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ABSTRACT. In this paper we introduce the concept of a-commutator
which its definition is based on generalized conjugate classes. With
this notion, a-nilpotent groups, a-solvable groups, nilpotency and
solvability of groups related to the automorphism « are defined.
N(G) and S(G) are the set of all nilpotency classes and the set
of all solvability classes for the group G with respect to different
automorphisms of the group, respectively. If G is nilpotent or solv-
able with respect to the all its automorphisms, then is referred as
it absolute nilpotent or solvable group. Subsequently, N'(G) and
S(G) are obtained for certain groups. This work is a study of the
nilpotency and solvability of the group G from the point of view
of the automorphism which the nilpotent and solvable groups have
been divided to smaller classes of the nilpotency and the solvability
with respect to its automorphisms.
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1. INTRODUCTION

Nilpotent and solvable groups in terms of the certain normal series of
subgroups are defined in [5]. This approach demonstrates that there
is a connection between nilpotent groups, solvable groups and commu-
tators. A solvable group is a group whose derived series terminates in
the trivial subgroup. Historically, the word solvable arose from Galois
theory and the proof of the general unsolvability of quintic equation.
Specifically, a polynomial equation is solvable by radicals if and only if
the corresponding Galois group is solvable. The idea of nilpotent groups
is motivated by the fact that all of them are solvable. In this paper, we
introduce the a-nilpotent and the a-solvable group and we try to verify
which properties of the ordinary nilpotent and solvable groups are valid
here. This work is organized in five sections. In the next section we
explain the concept of the a-commutator and its preliminary properties
which are useful in the text. The relative nilpotent groups with respect
to a certain automorphism are the subjects discussed in the third sec-
tion. In the fourth section, We will specify the set N'(G) for dihedral,
quaternion, quasi-dihedral and modular p—group. In the last section,
some properties of a-solvable group are discussed and also the set S(G)
is gained for some groups. Throughout the paper, all notations and
terminologies are standard (for instance see [5]).

2. PRELIMINARY RESULTS

Definition 2.1. Let G be a group and a € Aut(G). For two elements
z,y € G, we say x and y commute under the automorphism « whenever
yr = xy®. Moreover, z 'y~ lzy® is called a-commutator of z,y and

denoted by [z, y]q.

It is clear that if « is the identity automorphism, then we have or-
dinary commutator. Furthermore, we nominate [z, y], a a-commutator
because of the similar properties which it has in comparison to the usual
commutator as yz[x, Y], = xy®. So we can think of the a-commutator of
x and y as the ”difference” between yxr and zy®. By the same method,
one can define a a-commutator of weight n as follows

[:ElamZ’ e a:l:n]a = [:Z:la [1'2, e 71"%](1]01'

By definition, we conclude the following identities for the a-commutator.

Proposition 2.2. Let G be a group. Then we have

(i) [7,2]a = [1,2]a = [x,0], where [v,0] = x~1z%.

[z,1]q = 1.

Moreover
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() [,y = [l o0l = [0, and e,y = o e
(iii) [x,y] [l‘ﬁ,yﬁ]a, where of = B Lap.

(iv) [z, y192]a = [a: Y2la [a:,yl]og and [x172, Ylo = [T1, y]%2 22, y°].

) [y Yo 214" = [,y 29 (2, .

Definition 2.3. Let G be a group and X1, X5 be two non-empty subsets
of G. We define a-commutator of X; and X5 as follows

(X1, Xola = ([x1,22]0 : 21 € X1, 22 € X2).

It is obvious that [X1, Xs], is a subgroup of G and [X1, X3], is not
equal to [X2, X1]4 in general.

Definition 2.4. Let o € Aut(G). Consider the action ¢ : G x G — G
such that (z,g) — g 'zg® With this action G is partitioned to the
classes which are called generalized conjugacy classes or a-conjugacy
class. We denote a a-conjugacy class which contains x by :L‘g and it is
clear that,

= {g tzg®: g € G}.

If 25| = 1, then « is an inner automorphism. Moreover, let us re-
call a subgroup C&(z) = {y € G : [r,y]o = 1} which satisfies |2§| =
(G : C&(z)] (see [1]). Alternatively, we can write z[z,ylo = y 'zy?,
S0 [z, y]n can also be viewed as the ”difference” between x and its a-
conjugate y~txzy®. It is interesting to know that the number of general-
ized conjugacy classes is the number of ordinary conjugacy classes which
are invariant under « and it is also equal to the number of irreducible
characters which are invariant under « (see [3, [4]). We define a-center
of the group G as

= ﬂ Cé(x)={y € G:[z,y]lo =1 for all z € G}.
xeG
One can deduce Z%(G) = Z(G) N Fix(a), where Fix(a) = {g € G :
* = g}. Moreover, L(G) = (yeau(q) £7(G), where L(G) is called the

absolute center of a group G (see [2]).

