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ABSTRACT. In this work, by employing the Leggett-Williams fixed
point theorem, we study the existence of at least three positive solu-
tions of boundary value problems for system of third-order ordinary
differential equations with (p1,p2, ..., pn)-Laplacian

{ (dp; (i (1)) + ai(t) fit, ua(t), ua(t), ..., un(t)) =0 0<t<l,
aiui(0) — Biui(0) = pinwi(&), ~viwi(1) 4+ iwi(1) = pioui(ni),  ui'(0) =0,

where ¢,,(s) = |s|Pi™?s,, are p;-Laplacian operators, p; > 1,0 <
& < 1,0 <m <1 and pit, i >0fori=1,2,...,n.

Keywords: Positive solution; Third-order ordinary differential
equation; Fixed point theorem, (p1,p2,. .., pn)-Laplacian.

1. INTRODUCTION

In this paper, we will study the existence of at least three positive
solutions of boundary value problems for system of third-order ordinary
differential equations with (p1,p2,. .., p,)-Laplacian

{ (¢p, (Ui () + ai(t) fi(t, ur(t), ua(t), ..., un(t)) =0 0<t<1, (1.1)
a;u; (0) — Biuf(0) = pinwi(§;), viui(1) + 6iui(1) = pagui(mi),  wi(0) =0, ™
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where ¢,,(s) = |s|Pi~2s,, are p;-Laplacian operators, p; > 1,0 < & <
1,0 <m <1 and p1, 0 >0fori=1,2,...,n.

In [4], I’in and Moiseev studied the existence of solutions for a lin-
ear multi-point boundary value problem. Gupta [3] studied certain
three-point boundary value problems for nonlinear ordinary differen-
tial equations. Since then, more general nonlinear multi-point boundary
value problems have been studied by several authors because multi-point
boundary value problems describe many phenomena of applied mathe-
matics and physics (see [2, B, 2], [IT]). There is much current interest
in questions of positive solutions of boundary value problems for ordi-
nary differential equations, you may see [1, 8-10, 13-15] and references
therein. Motivated by the works [7, [16], in this paper we will show the
existence of three positive solutions for the problem (1).

The basic space used in this paper is a real Banach space E =
[T-,(C[0,1],R), with the norm |[(u,ug,...,un)|| == > ;= |Juil|, where
|uil| = maxg(oq)|ui(t)]. For convenience, we make the following as-
sumptions:

(A) a; > 0,6; > 0,v; >0,0; > 0,p; = ;i + Bivi + idi > 0,p; —
pi2h (i) > 0, pi — panp(&i) > 0, pin, a2 > 0,4; < 0, for i = 1,2,...,n,
and o € (0, 3),

o= | (&) e (&) | i=1.2..  .n
pi — a2t (n;) —pio(n;i)
where
»i(t) = Bi + ait, i(t) =i + 6 —yit, te0,1], i=1,2,...,n(1.2)

are linearly independent solutions of the equation z”(¢t) = 0,¢ € [0, 1].
Obviously, 1; is non-decreasing on [0, 1] and ¢; is non-increasing on [0, 1]

(B)fi € C([0,1] x [[i-,[0,+0),[0,+c0)), are continuous and a; :
(0,1) — [0, 400) is continuous and a;(t) # 0, for ¢ = 1,2,...,n on any
subinterval of (0, 1), and

1
0< / a;(s)ds < 4o0.
0

For the convenience of the reader, we present here the Leggett-Williams
fixed point theorem [6].
Given a cone K in a real Banach space E, a map « is said to be a non-
negative continuous concave (resp. convex) functional on K provided
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that a: K — [0. + 00) is continuous and

alt + (1~ 1)) > ta(z) + (1 - aly)
(resp.a(tz + (1 —t)y) < ta(z) + (1 —t)aly)),

for all z,y € K and t € [0, 1].
Let 0 < a < b be given and let o be a nonnegative continuous concave
functional on K. Define the convex sets P, and P(«,a,b) by

P, = {x € Kl|la]| < 1},
and
P(a,a,b) = {o € Kla < a(a), |le] < b}.

