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Abstract. In this paper, Firstly, we introduce a new version of
Bishop frame using a common vector field as normal vector field of
a regular curve and call this frame as type-3 Bishop frame. Geomet-
ric visualization for both Frenet frame and type-3 Bishop frame are
plotted. Secondly, time evolution equation for type-3 Bishop frame
and type three bishop curvatures are obtained and we plotted the
evolving curve via the numerical integration of type-3 Bishop Serret
Frenet equations. Finally, surfaces generated by evolving a regular
space curve in R3 as it evolves over time with arbitrary velocities
attached to type-3 Bishop frame are obtained. We plotted these
surfaces via numerical integration of Gauss-Weingarten equations.
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1. Introduction

Hasimoto established a connection between integrable equation and a
moving curve in the context of a vortex filament motion [1] which got
mapped to the nonlinear Schrödinger equation (NLSE). Soon afterward,
Lamba [2] presented the evolution of space curves in three dimensional
space by considering tow sets of Frenet-Serret equations that describe the
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evolution for the tangent, normal, and binormal vectors to the curve with
respect to arc-lenght s and time t. He obtained coupled nonlinear partial
differential equations for the curvature κ and torsion τ of the curve by
applying compatibility conditions on these vectors. Under certain con-
ditions showed that these turn out to be nonlinear Schrödinger equation,
sine-Gordon equation and Hirota equation. Subsequently, Doliwa and
Santini [3] established a connection between the motion of inextensible
curves and solitonic systems via an embedding in a space of constant
curvature.

In the same period, Langer and Perline [4] showed that the dynam-
ics of non-stretching vortex filament in R3 leads to the NLS hierarchy.
Lakshmanan et al. [5], derived the Heisenberg spin chain equation via
the spatial motion of a curve. Doliwa and Santini [6] studied geometric
characterization of the integrable motions of a curve on s2 and s3.

Recently, Nakayama et al.[7, 8] investigated motion of plane and space
curves and obtained time evolution equation of the moving frame and
the curvatures of the evolving curve.

All above authors are used Frenet frame that associated to a space
curve to mobilize the curve in three dimensional space while T. Körpinar
and E. Turhan [9] used type-2 Bishop Frame in E3 to study inextensible
flows of a space curve according to type-2 Bishop Frame. They obtained
time evolution equation for type-2 Bishop Frame and type-2 Bishop
curvatures which governing the evolution of the curve.

In this paper, Firstly, we introduce a new version of Bishop frame
using a common vector field as normal vector field of a regular curve
and call this frame as type-3 Bishop frame. Geometric visualization for
both Frenet frame and type-3 Bishop frame are plotted. Secondly, time
evolution equation for type-3 Bishop frame and type three bishop curva-
tures are obtained and we plotted the evolving curve via the numerical
integration of type-3 Bishop Serret Frenet equations. Finally, surfaces
generated by evolving a regular space curve in R3 as it evolves over time
with arbitrary velocities attached to type-3 Bishop frame are obtained.
We plotted these surfaces via numerical integration of Gauss-Weingarten
equations.

The article is organized as follows. In section 2 we introduce differ-
ential geometry of curves focusing on Serret-Frenet frame and type-3
Bishop frame along a space curve. In section 3, the evolution of curves
is represented by to sets of type-3 Bishop frame equations. By applying
compatibility condition on these vectors, partial differential equations
for type-3 Bishop frame and the curvatures are derived. In section 4,
we introduce differential geometry of surfaces focusing on the first and
second fundamental forms, Gaussian and mean curvatures. In section 5,
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surfaces generated by evolving a regular space curve in R3 as it evolves
over time with arbitrary velocities attached to type-3 Bishop frame are
constructed and plotted.

2. Bishop frame along a space curve

The theory of space curves are mainly extended by the Frenet-Serret
theorem which expresses the derivative of a geometrically chosen basis
of E3 by the aid of itself is proved. Recently, L.R. Bishop [10] in 1975
established a frame that associated to a space curve using a common
vector field as tangent vector field of a regular space curve.

