψ2‖, ‖ϕ2‖
}

= 2,

Λ2 = min
{

mint∈[σ,1−σ] ϕ1(t),mint∈[σ,1−σ] ψ1(t),mint∈[σ,1−σ] ϕ2(t),

mint∈[σ,1−σ] ψ2(t), 1
}

= 1,

λ = min
{

Λ0,
Λ2
Λ1

}
= 1

2 ,

and

1

piMi[1+Λ1Ãi+Λ1B̃i]
= 45

986 ,
1

mi[1+Λ2Ãi+Λ2B̃i]
= 2304

2765 , i = 1, 2.

So we choose a = 1, b = 2, c = 200, Then, by Theorem 2, system (15)

has at least three positive solutions ui = (u
(i)
1 , u

(i)
2 ), i = 1, 2, 3, such that

‖u1‖ < a, b < α(u2), and ‖u3‖ > a, with α(u3) < b.
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