Theorem 1.1. (Leggett-Williams fived point theorem). Let A : P. — P.
be a completely continuous operator and let o be a nonnegative contin-
uous concave functional on K such that a(x) < ||z|| for all z € P..
Suppose there exist 0 < a < b < d < ¢ such that

(A1) {x € P(a,b,d)|a(z) > b} # 0, and a(Azx) > b for v € P(«,b,d),
(42) [ Az| < a for |z] < a, and

(A3) a(Ax) > b for x € P(a,b,c) with ||Az| > d.

Then A has at least three fized points x1, x2, and x3 and such that
|lzi|| < a,b < a(z2) and ||xs3|| > a, with a(xs) < b.

Inspired and motivated by the works mentioned above, in this work we
will consider the existence of positive solutions to BVP (1). we shall first
give a new form of the solution, and then determine the properties of the
Green’s function for associated linear boundary value problems; finally,
by employing the Leggett-Williams fixed point theorem, some sufficient
conditions guaranteeing the existence of three positive solutions. The
rest of the article is organized as follows: in Section 2, we present some
preliminaries that will be used in Section 3. The main results and proofs
will be given in Section 3. Finally, in Section 4, an example are given to
demonstrate the application of our main result.

2. PRELIMINARIES

In this section, we present some notations and preliminary lemmas
that will be used in the proof of the main result.

Definition 2.1. Let X be a real Banach space. A non-empty closed
convex set P C X is called a cone of X if it satisfies the following
conditions:

(1) z € P,u > 0 implies px € P,

(2) x € P,—x € P implies = = 0.
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Let y;(t) = —¢p, (u](t)), for t = 1,2,...,n, then the following bound-
ary value problems

{ (dp; (i (1)) + ai(t) fi(t,ui(t), ..., un(t)) =0, 0 <t <1,
uy (0) =0,

is turned into the following boundary value problems

{ Zigé))—zcg’(t)fi(tul(t)a csup(t) =0, 0<t <1, i=1,2,...,n(2.1)

Lemma 2.2. The BVP (3) has a unique solution

yi(t) = /0 a;(s) fi(s,u1(s),...,un(s))ds, i=1,2,...,n. (2.2)

Lemma 2.3. If (A) holds, then for y;(t) € C([0,1]),i =1,2,...,n, the
following boundary value problems
W) + 65 (1) =0, 0<t<1,
a;u; (0) = Biui(0) = pirui(&:), (2.3)
Yiwi(1) 4+ 0ul(1) = pioui(n;),

have a unique solution

1
ui(t) = /0 Gi(t,8)oy, (yils))ds + Ai(6,, (i)0i(t) + Bi(dy,! (4))pi(t)(2.4)
where

o= L[ ei®ils), s<t,
Gilt,#) = i { wi(s)i(t), t<s, (2.5)

_ 1| pin fl Gi(&, s)op (yi)ds  pi — pingi (&)

Ai(dp (yi) = — 3 P , (2.6)
P Ai | i [y Gilmiy 8)0,  (yi)ds —i2pi(n;i)
- U | —pai&)  pa fy Gil&is)dy (vi)ds

Bi(¢y, (41)) = 9 o , (2.7)
b Ai | pi — pi2tbi(mi)  praz fol Gi(ni, )by (yi)ds

Proof. The proof follows by routine calculations. O

Remark 2.4. For fixed integrable function y, it is obvious that 4;(¢, ! (y)), Bi(¢;,' (1)),
for i =1,...,n, are constants.