Definition 2.5. Let N be a normal subgroup of G and N¢ = N.
Then we define (zN)a = z*N; where @ : G/N — G/N. It is triv-
lal [iUl,iUQ, e 7xn]oc = [.’El,.’[‘Q, T 7xn]OcN‘

3. RELATIVE NILPOTENCY OF GROUPS

In this section we introduce the nilpotent group with respect to the
fixed automorphism. Moreover, we obtain properties which are very
similar to the argument about ordinary nilpotent groups (see [5]). Thus
we omit some proofs.
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Definition 3.1. A a-central series of G is a normal series
(1}=Go<G 994G, =G,

where G¢ = G; and G;41/G; < Z%(G/G;),0<i<n-—1.

If G has a a-central series, then G is a-nilpotent or we call G is
nilpotent with respect to a. In this situation the smallest length of
a-central series is called relative nilpotency class of the group.

If G is a-nilpotent of class c,, then it is nilpotent of class at most
Co- We define the set of all relative nilpotency class of the group with
respect to an automorphism of the group as N'(G) = {c, : @ € Aut(G)}.
Moreover, if G is nilpotent with respect to a non-trivial automorphism,
then we call G is a non-trivially nilpotent.

Definition 3.2. We call GG is an absolute nilpotent group if it is nilpotent
with respect to every automorphism of the group.

Definition 3.3. For the group G and o € Aut(G). We define the
derived subgroup of G with respect to the automorphism « by

I'3(G) = [z, yla 2,y € G).
Similarly, we have
I'T(G) =G, I71(G) = [GT5(G)a (n = 1).

By induction on n, one can see I' | (G) C I'y(G) and I'yy(G) is invariant
under a.
Easily, we observe that I'%(G) <G and the following series is a normal
series,
G=THC) BTG B -
Moreover, I'%(G/N) =T'%(G)N/N, where N* = N.

Definition 3.4. Put Z{(G) = Z%(G). Clearly Z?(G) <G, (Z¥(G))* =
Z#(G) and
- G Z4(Q) .
Z% =4 )= —a for i € N.
Z3(G) 2, (G)

For a group G, the normal series {1} = Z§(G) <Z{(G)1Z8(G) - - -
is called an upper central a-series and G = I'Y(G) > T'$(G) > --- is a
lower central a-series for G. In general, these two series will not stop,
but if so, we will prove that G is a-nilpotent and its converse is valid.
Thus we find equivalent definitions for a a-nilpotent group G.

Theorem 3.5. Suppose G is a group and o € Aut(G). Then
(i) Z3(G) = 7 (G).

(H) T e ZS(G) Zfa’nd Only Zf[gb T 9ns .T]a =1 fOT' a’llgngv 5y 0n c

G.
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(iii) Z3(G) C Z,(G).
Proof. (i) and (ii) is easy and for the third part use induction on n. [

An automorphism « of G is said to be central if & commutes with
every inner automorphism or equivalently a(g)g~! € Z(G) for all g € G.

Theorem 3.6. Let a be a central automorphism. If Z(G) = Z4(G),
then Z&(G) = Zn(G) for all n > 2.

Proof. The proof follows by induction on n. O
Also for an inner automorphism « we have Z9(G) = Z,(G) for all n.

Lemma 3.7. Suppose H and N are two subgroups of G. If N <G and
N* =N, then [G,HN], < [G, H|,N.

Proof. For h € H, n € N and g € G we have
9, hn)a = [9, hla(h ™ gh®) " In~ (A~ gh®)n®.
Hence, the result is clear. O

Theorem 3.8. For a group G the following is equivalent,
(i) G is a-nilpotent.
(ii) There is an integer r such that T¢(G) = 1.
(iii) There is an integer s such that Z&(G) = G.
Proof. Suppose (i), we will prove (ii). the group G has a central a-series,
{1} =Go9G1 -+ LGy

Also Giy1/G; < ZY(G/G;), 0 < i < n — 1. By induction, it follows
I's 1(G) < Gp—i. Thus, for i = n — 1 we have I'(G) < G1. On the
other hand G; < Z%(G) and

[5(G) =[G TGl < G, Gh] = {1}
Hence r =n + 1.

