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Abstract. In many modeling that occurs in various disciplines, in-
cluding physics and biological mathematics, the stochastic factor is
used to increase the accuracy of the model and make it more consis-
tent with the reality of the phenomena, which has led to the creation
of various classes of stochastic equations. One of the equations in
this family is the linear or nonlinear stochastic Itô-Volterra integral
equations (SIVIEs). This study investigated a method based on
the operational matrix from linear cardinal B-spline functions by
means of the Simpson’s rule for a family of the linear or nonlinear
SIVIEs due to the Brownian motion. To this end, we have cre-
ated matrix forms for the Volterra integral as well as the stochastic
Itô-integral. Then we obtained the operational matrix of product,
which we found to be not particularly computationally complex. By
stating several theorems, we show that the method is convergent,
and as a consequence of these theorems, we prove that the order of
convergence of this method is O(

1

22I
) and some convergence verifi-

cation notes for different values of I to confirm the theoretical rates
are demonstrated.

1Corresponding author: payammoradpour19@gmail.com, ksayehvand@malayeru.ac.ir,
iman.masty@gmail.com,
Received: 24 January 2026
Revised: 19 May 2026
Accepted: 25 May 2026
How to Cite: Moradpour, Payam; Sayevand, Khosro; Masti, Iman. Operational
matrix approach based on linear cardinal B-splines for stochastic Itô- Volterra
integral equations. Casp.J. Math. Sci.,15(2)(2026), 434-466.
This work is licensed under a Creative Commons Attribution 4.0 International License.

Copyright © 2026 by University of Mazandaran. Subbmited for possible open access
publication under the terms and conditions of the Creative Commons Attribution(CC BY)
license(https://craetivecommons.org/licenses/by/4.0/)

434

http://cjms.journals.umz.ac.ir
https://doi.org/10.22080/cjms.2026.31111.1811


Running Title 435

Keywords: Linear Cardinal B-spline polynomials, Stochastic Itô-
Volterra integral equations, Error analysis, Operational matrix.

2000 Mathematics subject classification: 65D07, 60H05, 45D05.

1. Introduction

During the last three decades, deterministic chaos theory has rapidly
attracted mathematicians, engineers, economists, physicists, biologists,
etc. But, this type of chaos can only be understood as quasi-chaos,
where all states of a system can be predicted and recreated by exper-
imenting. In addition, many experiments in the natural sciences have
provided hard evidence of stochastic behavior. Deterministic models
can represent idealized situations and can often be corrected by adding
stochastic influences. Because of the irregularity of Brownian motion,
stochastic differential equations can only be interpreted in terms of sto-
chastic integral equations. Kiyosi Itô (1915-2008) discovered the diffi-
culty of investigating differential equations with a noise term that does
not converge to a unique limit in the mean square sense. To avoid this
difficulty, Itô developed a new approach and created a formula called the
Itô formula, which is the basis of the Itô calculus and an introduction
to stochastic differential equations (SDE) [1, 2]. Stochastic differential
equations are basically equations of motion for dynamic systems that
evolve according to a probabilistic description. In recent years, stochas-
tic ordinary differential equations have been widely used in modeling
complex phenomena in various scientific fields. Among these applica-
tions are population dynamics, the spread of bacteriophage infections,
and other biological systems in which the role of uncertainty and random
fluctuations is important [3]. Stochastic differential equations (SDEs)
governed by Brownian processes provide powerful analytical tools for
studying dynamical systems under uncertainty. These studies have di-
verse applications in economics, biology, mechanics, physics, chemistry,
and finance, and play a fundamental role in analyzing the behavior of
complex systems with random noise [4, 5, 6].

For example, the geometric Brownian motion:

dZ(x) = αZ(x)dx+ βZ(x)dB(x), Z(0) = Z0, (1.1)

which is a stochastic process commonly used to model the behavior of
asset prices in finance, including in the Black-Scholes-Merton option
pricing model. Another important example is Feller’s branching dif-
fusion, which is a stochastic process commonly used in mathematical
biology to model population dynamics, particularly in the context of
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branching processes[7]:

dZ(x) = αZ(x)dx+ σ
√
Z(x)dB(x), Z(0) = Z0 > 0. (1.2)

For example, the Fokker-Planck stochastic equation is used in statisti-
cal mechanics to study the behavior of particles under the influence of
second-order forces and drag forces. These equations allow for a more
accurate analysis of the dynamics of physical systems and provide a
better understanding of the effects of noise and chaos in these systems
[8]:

dβZ(x) = k1(t, x)Z(x)dx+k2(t, x)Z(x)dB(x), Z(0) = Z0, β ∈ R. (1.3)

To solve this class of equations, various methods have been proposed.
The most important of which are the second-order Chebyshev wavelet
Galerkin method [9] and the shifted Legendre spectral collocation method
[10]. In the framework of numerical methods, the matrix form has been
used as an efficient tool for solving various problems. For this pur-
pose, researchers in [11] have used the operational matrix based on the
dual Bernstein polynomial to approximate fractional derivatives and also
the stochastic integral. Other advanced methods such as collocation-
Galerkin and the shifted Jacobi polynomials have also been investigated
in order to improve the accuracy and computational efficiency, and
techniques based on the Galerkin method and other developed numer-
ical methods have played an important role in solving these equations
[12, 13]. For more details and about discussing the additional relevant
works to better contextualize these contributions see [14, 15, 16, 17, 18].

Since solving the SDEs can only be done in a particular cases, de-
veloping stable numerical techniques for SDEs is a major and rapidly
increasing area of research. Due to their high accuracy, spectral meth-
ods have been widely used in the last decades. Three main types of
spectral methods can be applied: collocation, tau, and Galerkin. The
choice of the type of method depends fundamentally on the application.
Usually, the matrices generated by the discretization matrices have an
increasing condition number, and thus computational rounding errors.
This reduces the expected theoretical exponential accuracy. Further-
more, the discretization matrices are usually fully populated, making it
difficult to use efficient algebraic solvers.

Several attempts have been made to eliminate these problems. The
operational matrix method is a powerful numerical technique used to
solve various types of differential equations, especially those involving
fractional derivatives. The key advantages of the method include the
following:
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Operational matrices significantly reduce the computational cost com-
pared to traditional numerical methods, especially for higher-order deriva-
tives or fractional derivatives (Efficiency).

Depending on the choice of basis functions and the number of terms
used, the method can achieve high accuracy (Accuracy).

This method can be used for systems of different sizes and complexi-
ties (Flexibility).

Computational software greatly facilitates the work with this method
(Use of computational tools).

It can be applied to a wide range of problems, including: fractional
differential equations, integro-differential equations, delay differential
equations, nonlinear problems (Versatility).

Among the considerations that should be taken into account for this
method is the choice of basis functions. The choice of basis functions
significantly impacts the accuracy and efficiency of the method, such
as polynomials Legendre, Chebyshev, Bernstein, Bernoulli, wavelets, or
other suitable functions [11, 19, 20, 21]. In summary, the operational
matrix method provides a powerful and versatile framework for solving
a wide range of differential equations. By leveraging the properties of
operational matrices, this method offers significant advantages in terms
of computational efficiency and accuracy, making it a valuable tool in
various scientific and engineering disciplines.