For convenience, let

pi(e) 2 P1(1)7 " pn(o) 2 Pa(l)
Av = max {1, [41]}, il - el lonll

Az = min { minte[a,lfa} (Pl(t)7 minte[a,lfa] (0} (t)7 SR

Ao = min {2020 1) | enlle) dui)]
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minte[a,lfo} $n (t)v minte[a,lfcr} Pn (t)v 1}7
A = min {AO, %}

If (A) and (B) hold, then from Lemmas 1 and 2, we know that
u = (ui(t),...,un(t)
is a solution of the BVP (1) if and only if

1
ui(t) :/0 Gi(t, s)ey, (Wis))ds + Ai(dy, (Wi(s)))i(t) + (2.8)

Bi(¢,, (Wi(s)wi(t), 0<t<1,

where Wi(s) = [ ai(7) fi(T,us(7), ..., un(7))dr, for i =1,...,n.

We need some properties of the functions G;,7 =1,...,n, in order to
discuss the existence of positive solutions.
For the Green’s functions G;(t, s)i = 1,...,n,, we have the following two

Lemmas [7].

Lemma 2.5. If (A) and (B) hold, then

0 < Gi(t,s) < Gi(s, ), t,s €0,1], (2.9)
and
Gi(t,s) > AoGi(s, s), telo,1—0l],s€]0,1], (2.10)
fori=1,...,n.
Denote

K={u=(u,...,un) € Eluj(t) >0, min () wi(t)) > Aull,i=1,...,n}.

telo,1—0] P

It is obvious that K is cone.

Define the operator T': E — E by

T(w)(t) = (T (u)(D), ..., Tu(u)(t), Ve (0,1), (2.11)
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where
Ty(w)(t) = [y Ga(t, )6, (Wi(s))ds + A1 (6,1 (Wi(s)))n (1)
+B1(¢, (Wi (s))gr(t), 0 <t <1,
u)(t) = [y Gnlt, )dp L (Wa(s))ds + An(dp, (Wn(s)))tn(t)
+B (¢;1(Wn(3)))¢n(t), 0<t<1,
(2.12)
and Wi(s) = [y ai(7) fi(m,u(r))dr, and u = (uy,...,up), fori=1,... n.

Ev1dently, (ui(t),...,un(t)) is a solution of the BVP (1) if and only if
(u(t), ..., up(t)) is a fixed point of operator T

Lemma 2.6. If (A) and (B) holds, then the operator defined in (13)
satisfies T(K) C K.

Proof. For any u = (uy,...,u,) € K, then from properties of G;(t, s),
we have T;(u)(t) > 0,t € [0,1], and it follows form (18) that

= [y Gi(t, s)d, (Wi(s))ds+A; (¢ (Wi()))wi (£)+Bi(¢, (Wi())pi(2)
sﬁ&@ﬁ%wwmw+mmwﬂw<m+&w<M@m-

Thus,
IT()ll < [y G o (Wi(s))ds+A1[Ai(¢y,! (Wi(s)))+Bi(6,, (Wils))].
On the other hand for te (0,1 — 0], we have

mityeo1 o) Ti(W)(E) = mineelo 1) | fo Gilts )y, (Wils))ds +
A, (W) in(t) + Bi(o, mwwﬂ

)

>Aof0 i(s, )¢y, (W, ())dS+A(¢p (W, ))%(HB(% (Wa))gi(t)

> Ao fy Gi(s, ), (Wils))ds + §2.A1[Ai(6;, (W0) + Bi(g, (W)
P

> Al Jy Gils,5)6, (Wils))ds + Ar[Ai(6, (W3)) + Bi(ey, ()]
> A Ti(w)]].

Therefore

minyepp1 o) (T1()(8),- .., Tu(u)(t)) > A1 (@[] + ... + N|Tn(w)]
= Al(T1(w), .., T (W)

From the above, we get T'(K) C K. This completes the proof of Theo-
rem 4. U



Positive solutions for nonlinear systems 3-order generalized S-L 17

3. MAIN RESULTS

In this section, we discuss the existence of positive solutions of
BVP (1). We define the nonnegative continuous concave functional on
K by

O‘(ula ce aun) = 0<1}1<i{170(u1(t) +eot un(t))

It is obvious that, for each u = (uq,...,u,) € K,a(u) < ||ul.