Let us prove (iii) by assuming (ii). By induction and Lemma it
can be readily observed that I'? ,(G) < Z#(G), 0 <i <r —1. Now for
i =r—1we conclude G =T{(G) < Z* ,(G) and G = Z* {(G). Thus
we imply s = r — 1. Hence the assertion is clear. O

Theorem 3.9. Suppose a-nilpotent group G has upper and lower «-
series as follows

{1} = Z8(G) 9 20(G) 2 - A Z3(G) = @
G =T§(G) = T5(G) > - > T3(G).

Then m = n is a-nilpotency class of G.
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Proof. Assume G has a a-central series of the least length ¢ as follows,
{1} =GodG1 2 4G

Since upper a-central series is a central series, we have ¢ < m. By
induction and Lemma we deduce that G; < Z%(G). Now for i = ¢
we have G = G. < Z¥(G). Thus ¢ = m. Moreover, we observe that
I'fG) < Zg 1 4(G). If i = m+ 1, then 'y, (G) < Z§(G) = {1}.
Therefore m > n which implies ¢ = n.

By third part of Proposition[2.2] it follows, if & and § are in the same
conjugacy class, then the nilpotency class of G with respect to a and 8
are equal. The proof of the following theorems are obvious, so we omit
the demonstration.

Theorem 3.10. If G is an a-nilpotent group, N <G and N® = N, then
NNZG) # 1.
Theorem 3.11. Let o € Aut(G) and § € Aut(H). Then

() T3"(G x H) = I[3(G) x Tn(0),

(i) 227G x H) = Z(G) x Zi(H),

SR o (G

(iii) Z (ZOL(G)) — Zg(((;)>,
where (a x B)(g,h) = (a(g),B(h)) for allg € G and h € H.

Theorem 3.12. Let « € Aut(G). Then the group G is a-nilpotent if
and only if G is direct product of Sylow p-subgroups which are nilpotent
with respect to .

Proof. By Theorem 3.11, the assertion follows. O

There is a question here to ask whether or no we could imply three
subgroups lemma or the following result? Let G be a group and o €
Aut(G). Then

(i) [[§(G), T (G)]a < TT;(G).
(ii) I TG )) <TI'(G).
(iii) Ifi > j, then [ZO‘(G),FJO-‘(G)] < Z2(G).

Now, we conclude the following theorems for abelian groups.

Theorem 3.13. Let G be an abelian absolute nilpotent group. Then G
1S a 2-group.

Proof. Consider the automorphism a(z) = z~! and suppose that the
nilpotency class of G with respect to « is ¢. Therefore Z{*(G) = {z €
G : 2% = 1} and the assertion is clear. O



Nilpotency and solubility of groups relative to an automorphism 277

Theorem 3.14. Let G be an abelian group. Then for all o € Aut(G)

G
=T9. 1 (G).
Zg(G) n+1( )
Proof. By induction on n, we have [g1, g2, - , gn, 9] = (—12)"(g), where
v is identity automorphism. Thus Im(a — )" = I'0,;(G) and Ker(a —
1) = Z5(G) and the result is clear. O

By the above theorem, an abelian group G is a-nilpotent if and only
if (& —2)" = 0 and (o —2)"~! # 0. Moreover, for all abelian group G,
if G/Zy(G) is finite, then I' ; (G) is finite. Now, we try to prove it in
general. In the following theorem we observe that this assertion is valid
forn =1.

Theorem 3.15. Let G be a finite abelian group. Then there are |Z¢(G)|
a-conjugacy classes of length |I'S(G)].

Proof. x,y € G are a—conjugate if and only if the following hold:

r=-g+y+g”
r—y=g"—yg
z—y=(a=1)(9g)
x—y € Im(a—1)=T9(G).
By the Theorem 3.15, the assertion follows. U

For instance, Zo7 with automorphisms « : n +— 10n and 8 : n — 4n
we have |Z9(G)| =9 and |Z4(G)| = 3.
By Theorem 3.15, for every abelian group G, if G/Z(G) is finite, then
't 1(G) is finite. There is a question here to ask whether or no we could
imply it, in general?

Theorem 3.16. Suppose G is a group. If G/Z*(G) is finite, then I'S(Q)
is finite.