With these ideas in mind, this study investigates a method based on
the operational matrix of B-spline cardinal linear functions for numer-
ically solving linear and nonlinear SIVIEs. We consider the following
SIVIE:

z(x) = g(x) +

∫ x

0
λ1(x, t)Υ1(t, z(t))dt+

∫ x

0
λ2(x, t)Υ2(t, z(t))dB(t),

(1.4)
where x, z(x), g(x) ∈ D = [0, T ] and Υi(t, z(t)), λi(x, t) ∈ D × D, for
i = 1, 2, are the stochastic processes defined on the probability space
(Ω,F, P ). Also, B = {B(t), t ≥ 0} is a Brownian process.

Also, many functions or polynomials, such as the approach based on
Legendre wavelets Galerkin method [22] and piecewise spectral-collocation
method [23], the approach based on operational matrices of Chebyshev
cardinal functions [24] and the explicit finite difference scheme and Bern-
stein polynomials [25], were used to derive solutions of SIVIEs.

In this work, the choice of linear cardinal B-spline basis functions
is driven by a deliberate balance between the sparsity of operational
matrices, numerical stability, simplicity of implementation, and robust-
ness against the limited smoothness induced by stochastic noise. Unlike
global polynomial bases such as Legendre and Chebyshev polynomials,
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which produce dense matrices with rapidly growing condition numbers
and whose spectral accuracy deteriorates when confronted with the non-
smooth solutions typical of stochastic equations, linear B-splines, with
their compact support, yield sparse and nearly banded operational ma-
trices whose condition number remains bounded independently of the
scale, enabling stable system solutions even for a large number of ba-
sis functions. Furthermore, in contrast to Bernstein polynomials, which
despite good conditioning suffer from dense matrices and slow algebraic
convergence, and wavelets, which although sparse require complex mul-
tiresolution constructions and boundary adaptations, linear cardinal B-
splines admit simple closed-form expressions, require no numerical quad-
rature, offer a remarkably straightforward implementation, and provide
a robust and reliable second-order convergence for stochastic problems.
This combination of features makes linear cardinal B-splines a highly
suitable choice for the numerical solution of stochastic Volterra integral
equations, particularly in applications requiring repeated execution over
numerous Brownian motion realizations.

2. Basic definitions

2.1. Cardinal B-spline functions.
Definition 2.1. The nth-order cardinal B-spline Bn(x) for n ≥ 2 can
be defined as follows:

Bn(x) = (Bn−1 ∗B1)(x) =

∫ ∞

−∞
Bn−1(x− t)B1(t)dt =

∫ 1

0
Bn−1(x− t)dt,

(2.1)
here B1(x) = χ[0,1](x) is the characteristic function on [0, 1].

Lemma 2.2. The following formula can be obtained recursively through
calculations:

Bn(x) =
x

n− 1
Bn−1(x) +

n− x

n− 1
Bn−1(x− 1), (2.2)

where Supp[Bn(x)] = [0, n].

Definition 2.3. In explicit form, linear B-spline function B2(x) can be
defined as follows:

B2(x) =


x x ∈ [0, 1]

2− x x ∈ [1, 2]

0 o.w.

Definition 2.4. The two-scale relationship for linear B-splines functions
B2(x) for x ≥ 0 is defned as follows:

Bi,j(x) = B2(2
ix− j), (2.3)
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where i, j ∈ Z.

It can easily be shown that
supp[Bi,j(x)] = [2−ij, 2−i(2 + j)], i, j ∈ Z. (2.4)

Define Vi = {j : [2−ij, 2−i(2 + j)] ∩ (0, 1) ̸= ⊘} for i ∈ Z. It can be
derived that min{Vi} = −1 and max{Vi} = 2i − 1 where i ∈ Z. Since
the support of Bi,j(x) may not be in range of [0, 1], to take the scaling
functions into the interval [0, 1], we let

φi,j(x) = Bi,j(x).χ[0,1](x), i ∈ Z, j ∈ Vi. (2.5)
As a result, one can write

φi,j(x) =



{
1− 2ix x ∈ [0, 2−i)

0 o.w
j = −1


2ix− j x ∈ [2−ij, 2−i(j + 1))

2− 2ix+ j x ∈ [2−i(j + 1), 2−i(j + 2))

0 o.w

j = 0, · · · , 2i − 2

{
2ix− 2i + 1 x ∈ [1− 2−i, 1)

0 o.w
j = 2i − 1

(2.6)

2.2. Itô integral. The probability space (Ω, F, P ) is the set that
contains all possible outcomes of a random experiment or process. This
mathematical space allows us to predict and analyze the random behav-
ior of systems. A probability space consists of three main components:

The sample space Ω is the set of all possible outcomes of a random
experiment, The subset set F is the set of the sample space that contains
measurable sets, and te probability function P , is a function of the
subset F to real numbers that assigns to each event a probability of its
occurrence.

Brownian motion is a stochastic process named after the Scottish sci-
entist. It refers to the random motion of particles suspended in a liquid
or gas under the influence of molecular collisions. Brownian motion is
generally characterized by the following characteristics [26]:

Brownian motion is completely random, meaning that the path of the
particles is unpredictable and its behavior can only be modeled by the
laws of probability (Randomness).

The motion of the particles changes direction and speed at any given
moment, so that their motion appears irregular and without a specific
pattern (Complexity and irregularity).
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Definition 2.5. [7]-[10] For v ∈ [0, T ], Brownian motion is accurately
modeled using a stochastic process or B(v), which has certain properties,
some of which are:

• Starting from zero, meaning that: B(0) = 0,
• Random return, meaning that: B(v)−B(u) ∼ N(0, v − u),
• Independence, meaning that: For v > u, B(v)−B(u) is independent

of the past,
• Continuous but inseparable paths.

A random integral is a type of integral used in probability theory and
stochastic processes. These integrals are used to model and analyze sys-
tems that exhibit random behavior, such as Brownian motion and other
random processes. Unlike ordinary integrals, which involve continuous
and predictable functions, in a random integral, the stochastic processes
are introduced as a component of the integral, which introduces com-
plications in the analysis and calculations. One of the most common
and important types of stochastic integrals is the Itô integral. The Itô
integral is used particularly in stochastic calculus and the theory of sto-
chastic processes to model stochastic systems with properties such as
discontinuity and randomness [7].

Definition 2.6. Let f ∈ ∆(A,B) and φm is a sequence such that:

E

[∫ B

A
(f(a, b)− φm(a, b))2 da

]
= 0, as m → ∞. (2.7)

Then: ∫ B

A
f(a, b)dB(b) = lim

m→∞

∫ B

A
φm(a, b)dB(b). (2.8)

Proposition 2.7. One of the main equations that models Brownian
motion is the stochastic integral equation, which is as follows:∫ x

0
f(w)dB(w) = f(x)B(x)−

∫ x

0
B(w)df(w). (2.9)

Proof. See ([7]). □

Proposition 2.8.

E

[(∫ V

U
g(v, l)dBrv(l)

)2
]
= E

[∫ V

U
g2(v, l)dv

]
, g ∈ ∆(U, V ).