Throughout this section, for convenience, let

—~ 1
A—

P =

—pi1i (&) i

Wiz —pizi(n;i) YA i paabi(mi) e

il pi — Mil%(&)’ B — 1

l1-0o

i—max/G (t,s)ds, m; = min Gi(t,s)ds, i=1,...,n.
0<t<1 o<t<l—o -

Also we assume that p;,¢ = 1,...,n, are positive numbers satisfying

L + 4 pl < 1.

Assurne that (A) and (B) hold. In addition, assume there exist non-
negative numbers a, b, ¢ such that 0 < a < b < min{}\, - TV AR p:’"”ﬁ }e,
and f;(t,uq,...,uy), satisfy the following conditions:

H1) fi(t,ug, ..., up) < c_ ~),f0ranyt€ [0, 1], u1+

1 ¢ (
fol ai(t)dt pi pZ‘Mi[l-‘rAlAi-i-AlBi}
<+ u, €10,
H2) fi(t, Ug,y .- ,’LLn) <
-+ u, €10,4],
, 1 b
H3) fi(t,u1,...,uy) > i ai(t)dtqbpi (mi[1+A2,7\;+A2E}
1,2,...,n, and for any ¢t € [0,1],u1 + -+ + u, € [b,g].
(@) (i)) i =

Then the system (1) has at least three positive solutions u; = (uy”/, ..., un
1,2,3, such that ||ui|| < a,b < a(uz), and |juz|| > a, with a(us) < b.

1 a
fol ai(t)dt Opi (PiMi[1+A1:47+A1§;} )’ forany ¢ € [0, 1}, w1+

), for some ¢ =

Proof. First, we show that T : P, — P, is a completely continuous op-

erator. If (u1,...,u,) € P., by condition (H1), for i = 1,...,n, we have
Ai(, 1 (W)

<L i1 fo i(&iys _1 (fo ai(T) fi(r,ur(7), ... un(7))dr)ds  pi — parpi(&i)

- 1452 fo fo a;(7) fi(ryur (7). . ., un(7))d7)ds —pioi (i)

< ffl

— pill+A 1AM B

and

Bi(,, (W)
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—pii(&:) pit fy Gi(&i, $)dp ([ ai() fi(r,ua(7), ... un(7))dr)ds
pi — pizi(m) iz [y Gi(&ir )0, (fS ai(r) fi(moua (7). (7)) dr)ds

1
S o

<< B
— pi[l+A1A;+A1 By

Thus,
||Ti(u17 s >un)|| = MmMaxp<t<1 |T'1'(U1, ceey un)(t)‘
= maxo<¢<1 (fol Gi(t, 5)p, (Wi(s))ds + Ai(¢y,, (Wi) () +

(A1 . c c N
Bz(gpr' (WZ))(’Dl(t)) = pi[l+A1A;+A1B;] + pill+A1A;+A1B;] A@(,Ol(t)

_|_

Pz[1+A1,’4:+A1'B:} BZQO'L (t)

C /-v N
S o s LT A A B

A

— C
pi’

thus

”T(ulv <o 7un)|| = Z?:l HTZ(ula s 7un)H < Z?:l p% <c.

Therefore, ||T(u1,...,un)|| < ¢, that is, T : P. — P.. The operator
T is completely continuous by an application of the Ascoli-Arzela theo-
rem.

In the same way, the condition (H2) implies that the condition (A2) of
Theorem 1 is satisfied. We now show that condition (A1) of Theorem 1 is
satisfied. Clearly, {(u1,...,us) € P(a,b, %)|a(us, ..., uy) > b} # 0. If
(ui,...,up) € Playb, %), then b < uy(s)+---+uy(s) < g,s € [o,1—0].
By condition (H3), for i =1,...,n, we get

Ai(¢,H (W7))

o 1| M [0 G ) (7 ai(r) filmoun (1), - un(1))dT)ds  pi — pinei(&:)

=8 a2 [ Gl )8 (T @D fir (), un(T)dr)ds —piagiln)