Proof. Assume |G/Z%(G)| = n. The function T : G — Z%(G) which
T(a) = a™ is a transfer homomorphism, for a € G. Therefore, every
element of Ker(T) has finite order. Also T([z,y]a) = [T(z), T(y)]a =1
which implies I'§ (G) < Ker(T). Thus every element of I'§ (G) is of finite
order. Furthermore I'§(G) is finitely generated. Since, if {z1,---,zn}
is the set of transversal of Z*(G) in G and u,v € G, then u = z1z;
and v = zpx; where 21,20 € Z%(G) 1 < i,j < n. So we can write
[u,v]q = [24,2j]. This fact conveys the I'§(G) is finitely generated. On
the other hand T'$(G)/T$(G) N Z%(G) is finite. By Schereir Theorem,
I'$(G)NZ*(G) is finitely generated. Since I'§(G) N Z*(G) is abelian and
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the order of each elements is finite, we conclude that I'§(G) N Z4(G) is
finite. Hence the assertion is clear. (]

4. SOME INTERESTING EXAMPLES
Let us start this section by the following theorem.

Theorem 4.1. Suppose Z, is the cyclic group of order n and o the
automorphism with multiplication by u, where u is an invertible element
in L. ThenT¢ (G) = (u—1)°G and Z3(G) = {s € G : (u—1)°s = 0}.

The above theorem implies that a cyclic group G is a-nilpotent of
class c if and only if (u—1)¢ =0. By this fact, we can verify the relative

nilpotency of cyclic groups.

Example 4.2. In this example in each cases we find the nilpotency class
of the group with respect to the automorphism which is defined as in
the hypothesis of the Theorem [4.1

(i) For Zg we have

ull|3[5]7
cl|1(3]2]3

Therefore, Zg is absolute nilpotent group.
(ii) For the cyclic group of order 9, Zg we conclude that

ull|{2(4|5|7]|8
cll|-12-12]-

It is clear that Zg is not absolute nilpotent.
(iii) Z, is nilpotent with respect to the trivial automorphism.

Remark 4.3. Let s be a real number. Then [s] and [s| are the smallest
integer greater than s and the greatest integer less or equal than s,
respectively.

Theorem 4.4. Suppose B,, = {[n/s] : s = 1,2,--- ,n} and f(n) =
|(1+ v4n +1)/2], where n € N. Then

Fn)+ ). ) in
|%n’ = {

F) + 5 =1, f(n) | n.

Proof. Tt is clear that [n/s] = k if and only if n/k < s < n/(k —
1). This means k € B, if and only if an integer s in [n/k,n/(k — 1))
exists. We complete the proof by discussing about the length of the
segment. Initially, if n/k(k — 1) > 1, then k < (1 4+ v/4n + 1)/2. Thus
the number of such k is f(n) — 1, where f(n) = [(1 + V4n+1)/2].
Secondly, assume the length of segment is strictly less than one. Then
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k= f(n)+1,--- ,n—1 and each segment has at most one integer. Hence
the assertion is clear. (]

Theorem 4.5. Let n = pi*---p*. Then N(Zy) = U?Zl B,.

Proof. Assume « is an automorphism of the group Z,, by multiplying by
u. By Theorem Z%(G) = G if and only if (u — 1)¢ = 0. Therefore,
u=pi---ppl +1 and m;c > n;, where (I,p;) =1 and 1 < i < k. Thus
c=Max{[;]: 1<i<k 1<m <mn;} which implies N(Z,) C
UF B, Ifu; = (n/pl"~°) + 1, then ¢; = [n;/s], where 1 <i < k and
1 < s < n;. Hence the result follows. O

Now by Theorems and we conclude the following corollary.

Corollary 4.6. The cyclic group Z,, is absolute nilpotent if and only if
n = 2" and in this case N'(Z,) = By,.

Theorem 4.7. Let G = Dgni1 = (z,y : 22" = 3% = (2y)? = 1) be
dihedral group of order 2"t1. Then Dgn+1 is absolute nilpotent group
and N (Dgn+1) = {n,n + 1}.

Proof. Suppose o, is an automorphism of Dynt1 such that z — 2 and
y — x’y, where (¢,2") =1,1 <t <2"—-1and 0 < s < 2" —1. Then
[xivmj]ast = x(til)ja [xiyvxj]ast = x(t+1)jv [xiuxjy]as t = gm2ims= (=0
and [z'y, 27yla, , = = x%=5=(+1J Let s be an odd number. Since 22, z° €
[5°"(G) and (2,8)=1, x € ['9°"(G). Therefore, I';*"(G) = (x) and hence
Lyoi(G) = (22" 1). Now let s be an even number. Then I';*'(G) =

(z?) and hence T, (G) = (22"), which complete the proof. O

By similar method, we can deduce Theorems 4.7 and 4.8.