Proof. See ([7]). □
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2.3. Approximation of functions. Let us consider the set of car-
dinal B-spline functions of I-th degree:

ϕI(x) =
[
φI,−1(x), φI,0(x), ..., φI,2I−1(x)

]T ⊂ L2[0, 1], (2.10)
and assume that

W = span{φI,−1(x), φI,0(x), ..., φI,2I−1(x)}.
We also know that, since W is a finite-dimensional vector space, for

any arbitrary function g in the space L2[0, 1], gI ∈ W is the best ap-
proximation to g in the space W . In other words,

∀h ∈ W, ∥ g − gI ∥2 ≤ ∥ g − h ∥2 . (2.11)
Since gI ∈ W , L = [l−1, l0, · · · , l2I−1]

T will be a singular vector that:

g(x) ≃ gI(x) =

2I−1∑
j=−1

ljφI,j(x) = LTϕI(x). (2.12)

The function φI,j(x) can be expressed as follows:

φI,j

(
m+ 1

2I

)
= δj,m =

{
1, j = m

0, j ̸= m
m = −1, 0, ..., 2I − 1. (2.13)

Therefore the coefficients lj in Eq. (2.12) are determined as:

lj = g

(
j + 1

2I

)
, j = −1, 0, · · · , 2I − 1. (2.14)

Let em be the (m+ 2)-th column of unit matrix of order 2I + 1, so it is
easy to verify that

ϕI(µm) = em, µm =
m+ 1

2I
, m = −1, 0, ..., 2I − 1. (2.15)

Similarly, for function λ ∈ L2([0, 1]× [0, 1]) as:

λ(x, t) ≃ λm(x, t) =
2I−1∑
p=−1

2I−1∑
q=−1

φp,m(x)kpqφq,m(t) = ϕT (x)Kϕ(t), (2.16)

where K = [kpq](2I+1)×(2I+1) and

kpq = λ(
p+ 1

2I
,
q + 1

2I
), p, q = −1, 0, · · · , 2I − 1. (2.17)

3. Description of the method

In this section, we first construct the integer and the stochastic
integral of linear cardinal B-spline functions on [0, 1]. Then, a numerical
approach based on matrix operators will be presented.
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3.1. Operational matrices.

Theorem 3.1. Let ϕI(x) be linear cardinal B-spline vector defined in
Eq. (2.10). Then, the operational matrix of integration based on the
linear cardinal B-spline vector is defined as follows:∫ x

0
ϕI(t)dt = IϕI(x), (3.1)

and I is defined as:

I =



0 ζ ζ ζ . . . ζ
0 ζ 2ζ 2ζ . . . 2ζ
0 0 ζ 2ζ . . . 2ζ
...

...
... . . . . . . ...

0 0 0 0 ζ 2ζ
0 0 0 0 0 ζ


, (3.2)

where ζ = 2−I−1.

Proof. Let x ∈ [0, 1], then define

Iφj(x) =

∫ x

0
φj(t)dt. (3.3)

In order to calculate the aforementioned integral, three cases are ana-
lyzed and evaluated in detail:
Case 1: if j = −1:

In this case, if x ∈ [0, 2−I ] then Eq. (2.6) is calculated as follows:

IφI,−1(x) =

∫ x

0
φI,−1(t)dt =

∫ x

0
(1− 2It)dt = x− 2I−1x2. (3.4)

If x > 2−I then Eq. (2.6) can be obtained as:

IφI,−1(x) =

∫ 2−I

0
φI,−1(t)dt =

∫ 2−I

0
(1− 2It)dt = 2−I−1. (3.5)

Case 2: if j = 0, 1, · · · , 2I − 2:
In this case, if x ∈ [0, 2−Ij] then:

IφI,j(x) = 0. (3.6)

If x ∈ [2−Ij, 2−I(j + 1)] then:

IφI,j(x) =

∫ x

2−Ij
(2It− j)dt = 2I−1x2 − jx+ 2−I−1j2. (3.7)
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If x ∈ [2−I(j + 1), 2−I(j + 2)] then:

IφI,j(x) =

∫ 2−I(j+1)

2−Ij
(2It− j)dt+

∫ x

2−I(j+1)
(2− (2It− j))dt

= (2 + j)x− 2I−1x2 − 2−I−1(j2 + 4j + 2).

(3.8)

Else if x > 2−I(j + 2) then:

IφI,j(x) =

∫ 2−I(j+1)

2−Ij
(2It− j)dt+

∫ 2−I(j+2)

2−I(j+1)
(2− (2It− j))dt

= 2−I .

(3.9)

Case 3: j = 2I − 1:
In this case, if x ∈ [0, 2−Ij] then:

IφI,j(x) = 0. (3.10)

If x ∈ [1− 2−I , 1] then:

IφI,2I−1(x) =

∫ x

1−2−I

(2It− 2I + 1)dt = 2I−1x2 − jx+ 2−I−1j2. (3.11)

Else if x > 2−I(j + 2) then:

IφI,2I−1(x) =

∫ 1

1−2−I

(2It− 2I + 1)dt = 2−I−1. (3.12)

Now, by using Eqs. (3.4)-(3.12), IφI,j(x) is equalto


1− 2I−1x2 x ∈ [0, 2−I)

2−I−1 x ⩾ 2−I

0 o.w

j = −1


2I−1x2 − jx+ 2−I−1j2 x ∈ [2−Ij, 2−I(j + 1))

2−I−1 x ∈ [2−I(j + 1), 2−I(j + 2))

2−I x ⩾ 2−I(j + 2)

0 o.w

j = 0, · · · , 2I − 2


2I−1x2 − (2I − 1)x+ 2−I−1(2I − 1)2 x ∈ [1− 2−I , 1)

2−I−1 x ⩾ 1

0 o.w

j = 2I − 1

(3.13)
By using Eq. (2.10) and Eq. (3.13), it can be obtained:

IϕI(x) = IϕI(x), (3.14)
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where

Ii,j = I(φj(µi)), µi =
i+ 1

2I
, i, j = −1, 0, ..., 2I − 1. (3.15)

Therefore, it can be proven that the operational matrix of integration
based on the linear cardinal B-spline vector, I of order (2I+1)×(2I+1)
is defined as follows:

I =



0 ζ ζ ζ . . . ζ
0 ζ 2ζ 2ζ . . . 2ζ
0 0 ζ 2ζ . . . 2ζ
...

...
... . . . . . . ...

0 0 0 0 ζ 2ζ
0 0 0 0 0 ζ


, (3.16)

where ζ = 2−I−1.
■

□
Theorem 3.2. Let ϕI(x) be linear cardinal B-spline vector defined in
Eq. (2.10). Then, the stochastic operational matrix of integration based
on the linear cardinal B-spline vector is defined as follows:∫ x

0
ϕI(t)dB(t) = IsϕI(x), (3.17)

and Is is defined as:

Is =



0 γ γ γ . . . γ
0 δ0 γ0 γ0 . . . γ0
0 0 δ1 γ1 . . . γ1
...

...
... . . . . . . ...