= [1+A2£+A2§] Ai

and

B¢y, (Wi)

o 1| —hati(&)pa f;igGz‘(fz‘,8)4551-1(];170Gi(T)fz‘(Tyul(T)v---,Un(T))dT)dS X

— A — patbi () paz [, 7 Gil&i 8)op,

>_ b B
— [14+A24A;+A2B;]

Thus,

1

il
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(T (ury ... un)(t) = ming<t<i—o (T1(u1, ..o un) )+ +Tn(ur, . . ., un)(t))

> ming<icioo ( Jy Gilts)0, (Wals))ds + As(6,1 (W) (1)
+ Bu(gpt (W1)er (1))

_|_

ming<er o ((Jy Galt, )05 (Wa(s))ds + A (95,1 (W) (1)
+ Ba(dy,) <Wn>>son<t>)

> R b + b Bt
T 14+A2 A A By 1+A2A1+A2Bl lwl( ) 1+A2A1+A2B; 1('01( )

>_ b N
= 1+A2A1+A2B1[ + A2 A1+ Ao Bi] = b

Therefore, condition (A1) of Theorem 1 is satisfied.

Finally, we show that the condition (A3) of Theorem 1 is also satisfied.
If (ui,...,upn) € Pla,b,c), and || T(ug,...,un)| > g, then
a(T(u1,...,up)(t)) = ming<i<i—o I'(u1, ..., un)(t)

> M| T (ury -y up)|| > 0.

Therefore, the condition (A3) of Theorem 1 is also satisfied. By Theo-

rem 1, there exist three positive solutions u; = (ugi), cee ug)),i =1,2,3,
such that ||u;|| < a,b < a(ug), and ||ug|| > a, with a(us) < b. we have
the conclusion. (|

4. APPLICATION

Example 4.1. Consider the following boundary value problem system:

(dp, (u( (1)) + a1 () f1(t, ua(t), ua(t)) = 0<t<1,
(Pps (uz(t))) + az(t) f2(t, uz(t), ua(t)) = 0<t<1,
u1(0 )—U'1( )= m(%), ur(l) +u ( ) = %U(%)a uy(0) =0,
u2(0) — u3(0) = u2(7), us(1 )+U’2( ) = zua(3), u5(0) =0,
where n = 2,a;(t) = 1,0, = 5; =7, = = 1, and
filt,ur,ug) =
T + o t€0,1,0<ur+u <1

[
10t00 +2((ug + UQ) (ug +uz)) + 1000, t e [0,
1000 + 2[logy(u1 + UQ) + udua] 4 1000, t €10,
1000 T 4v/ur T U2 + 155, t o,

for i = 1,2. Choose ¢ = Z,p =q = 3,p1 = po = 2. Then by di-

rect calculations, we can obtain that

pi =3¢i(t) =1+t pi(t)=2—¢, t€10,1],

(4.1)
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A = | ~Hai(&)pi — pinei(§r) _ g1l po_ 23
! pi — pi2i(ni) — piopi(ni o ’

M; = maxo<i<1 fol Cji(ta s)ds = %7

m; = minogtgl_a fo_io- Gz(ty S)dS = %7

Jo @it =1, [ ai(t)dt = 3 i=1,2,

_ i Jei(l=0) tha(o) @2(1-0) Pa2(o) | _ 5
Ao—mm{ 210) > P2(1)’  02(0) ’¢2(1)}_7’

Ay = max {1, 9], o1 I 1ol ool } =2

Ay = min { MiNye (g 1] P1(t), MiNye[r,1—o] Y1 (F), M|y 1) P2(1),
minye( 1) 2(t), 1} = 1,

A = min {Ao, %} = %,

and

1 __ 45 1 __ 2304 i = 172.

piMi[1+A1 A+ A1 B;] 9867 my[14AsA+AB;) 27657

So we choose a = 1,b = 2,¢ = 200, Then, by Theorem 2, system (15)
has at least three positive solutions u; = (ugl), ug)),i =1,2,3, such that
|lu1]| < a,b < a(uz), and |lug|| > a, with a(usz) < b.
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