Theorem 4.8. If G = Qqni2 = (x,y : 2°" = 32, yry~' = 7 1), then
Qon+2 is absolute nilpotent and N (Qqn+2) = {n + 1,n + 2}.

Theorem 4.9. IfG = SD2n+1 — <x y .’L‘ — y _ 1 Iy — y$2n71_1>}
n > 3, then G is absolute nilpotent and N(SD2n+1) = {n}.

1

Theorem 4.10. Let G = M,(p) = (z,y : 2P = y? = l,ay =
yzP" "t Then G is not absolute nilpotent group and N'(G) = B,_1\1
ifn>4 and N(G) ={2,3} if n = 3.

Proof. The properties of the group M, (P) is as follows:

) is
(i) |Ma(p)| = p", M (p) = (@), Z(My(p)) = (a?).
(ii)M()—{l‘yJ 0<i<p"10<j<p —1}
(111) )( ) — potc—bep™” 2 b+ ( a ) —a(1+bp"_2)y—b’

mb

(z*
( a b)m _ xma—ab(%)p - y
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(iv) Aut(M,(p)) = {aijr : 0 < i < p" 1 —1, i 2 0 (mod p), 0 <
J. k < p—1}, where oy, is an automorphism of the group such
that z — ziyd and y s 2FP" "y,

We consider two cases. Initially, let p be an odd prime number and
n > 3. Therefore, by the M, (P) properties, we have

20 (M (P) = {2 € Z(My(p) : (a)" = 2}
= (o € Z(Mu(p) : (9" = o)
= (" € Z(M,(p) : (@) = ")
= (= € Z(M,(P) : #7 =1,

Thus, Z%ik(M,(P)) # 1 if and only if 7« = 1 + Ip®, where (I,p) = 1 and
s =1,2,---,n — 2. This means M, (P) is not absolute nilpotent and
we are going to verify such i. It is clear that M, (p) < Z%ik (M, (P)).
Moreover,

[xaybyxcyd]aijk — [xayb xcyd] [xcyd aijk]
— (1;1 ly) (kd— z]c(c Y yad— be)p™ 2

)

n—2

clearly [y, Yla,,, = 2", [, Y]ay,, = g ® P and 2t 1yd € 5% (M, (P))
which imply T'57* (M,,(P)) = (z'~1y?) M, (p). In the sequel for 'y 7" (M,,(P)),
we have

[xayb x(i—l)%]a = x(i—1)2(:—|—(l<:jc——ijc(ifl)(gfl)cfl)—i—ajc)p"’2

9y 74_7 *

In particular, if j = 0, then T'37*(M,(P)) = (z(=D*) which implies
Coror = 2. Also if i = j = 1 and k = 0, then 57" (M, (P)) = M, (P)
and hence c¢q,,, = 3. Therefore, {2,3} C N (M,(P)). Since i — 1 is a
multiple of number p for T'y7*(M,,(P)), we have

(=020 e ) )2y

_ ('Tl ly )(z 1)2
_ :L,(i—l)‘“’c.

[xayb’ x(i—l)QC]

Qjjk

Therefore, T'y7* (M, (P)) = (z0~1°) and similarly [0/ (M, (P)) =
(x0=D™) for m > 4. If i = 1, then Ca;;, = 2 or 3. So, we Suppose
that i # 1. By an easy computation the least number for power m, for
which (=)™ = 1 is [2=1]. Hence the nilpotency class of M, (P), is
2=y,

Nosw, let p = 2. If j = 0, then similar to the previous case we deduce
B,-1\{1} SN (M,(p)). Now, let j =1 and n > 4. Then

Z%1% (M, (P)) = {z € Z(G) : #/+2"7°) = 2},
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Thus Z%w*(M,(P)) # 1 if and only if i(1 + 2"73) = 1 + 2°], where
se{l,--,n—2,---}and (1,2) = 1, since 22" " € Z%1(M,(P)),
1 < s <n-—1and Z%%(M,(P)) = Z(G), s > n — 2. Similarly,
ook (M, (P)) = (z(=1™) where m > 3. It is obvious that for s > n—3,
the nilpotency class is 2 or 3 with respect to ;1. Now, let s < n — 4.
Then i — 1 = 25t, where t = [ — 12" 573, By computation, we conclude

the least number for power m is [”T_W Hence the result is clear. O

5. RELATIVE SOLVABLE GROUP

Definition 5.1. Let G be a group and a € Aut(G). We define the
derived subgroup of G with respect to automorphism « as follows

DQ(G) = <[$7y]a LY € G>
Inductively, we introduce the subgroup Df(G) defined as Dy (G) =
Do (G), D!(G) = Do(D5H(@)). Tt is clear that
.4 D3(G) <L D3(G)<DL(@G)<q.