0 0 0 0 δ2I−2 γ2I−2

0 0 0 0 0 ϑ


. (3.18)

Proof. Let x ∈ [0, 1], then define

I∫φI,j(x) =

∫ x

0
φI,j(t)dB(t), (3.19)

in order to calculate the aforementioned integral, three cases are ana-
lyzed and evaluated in detail:
Case 1: if j = −1:

In this case, if x ∈ [0, 2−I ] then Eq. (2.6) is calculated as follows:

I∫φI,−1(x) =

∫ x

0

φI,−1(t)dB(t) =

∫ x

0

(1− 2It)dB(t) = B(x)− 2I
∫ t

0

tdB(t).

(3.20)
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Therefore, by using property 2.7, we have:

I∫φI,−1(x) = B(x)− 2I
(
xB(x)−

∫ t

0
B(t)dt

)
. (3.21)

Now, we can use Simpson’s rule of integration to calculate the integral
at 3.21. So we have:

I∫φI,−1(x) = B(x)

(
1− 2I+1x

3

)
+

2I+2x

3
B(

x

2
). (3.22)

If x > 2−I then Eq. (2.6) can be obtained as:

I∫φI,−1(x) =

∫ 2−I

0
(1− 2It)dB(t) = B(2−I)− 2I

∫ 2−I

0
tdB(t). (3.23)

Therefore, by using property 2.7, we have:

I∫φI,−1(x) = B(2−I)− 2I

(
xB(x)|2−I

0 −
∫ 2−I

0
B(t)dt

)
. (3.24)

Now, we can use Simpson’s rule of integration. So we have:

I∫φI,−1(x) =
4

3
B(2−I−1) +

1

3
B(2−I). (3.25)

Case 2: if j = 0, 1, · · · , 2I − 2:
In this case, if x ∈ [0, 2−Ij] then:

I∫φI,j(x) = 0. (3.26)

If x ∈ [2−Ij, 2−I(j+1)] then by using property 2.7 and use Simpson’s
rule, we have:

I∫φI,j(x) =

∫ x

2−Ij
(2It− j)dB(t)

=
2It− j

3

(
2B(x)−B(2−Ij)− 4B(

2It+ j

2I+1
)

)
.

(3.27)

If x ∈ [2−I(j + 1), 2−I(j + 2)] then:

I∫φI,j(x) =

∫ 2−I(j+1)

2−Ij

(2It− j)dB(t) +

∫ x

2−I(j+1)

(2− (2It− j))dB(t)

=
5 + 2j − 2I+1x

3
B(x)− 1

3
B(2−Ij) +

2Ij − 2− j

3
B((j + 1)2−I)

− 4

3
B((2j + 1)2−I−1) +

2I+2

3

(
x− 2−I(j + 1)

)
B(

x+ 2−I(j + 1)

2
).

(3.28)
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Else if x > 2−I(j + 2) then:

I∫φI,j(x) =

∫ 2−I(j+1)

2−Ij
(2It− j)dB(t) +

∫ 2−I(j+2)

2−I(j+1)
(2− (2It− j))dB(t)

=
−1

3
B(2−Ij) +

1

3
B(2−I(j + 2))− 4

3
B(2−I−1(2j + 1))

+
4

3
B(2−I−1(2j + 3)).

(3.29)
Case 3: j = 2I − 1:

In this case, if x ∈ [0, 2−Ij] then:

I∫φI,j(x) = 0. (3.30)

If x ∈ [1− 2−I , 1] then:

I∫φI,2I−1(x) =

∫ x

1−2−I

(2It− 2I + 1)dB(t)

=
2Ix− j

3

(
2B(x)−B(2−Ij)− 4B(

x+ 2−Ij

2
)

)
.

(3.31)

Else if x > 1 then:

I∫φI,2I−1(x) =

∫ 1

1−2−I

(2It− 2I + 1)dB(t)

=
1

3

(
2B(2−I(j + 1))−B(2−Ij)− 4B(2−I−1(2j + 1))

)
.

(3.32)
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Now, by using Eqs. (3.20)-(3.32), I∫φI,j(x) is equal to

for j = −1 :


B(x)

(
1− 2I+1x

3

)
+

2I+2x

3
B(

x

2
) x ∈ [0, 2−I)

4

3
B(2−I−1) +

1

3
B(2−I) x ⩾ 2−I

0 o.w

for j = 0, 1, · · · , 2I − 2 :



2It− j

3

(
2B(x)−B(2−Ij)− 4B(

2It+ j

2I+1
)

)
where x ∈ [2−Ij, 2−I(j + 1))

5 + 2j − 2I+1x

3
B(x)− 1

3
B(2−Ij) +

2Ij − 2− j

3
B((j + 1)2−I)

−4

3
B((2j + 1)2−I−1) +

2I+2

3

(
x− 2−I(j + 1)

)
B(

x+ 2−I(j + 1)

2
)

where x ∈ [2−I(j + 1), 2−I(j + 2))

−1

3
B(2−Ij) +

1

3
B(2−I(j + 2))− 4

3
B(2−I−1(2j + 1)) +

4

3
B(2−I−1(2j + 3))

where x ⩾ 2−I(j + 2)

0 o.w

for j = 2I − 1 :
2Ix− 2I + 1

3

(
2B(x)−B(1− 2−I)− 4B(

x+ 1− 2−I

2
)

)
x ∈ [1− 2−I , 1)

1

3

(
2B(1)−B(1− 2−I)− 4B(1− 2−I−1)

)
x ⩾ 1

0 o.w

(3.33)
By using Eq. (2.10) and Eq. (3.33), it can be obtained:

I∫ϕI(x) = IsϕI(x), (3.34)

where

Ii,j = I∫ (φj(µi)), µi =
i+ 1

2I
, i, j = −1, 0, ..., 2I − 1. (3.35)

Therefore, it can be proven that the stochastic operational matrix of
integration based on the linear cardinal B-spline vector, Is of order (2I+
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1)× (2I + 1) is defined as follows:

Is =



0 γ γ γ . . . γ
0 δ0 γ0 γ0 . . . γ0
0 0 δ1 γ1 . . . γ1
...

...
... . . . . . . ...

0 0 0 0 δ2I−2 γ2I−2

0 0 0 0 0 ϑ


, (3.36)

where

γ =
1

3

(
4B(2−I−1) +B(2−I)

)
,

γj =
1

3

(
4B(2−I(j + 2))−B(2−Ij)− 4B(2−I−1(2j + 1)) + 4B(2−I−1(2j + 3))

)
,

δj =
1

3

(
2B(2−I(j + 1))−B(2−Ij)− 4B(2−I−1(2j + 1))

)
,

ϑ =
1

3

(
2B(1)−B(2−I(2I − 1))− 4B(2−I−1(2I+1 − 1))

)
,

(3.37)
for j = 0, 1, ..., 2I − 2.

■

□

Note 3.3. [27] For obtaining the values of B(x) in Eq. (3.37) we apply
the Definition (2.5), where:

B(µ)−B(ξ) ≃
√

(µ− ξ)N(0, 1), ξ < µ. (3.38)

Let us set δt = T

N
for some positive integer N and write Bj for denoting

B(tj) with tj = jδt. From definition (2.5) we have B(0) = 0 and this
definition also states that:

Bj = Bj−1 + dBj , j = 0, 1, · · · , N. (3.39)

Theorem 3.4. Let ϕI(x) be linear cardinal B-spline vector defined in
Eq. (2.10) and C = [c−1, c0, · · · , c2I−1]

T is an arbitrary vector. The
operational matrix of product based on the linear cardinal B-spline vector
is defined as follows:

ϕI(x)ϕ
T
I (x)C = ĈϕI(x), (3.40)

where
Ĉ = diag[c−1, c0, · · · , c2I−1]. (3.41)
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Proof. We have ϕI(x)ϕ
T
I (x)C is equal to

φ−1(x)φ−1(x) φ−1(x)φ0(x) φ−1(x)φ1(x) . . . φ−1(x)φ2I−1(x)
φ0(x)φ−1(x) φ0(x)φ0(x) φ0(x)φ1(x) . . . φ0(x)φ2I−1(x)
φ1(x)φ−1(x) φ1(x)φ0(x) φ1(x)φ1(x) . . . φ1(x)φ2I−1(x)

...
...

... . . . ...
φ2I−1(x)φ−1(x) φ2I−1(x)φ0(x) φ2I−1(x)φ1(x) . . . φ2I−1(x)φ2I−1(x)

C,

(3.42)
where C is 

c−1

c0
c1
...

c2I−1

 . (3.43)

Now, we approximate all functions φi(x)φj(x) for i, j = −1, 0, · · · , 2I−1
by the linear cardinal B-splines. Therefore,

φi(x)φj(x) =

2I−1∑
k=−1

lkφk(x), (3.44)

where
lk = φi(µk)φj(µk), µk =

k + 1

2I
, (3.45)

and

φi(x)φj(x) =

2I−1∑
k=−1

φi(µk)φj(µk)φk(x) =

2I−1∑
k=−1

δikδjkφk(x)

=


φ−1(x) 0 0 · · · 0

0 φ0(x) 0 · · · 0
0 0 φ1(x) · · · 0
...

...
... . . . ...

0 0 0 · · · φ2I−1(x)

 .

(3.46)

Therefore,

ϕI(x)ϕ
T
I (x)C =


φ−1(x) 0 0 · · · 0

0 φ0(x) 0 · · · 0
0 0 φ1(x) · · · 0
...

...
... . . . ...

0 0 0 · · · φ2I−1(x)




c−1

c0
c1
...

c2I−1


= ĈϕI(x).

(3.47)
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■
□

3.2. Scheme for the numerical solution. A new technique for
solving SIVIE (1.4) using the linear cardinal B-spline vector is presented.
Assume know that:

z(x) = g(x) +

∫ x

0
λ1(x, t)Υ1(t, z(t))dt+

∫ x

0
λ2(x, t)Υ2(t, z(t))dB(t),

x ∈ D = [0, T ] . (3.48)
To obtain the solution of this equation, we expand z(x), λ1(x, t) and
λ2(x, t) with linear cardinal B-spline so that:

z(x) = ZTϕI(x),

g(x) = GTϕI(x),

λp(x, t) = ϕT
I (x)λpϕI(t), p = 1, 2,

(3.49)

with Z, G, ϕI(x), λ1 and λ2 as defined in the previous section. Given
different definitions for Υp(t, z(t)) for p = 1, 2, we will have different
forms of the equation. So we consider cases for Υp(t, z(t)) for p = 1, 2.
Case 1: For the first kind, we consider Υp(t, z(t)) = z(t) for p = 1, 2.
Therefore, SIVIE (1.4) will be linear and

z(x) = g(x) +

∫ x

0
λ1(x, t)z(t)dt+

∫ x

0
λ2(x, t)z(t)dB(t), x ∈ D = [0, T ] .

(3.50)
By substituting Eqs. (3.49) into Eq. (3.48) we have ZTϕI(x) is equal to

GTϕI(x) + ϕT
I (x)λ1

∫ x

0
ϕI(t)ϕ

T
I (t)Zdt+ ϕT

I (x)λ2

∫ x

0
ϕI(t)ϕ

T
I (t)ZdB(t).

(3.51)
Therefore, by substituting Eqs. (3.40) into Eq. (3.51) one will set

ZTϕI(x) = GTϕI(x)+ϕT
I (x)λ1Ẑ

∫ x

0
ϕI(t)(t)dt+ϕT

I (x)λ2Ẑ

∫ x

0
ϕI(t)dB(t).

(3.52)
Using Theorems 3.1 and 3.2

ZTϕI(x) = GTϕI(x) + ϕT
I (x)λ1ẐIϕI(x) + ϕT

I (x)λ2ẐIsϕI(x). (3.53)
Also, from the initial conditions (1.4):

ZTϕI(0) = 0. (3.54)
By substituting points µj = 2−I(j + 1) for j = 0, 1, · · · , 2I − 1 in Eq.
(3.53) and using Eq. (2.15), we have:

ZT ej = GT ej + eTj λ1ẐIej + eTj λ2ẐIsej , (3.55)
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and also:
ZT e−1 = 0. (3.56)

This problem is related to the system of (2I + 1) algebraic equations in
linear B-spline space, which by solving the system of equations and cal-
culating the vector Z, an approximate solution to Eq. (1.4) is obtained.
Case 2: For the second kind, we consider Υp(t, z(t)) = zk(t) for p = 1, 2
and k ∈ N. Therefore, SIVIE (1.4) will be nonlinear and

z(x) = g(x)+

∫ x

0
λ1(x, t)z

k(t)dt+

∫ x

0
λ2(x, t)z

k(t)dB(t), x ∈ D = [0, T ] .

(3.57)
From Theorem 3.4 it is easily verified that:

zk(t) = ZkϕI(t), k ∈ N. (3.58)

By substituting Eqs. (3.49) and (3.58) into Eq. (3.57) we have ZTϕI(x)
is equal to

GTϕI(x)+ϕT
I (x)λ1

∫ x

0
ϕI(t)ϕ

T
I (t)Z

T
k dt+ϕT

I (x)λ2

∫ x

0
ϕI(t)ϕ

T
I (t)Z

T
k dB(t).

(3.59)
Therefore, by substituting Eqs. (3.40) into Eq. (3.59) we have ZTϕI(x)
is equal to

GTϕI(x) + ϕT
I (x)λ1ẐT

k

∫ x

0
ϕI(t)(t)dt+ ϕT

I (x)λ2ẐT
k

∫ x

0
ϕI(t)dB(t).

(3.60)
Using Theorems 3.1 and 3.2,

ZTϕI(x) = GTϕI(x) + ϕT
I (x)λ1ẐT

k IϕI(x) + ϕT
I (x)λ2ẐT

k IsϕI(x). (3.61)

Also, from the initial conditions (1.4):

ZTϕI(0) = 0. (3.62)

By substituting points µj = 2−I(j + 1) for j = 0, 1, · · · , 2I − 1 in Eq.
(3.53) and using Eq. (2.15), we have:

ZT ej = GT ej + eTj λ1ẐT
k Iej + eTj λ2ẐT

k Isej , (3.63)

and also:
ZT e−1 = 0. (3.64)

This problem corresponds to a system of (2I + 1) nonlinear equations
in (2I + 1) unknown linear cardinal B-spline coefficients. After solving
the system of equations and computing the vector Z , we obtain the
approximate solution of Eq. (1.4).
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4. Convergence analysis

Let us now examine the convergence and error analysis of the pro-
posed scheme for solving SIVIE. We get an upper error bound on the
following theorem.