Lemma 5.2. Let N and H be subgroups of G. If N I G and N* = N,
then Do(HN) < Do(H)N.

Proof. Let [hiny, hansla € Do(G), where hi,hy € H and nj,ne € N.
We have ”

[hlnl, hgng]a = nl_l(ngl)hl [hl, hz]an12 ng‘.
So [hin1, honsle € Do (H)N and assertion deduced. O

Theorem 5.3. Let N be a normal subgroup of G. If N* = N, then
DX(G/N)= DJ}(G)N/N.

Proof. The proof follows by induction on n, Definition [5.1] and Lemma
5.2 O

Definition 5.4. The group G is called a-solvable or solvable with re-
spect to « if there is a subnormal series,

{(1})=Gy<G19---<4G, =G (5.1)

such that G¢ = G; and Dg(Gi+1/Gi) = {1}. The length of the shortest
series with this property is called solvability class of G with respect to
the automorphism « which is denoted by 7.

It is clear that every a-solvable group is solvable. If we denote the
solvability class by r, then r < r,. Let us define S(G) = {r, : a €
Aut(G)}. If G is solvable with respect to a non-trivial automorphism,
then it is called non-trivial solvable group. Moreover, if G is solvable
with respect to the all automorphisms of the group, then it is called
absolute solvable group.
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Theorem 5.5. Let G be a group. Then G is a-solvable if and only if
there is an integer r such that D], (G) = {1}.

Proof. Suppose G has a normal series . Since Dg(Giy1/G;) = {1},
we conclude D, (Gi+1) < G;. If i =n — 1, then D,(G) < Gp—1. Thus
D?(G) < Do(G) < Gp—o. By continuing this process, we have D’ (G) <
Go = {1}. The converse of the theorem is obvious. O

Corollary 5.6. Let G be a solvable group with respect to o and r the
least positive integer such that D (G) = {1}. Then r is the length of
solvability of G with respect to the automorphism a.

The following theorem is a direct result of Theorem

Theorem 5.7. Let N be a normal subgroup of G and N* = N.

(i) If G is a-solvable, then G /N is a-solvable.
(ii) If N and G/N is solvable with respect to a and @, then G is
a-solvable.

The following corollary is a direct result of Theorem [5.7]

Corollary 5.8. Suppose M and N are normal subgroups of G and
M* =M, N* = N. If M and N are solvable with respect to «, then
MN is a-solvable.

Theorem 5.9. Let G be an abelian group.
(i) If T ,(G) = D(G) and consequently N'(G) = S(G).
(ii) If G is absolute solvable, then G is a 2-group.

Proof. The proof of the first part is clear by the definition. For the
second part it is enough to consider the automorphism o : x — —z. 0O

Theorem 5.10. Let G be a finite group.
(i) If G = Dgn+1, then S(G) = (B, UB,—1) + 1.
(ii) If G = Qgn+2, then S(G) = (B, UBp41) + 1.
(i) If G = SDgn+1, then S(G) = B,,—1 + 1.

Proof. The proof is clear by Theorems and O

Open problems. Let G be a group and «, 5 € Aut(G). Then

(i) If G is nilpotent (solvable) with respect to a and 3, then is G
nilpotent (solvable) with respect to af or ™ ? And also if G
is solvable with respect to «, then is G solvable with respect to
a 1?7

(ii) Each group with non-trivial nilpotency (solvability) is nilpotent
(solvable), is this proposition is invertible?

(iii) If G is a finite p—group, in particular G be a extra special
p—group, then what can we say about its relative nilpotency?
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(iv) With restricting N (G) or S(G) to a given order such as order
1 or 2, what can we say about group G? Moreover if G is an
abelian group, what can we say about N (G) or §(G)?

(v) Is it possible to find upper bound for N'(G) or S(G) with respect
to the order of the group?

(vi) For what automorphisms, group G has most nilpotency (solv-
ability) class? Do these automorphisms have basically special
properties?

(vii) What can we say about the groups which have just trivial nilpo-

tency (solvability)?
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