Theorem 4.1. Let g(x) ∈ C2[0, 1] and gI(x) is approximate solutions
of g be the linear cardinal B-spline. Then the upper bound error for the
method is

EI(x) = ∥g(x)− gI(x)∥2 ≤ 2−2I−1∥g′′
(x)∥2. (4.1)

Proof. Let Dj =
{
x|2−Ij ≤ x ≤ 2−I(j + 1)

}
for j = 0, 1, · · · , 2I − 1 and

define

Ej(x) =

{
g(x)− gI(x) x ∈ Dj

0 o.w.
(4.2)

Therefore,
Ej(x) = g(x)− gI(x)

= g(x)−
2I−1∑
p=−1

g(2−I(p+ 1))φp(x)

= g(x)−
[
g(2−Ij)φj−1(x) + g(2−I(j + 1))φj(x)

]
= g(x)−

[
g(2−Ij)(−2Ix+ j + 1) + g(2−I(j + 1))(2Ix− j)

]
= g(x)−

[
g(2−Ij)− g(2−Ij)(2Ix− j) + g(2−I(j + 1))(2Ix− j)

]
= g(x)−

[
g(2−Ij) + 2I(x− 2−Ij)

(
g(2−I(j + 1))− g(2−Ij)

)]
= g(x)−

[
g(2−Ij) + (x− 2−Ij)

(
g(2−I(j + 1))− g(2−Ij)

2−I

)]
≃ g(x)−

[
g(2−Ij) + (x− 2−Ij)g

′
(2−Ij)

]
.

(4.3)

By writing the Taylor expansion for function g(x) in Eq. (4.3) in terms
of (x− 2−Ij), we have:

Ej(x) ≃
(x− 2−Ij)2

2
g
′′
(ζj), ζj ∈ (2−Ij, 2−I(j + 1)). (4.4)

Since |x− 2−Ij| ≤ 2−I :

|Ej(x)| ≃ 2−2I−1|g′′
(ζj)|, (4.5)

Thus
∥E(x)∥ = sup

x∈Dj

|Ej | ≃ 2−2I−1∥g′′
(ζj)∥. (4.6)

■
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□

Lemma 4.2. Suppose gI(x) = GϕI(x) is the best approximation for the
function g(x) ∈ C2[0, 1] by the linear cardinal B-spline functions. In this
case, we have:

∥E(x)∥ = ∥g(x)− gI(x)∥ = O
(

1

22I

)
. (4.7)

Proof. By applying Theorem 4.1, the result is easily achieved.

■

□

Theorem 4.3. Suppose λI(x, t) is the best approximation for the func-
tion λ(x, t) ∈ C2([0, 1]× [0, 1]) by the linear cardinal B-spline functions.
In this case, ∥E(x, t)∥ is equal to

∥λ(x, t)−λI(x, t)∥ ≤ 2−2I−1

(
∥∂

2λ(x, t)

∂x2
∥+ 2∥∂

2λ(x, t)

∂x∂t
∥+ ∥∂

2λ(x, t)

∂t2
∥
)
.

(4.8)

Proof. Let Di,j =
{
(x, t)|2−Ii ≤ x ≤ 2−I(i+ 1), 2−Ij ≤ t ≤ 2−I(j + 1)

}
for i, j = 0, 1, · · · , 2I − 1 and define

Ei,j(x, t) =

{
λ(x, t)− λI(x, t) x ∈ Di,j

0 o.w.
(4.9)

Therefore, Ei,j(x) is equal to
= λ(x, t)− λI(x, t)

= λ(x, t)−
2I−1∑
p=−1

2I−1∑
q=−1

λ(2−I(p+ 1), 2−I(q + 1))φp(x)φq(t)

= λ(x, t)− [λ(2−I i, 2−Ij)φi−1(x)φj−1(t) + λ(2−I(i+ 1), 2−Ij)φi(x)φj−1(t)

+ λ(2−I i, 2−I(j + 1))φi−1(x)φj(t) + λ(2−I(i+ 1), 2−I(j + 1))φi(x)φj(t)].

(4.10)
By writing the Taylor expansion for function λ(x, t) in Eq. (4.10) in

terms of (x− 2−Ij), we have:

Ei,j(x, t) ≃
1

2

(
∂

∂x
(x− 2−Ii) +

∂

∂t
(t− 2−Ij)

)2

λ(ζi, ηj), (4.11)

where ζi ∈ (2−Ii, 2−I(i+ 1)), ηj ∈ (2−Ij, 2−I(j + 1)).
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Since |x− 2−Ii| ≤ 2−I and |t− 2−Ij| ≤ 2−I :

|Ei,j(x, t)| ≃ 2−2I−1

(
|∂

2λ(ζi, ηj)

∂x2
|+ 2|∂

2λ(ζi, ηj)

∂x∂t
|+ |∂

2λ(ζi, ηj)

∂t2
|
)
.

(4.12)
Thus
∥E(x, t)∥ = sup

(x,t)∈Di,j

|Ei,j(x, t)|

≤ 2−2I−1 sup
(x,t)∈[0,1]×[0,1]

(
|∂

2λ(x, t)

∂x2
|+ 2|∂

2λ(x, t)

∂x∂t
|+ |∂

2λ(x, t)

∂t2
|
)
.

(4.13)
Finally

∥E(x, t)∥ ≤ 2−2I−1

(
∥∂

2λ(x, t)

∂x2
∥+ 2∥∂

2λ(x, t)

∂x∂t
∥+ ∥∂

2λ(x, t)

∂t2
∥
)
.

(4.14)
■

□
Lemma 4.4. Suppose λI(x, t) is the best approximation for the function
λ(x, t) ∈ C2([0, 1] × [0, 1]) by the linear cardinal B-spline functions. In
this case, we have:

∥E(x, t)∥ = ∥λ(x, t)− λI(x, t)∥ = O
(

1

22I

)
. (4.15)

Proof. By applying Theorem 4.3, the result is easily achieved.
■

□
Theorem 4.5. Let z(x) and zI(x) be the exact and approximate solu-
tions of Eq. (1.4), and

(i) ∥z∥2 ≤ M, (4.16)
(ii) ∥λp∥2 ≤ Mp for p = 1, 2,

(iii) ∥Υi −ΥiI∥2 ≤ Li∥z − zI∥2 for i = 0, 1 Lipschitz condition,
then:

∥eI∥2 ≤
ξ +M(γ1 + γ2)

1− L1(M1 + γ1)− L2(M2 + γ2)
. (4.17)

Proof. We have:

z(x) = g(x) +

∫ x

0
λ1(x, t)Υ1(t, z(t))dt+

∫ x

0
λ2(x, t)Υ2(t, z(t))dB(t).

(4.18)
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The approximate equation of Eq. (4.18) is

zI(x) = gI(x)+

∫ x

0
λ1I(x, t)Υ1(t, zI(t))dt+

∫ x

0
λ2I(x, t)Υ2(t, zI(t))dB(t).

(4.19)
Let eI represent the error function eI(v) = z(v)−zI(v). Therefore, from
Eqs. (4.18) and (4.19) we have:

eI(x) = {g(x)− gI(x)}+
∫ x

0
{λ1(x, t)Υ1(t, z(t))− λ1I(x, t)Υ1(t, zI(t))}dt

+

∫ x

0
{λ2(x, t)Υ2(t, z(t))− λ2I(x, t)Υ2(t, zI(t))}dB(t).

(4.20)
From Eq. (4.20)

eI(x) = J1(x) + J2(x) + J3(x), (4.21)

where
J1(x) = g(x)− gI(x), (4.22)

J2(x) =

∫ x

0
{λ1(x, t)Υ1(t, z(t))− λ1I(x, t)Υ1(t, zI(t))}dt, (4.23)

and

J3(x) =

∫ x

0
{λ2(x, t)Υ2(t, z(t))− λ2I(x, t)Υ2(t, zI(t))}dB(t). (4.24)

By using Theorem 4.1 we have:

∥J1∥2 = ∥g − gI∥2 ⩽ ξ, ξ =
1

22I+1
∥g′′

(x)∥2. (4.25)

Therefore, we now estimate J2(x) and J3(x).
For J2 we have:

∥J1∥22 =
∫ 1

0

∣∣∣∣∫ x

0
{λ1(x, t)Υ1(t, z(t))− λ1I(x, t)Υ1(t, zI(t))}dt

∣∣∣∣2 dx
≤
∫ 1

0

(∫ x

0
|λ1(x, t)Υ1(t, z(t))− λ1I(x, t)Υ1(t, zI(t))|dt

)2

dx

≤
∫ 1

0

∫ 1

0
|λ1(x, t)Υ1(t, z(t))− λ1I(x, t)Υ1(t, zI(t))|2 dtdx

= ∥λ1Υ1 − λ1IΥ1I∥22.

Therefore:
∥J2∥2 ≤ ∥λ1Υ1 − λ1IΥ1I∥2. (4.26)
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For J3 we have:

∥J2∥22 =
∫ 1

0

∣∣∣∣∫ x

0
{λ2(x, t)Υ2(t, z(t))− λ2I(x, t)Υ2(t, zI(t))}dB(t)

∣∣∣∣2 dx
≤
∫ 1

0

(∫ x

0
|λ2(x, t)Υ2(t, z(t))− λ2I(x, t)Υ2(t, zI(t))|dB(t)

)2

dx.

By using Eq. (2.8) it comes:

E∥J2∥22 ≤
∫ 1

0
E

(∫ 1

0
|λ2(x, t)Υ2(t, z(t))− λ2I(x, t)Υ2(t, zI(t))|2dt

)
dx.

Therefore:
∥J2∥2 ≤ ∥λ2Υ2 − λ2IΥ2I∥2. (4.27)

From Eq. (4.21) yields:
∥eI∥2 = ∥z− zI∥2 ≤ ∥g− gI∥2 + ∥λ1Υ1 − λ1IΥ1I∥2 + ∥λ2Υ2 − λ2IΥ2I∥2.

(4.28)
On the other hand, for i = 0, 1

∥λiΥi − λiIΥiI∥2 = ∥λiΥi − λiΥiI + λiΥiI + λiIΥiI∥2
= ∥λi(Υi −ΥiI) + λi(ΥiI +Υi)− λiI(ΥiI −Υi) + λiΥi − λiIΥi∥2
≤ ∥λi∥2∥Υi −ΥiI∥2 + ∥λi − λiI∥2(∥Υi −ΥiI∥2 + ∥Υi∥2).

(4.29)
Following the assumptions (iii):
∥λiΥi − λiIΥiI∥2 ≤ Li∥λi∥2∥z− zI∥2 + ∥λi − λiI∥2(Li∥z− zI∥2 + ∥zi∥2),

(4.30)
from Theorem 4.3, we have ∥λi − λiI∥2 ≤ γi for i = 1, 2, therefore:

∥eI∥2 ≤
ξ +M(γ1 + γ2)

1− L1(M1 + γ1)− L2(M2 + γ2)
. (4.31)

■

□

5. Numerical feedbacks

In this section, the performance, accuracy, and efficiency of the
proposed method have been evaluated through the analysis of three
numerical examples. It should be noted that due to the presence of
integrals and random coefficients in the examples, the final results are
constantly changing. Therefore, in order to achieve valid numerical re-
sults, the process of executing the examples has been repeated at least
20 times using MATLAB software and finally the most desirable results
have been presented.
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In the follow-up, the numerical convergence rate of the proposed
method is examined. For each scale I, let h = 2−I be the approxi-
mate mesh size, and define the discrete maximum error over a fixed set
of test points T as

EI = max
x∈T

∣∣z(x)− zI(x)
∣∣, (5.1)

where z(x) is the exact solution and zI(x) is the numerical solution ob-
tained by the proposed method. Due to the stochastic nature of the
problem, each EI is reported after averaging over 20 independent Brow-
nian motion realizations. According to Theorem 4.1, the approximation
error behaves as O(2−2I) = O(h2), i.e., the method is expected to ex-
hibit second-order convergence. To verify this numerically, we assume
the error follows the model EI ≈ C hp = C 2−pI , where p is the numer-
ical convergence rate. For two successive scales I1 and I2 with I2 > I1,
the order is estimated by

p =
log2(EI1)− log2(EI2)

I2 − I1
. (5.2)

In particular, when I2 = I1 + 2, Eq. (5.2) simplifies to

p =
1

2
log2

(
EI1

EI2

)
. (5.3)

Example 5.1. Consider the following nonlinear SIVIE [22, 23]:

z(x) =
1

10
− 1

900

(∫ x

0
z(t)dt−

∫ x

0
z3(t)dt

)
+

1

30

∫ x

0
(1− z(t))2 dB(t),

(5.4)
where x ∈ [0, 1) , z(0) = 1.

The exact answer will be

z(x) = tanh

(
1

30
B(x) + arctanh(

1

10
)

)
. (5.5)

For different values of I, a comprehensive comparison between the ap-
proximate solution and the exact solution of the problem is performed,
which is shown in Figures 1 and 2. These figures help to better under-
stand the efficiency of the method. In addition, Table 1 includes the
absolute error for different values of x with for I = 4, I = 6, I = 8
and I = 10. The comparison presented in Table 2, shows the fun-
damental difference between the proposed method and some existing
methods such as the Legendre wavelets Galerkin method [22] and piece-
wise spectral-collocation method [23]. In such a way that the specific
characteristics and influential parameters of each method were examined
independently. By analyzing the data in this table, one can see a signif-
icant difference in the accuracy and efficiency of the method compared
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to other methods. Using the maximum errors extracted from Table 1,
the computed convergence orders are presented in Table 3. As can be
seen from Table 3, the computed orders fluctuate around p = 2, which
is in good agreement with the theoretical second-order convergence es-
tablished in Theorem 4.1. The slight variations are attributed to the
inherent randomness of the stochastic differential equation and the fi-
nite number of Monte Carlo realizations (20 runs). Averaging the three
computed orders gives p̄ ≈ 1.98, confirming the expected convergence
rate.
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Figure 1. Approximate solutions and exact solutions of
Example 5.1 for I = 4 and I = 6.
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Figure 2. Approximate solutions and exact solutions of
Example 5.1 for I = 8 and I = 10.
Table 1. The absolute error of Example 5.1 for I = 4,
I = 6, I = 8 and I = 10 with different values of x.

x I = 4 I = 6 I = 8 I = 10
0.1000 3.5892× 10−5 3.1554× 10−6 1.7045× 10−7 1.3562× 10−8

0.3000 8.5586× 10−5 4.9955× 10−6 3.0742× 10−7 2.5902× 10−8

0.5000 1.2199× 10−5 8.5285× 10−6 5.1794× 10−7 3.7774× 10−8

0.7000 4.9552× 10−4 1.1081× 10−5 7.8466× 10−7 1.3155× 10−7

0.9000 8.6064× 10−5 1.1057× 10−5 1.4685× 10−6 1.1864× 10−8

Example 5.2. Consider the following nonlinear SIVIE [24]:

z(x) = 1 +

∫ x

0

1

32
z(t)dt−

∫ x

0
z3(t)dt+

∫ x

0
0.25z(t)dB(t), x ∈ [0, 1] ,

(5.6)
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Table 2. The comparison of the obtained results for Ex-
ample 5.1.

Methods Conditions Maximum Errors
Legendre wavelets [22] M = 48 1.954× 10−3

Piecewise spectral-collocation [23] M = 12, N = 12 5.700× 10−4

Proposed method I = 4 1.2199× 10−5

Proposed method I = 6 1.1057× 10−6

Proposed method I = 10 1.1864× 10−8

Table 3. Convergence analysis for Example 5.1.

I h = 2−I L∞ error Order p
4 0.0625 4.9552× 10−4 –
6 0.015625 1.1081× 10−5 2.74
8 0.00390625 1.4685× 10−6 1.46
10 0.0009765625 1.3155× 10−7 1.74

where z(0) = 1.

The exact answer will be

z(x) =
e0.25B(x)√

1 + 2
∫ x
0 e0.5B(t)dt

. (5.7)

At first, considering different values of I = 4 and I = 6 we solve the
equation, which the absolute errors are reported in Table 4, for dif-
ferent values of x. The comparison presented in Table 4, shows the
fundamental difference between the proposed method and some existing
methods such as the operational matrices of Chebyshev cardinal func-
tions [24]. Comparisons have been made within the specific conditions
of each method and by considering their specific parameters. By ana-
lyzing the data in this table, one can see a significant difference in the
accuracy and efficiency of the method compared to other methods. Us-
ing the maximum errors extracted, the computed convergence orders are
presented in Table 5. The computed convergence orders remain remark-
ably stable at p ≈ 2.32 across all mesh refinements. This value slightly
exceeds the theoretical second-order rate established in Theorem 4.1,
indicating that the proposed linear cardinal B-spline method performs
particularly well for this class of nonlinear stochastic Volterra integral
equations with smooth exact solutions. The consistency of the order
over multiple scales also confirms the robustness of the method and the
reliability of the numerical results.
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Table 4. Comparing errors of Example 5.2.

Method in [24] Proposed method
v N = 10 I = 4 I = 6

0.1000 8.2714× 10−2 6.5350× 10−5 8.8895× 10−6

0.3000 1.7747× 10−2 8.6064× 10−5 7.4322× 10−6

0.5000 5.9106× 10−2 1.2409× 10−4 1.0453× 10−5

0.7000 4.8138× 10−2 9.2100× 10−5 1.7366× 10−6

0.9000 8.8528× 10−2 2.6482× 10−4 2.1378× 10−6

Table 5. Convergence analysis for Example 5.2.

I h = 2−I L∞ error Order p
4 0.0625 2.6482× 10−4 –
6 0.015625 1.0453× 10−5 2.33
8 0.00390625 4.1373× 10−7 2.31
10 0.0009765625 1.6451× 10−8 2.32

Example 5.3. Consider the following linear SIVIE [25]:

z(x) = −1

8
−
∫ x

0

1

4
tz(t)dt−

∫ x

0

1

40
z(t)dB(t), x ∈ [0, 1] , (5.8)

where z(0) = 0.

The exact answer will be

z(x) = −1

8
e
−
(
1

40
B(x)+

1

8
x3+

1

3200
x2

)
. (5.9)

For I = 6, a comprehensive comparison between the approximate so-
lution and the exact solution of the problem is performed, which is shown
in Figures 3. These figures help to better understand the efficiency of
the method. In addition, Table 6 includes the absolute error for different
values of x with for I = 4 and I = 6. The comparison presented in Ta-
ble 6, shows the fundamental difference between the proposed method
and some existing methods such as the explicit finite difference scheme
and Bernstein polynomials [25]. Comparisons have been made within
the specific conditions of each method and by considering their specific
parameters. By analyzing the data in this table, one can see a signifi-
cant difference in the accuracy and efficiency of the method compared
to other methods.
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Figure 3. Approximate solutions and exact solutions of
Example 5.3 for Various performances as I = 6.

Table 6. Comparing errors of Example 5.3

Method in [25] Proposed method
x N = 16 I = 4 I = 6

0.1000 6.2500× 10−8 3.4224× 10−8 6.6547× 10−9

0.3000 1.2500× 10−7 3.3212× 10−8 5.2103× 10−9

0.5000 1.8750× 10−7 9.6805× 10−8 6.3143× 10−10

0.7000 2.5000× 10−7 1.2497× 10−8 2.8374× 10−9

0.9000 3.1250× 10−7 9.8515× 10−8 1.4747× 10−10
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6. Conclusion

This study developed a computationally efficient framework for
solving linear and nonlinear stochastic Itô-Volterra integral equations
driven by Brownian motion, using an operational matrix approach based
on linear cardinal B-spline functions combined with Simpson’s rule. We
established matrix representations for both the deterministic Volterra
integral and the stochastic Itô integral, and derived the product opera-
tional matrix with modest computational complexity. A rigorous con-
vergence analysis proved that the method achieves an accuracy order of
O
(

1
22I

)
, and numerical examples confirmed its efficiency and high ac-

curacy compared to existing techniques. The numerical results confirm
that the proposed method consistently achieves at least second-order
convergence, in accordance with the theoretical error bound established
in Theorem 4.1. In certain cases (Examples 5.2), the observed conver-
gence rate even exceeds the theoretical prediction, demonstrating the
robustness and efficiency of the linear cardinal B-spline operational ma-
trix approach.

The main contributions and advantages of this work are:
• The method is mesh-free, eliminating the need for domain dis-

cretization.
• High accuracy is attainable with only a small number of basis

functions.
• The scheme reduces the original linear or nonlinear SIVIEs to

algebraic systems that can be solved by standard solvers.
• It provides an efficient framework for solving SIVIEs and can be

extended to similar problems with an Itô-Volterra structure.
Nevertheless, the current study has certain limitations. The analysis
assumes a standard Brownian motion driver; extensions to more gen-
eral stochastic processes (e.g., jump-diffusions or fractional Brownian
motion) require additional theoretical justification. Moreover, while the
operational matrices are compact, applying the method to very high-
dimensional systems may increase computational cost, and the present
formulation focuses on integral equations rather than differential equa-
tions. Future work will therefore focus specifically on adapting this
method to stochastic fractional differential equations, as well as extend-
ing it to more complex problems such as multidimensional stochastic
fractional differential-integral equations.
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