There are a catalogue of frames that associated to a space curve such
as Frenet frame [12], Bishop frame [10, 13, 14], Kepler frame[15] and
quasi frame [16] . In this section we, we introduce a new version of
Bishop frame using a common vector field as normal vector field of a
regular curve and call this frame as type-3 Bishop frame.

Let r⃗ = r⃗(s) be a space curve embedded in three-dimensional space,
generated by the vector r⃗(s) = (x1(s),x2(s),x3(s)), where s is the arc-

length. Let t⃗, n⃗ and b⃗ denotes, respectively, the unit tangent, the unit
normal, the unit binormal vectors on the curve. The orthogonal right-

handed triad (⃗t, n⃗, b⃗) evolving on the curve according to Serret-Frenet
equations [11]

d

ds

 t⃗
n⃗

b⃗

 =

 0 κ 0
−κ 0 τ
0 −τ 0

 t⃗
n⃗

b⃗

 . (2.1)

The curvature κ and the torsion τ are function of s and given by

κ = n⃗.
d⃗t

ds
,

τ = −n⃗.
db⃗

ds
,

(2.2)

its well known that a curve can be uniquely represented by specifying κ
and τ for a stated orientation.

If we rotate Frent frame (⃗t, n⃗, b⃗) by angel ρ about the normal we

get a new frame denoted by (b⃗1, b⃗2, b⃗3), then the relation between two
frames is given by b⃗1

b⃗2

b⃗3

 =

 cos ρ(s) 0 sin ρ(s)
0 1 0

− sin ρ(s) 0 cos ρ(s)

 t⃗
n⃗

b⃗

 . (2.3)
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Thus,  t⃗
n⃗

b⃗

 =

 cos ρ(s) 0 − sin ρ(s)
0 1 0

sin ρ(s) 0 cos ρ(s)


 b⃗1

b⃗2

b⃗3

 . (2.4)

Let,

F =

 t⃗
n⃗

b⃗

 , A1 =

 cos ρ(s) 0 sin ρ(s)
0 1 0

− sin ρ(s) 0 cos ρ(s)

 , A2 =

 cos ρ(s) 0 − sin ρ(s)
0 1 0

sin ρ(s) 0 cos ρ(s)

 ,

B =

 b⃗1

b⃗2

b⃗3

 ,K =

 0 κ 0
−κ 0 τ
0 −τ 0

 ,

(2.5)

then 2.1, 2.3 and 2.4 can be written as

∂F

∂s
= KF,

B = A1F,

F = A2Q.

(2.6)

By using the above equation the rate of change of type-3 Bishop
Serret-Frenet frame, is given by

dB

ds
= (

dA1

ds
.B +A1.K.A2)B, (2.7)

by using equation 2.5 we have

d

ds

 b⃗1

b⃗2

b⃗3

 =

 0 (κ cos ρ(s)− τ sin ρ(s)) dρ
ds

−(κ cos ρ(s)− τ sin ρ(s)) 0 (κ sin ρ(s) + τ cos ρ(s))

−dρ
ds −(κ sin ρ(s) + τ cos ρ(s)) 0


 b⃗1

b⃗2

b⃗3

 .

(2.8)
Thus we can write the above equation in the form,

d

ds

 b⃗1

b⃗2

b⃗3

 =

 0 κ1 0
−κ1 0 κ2
0 −κ2 0


 b⃗1

b⃗2

b⃗3

 , (2.9)

where type-3 Bishop curvatures are

κ1 = κ cos ρ(s)− τ sin ρ(s),

κ2 = κ sin ρ(s) + τ cos ρ(s),
(2.10)

where
ρ(s) = ρ0 = c (2.11)
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The frame (b⃗1, b⃗2, b⃗3) is properly oriented, We shall call the set (b⃗1, b⃗2, b⃗3, κ1, κ2)
as type-3 Bishop invariants of the curve r⃗ = r⃗(s).

There is a more compact way of writing the type-3 Bishop Frenet
equations which gives a better insight into the structure of these equa-

tions. The evolution of an orthonormal type-3 Bishop frame (b⃗1, b⃗2, b⃗3)
defined along the curve may be specified by its angular velocity ω⃗ through
the relations

db⃗1

ds
= ω⃗ × b⃗1,

db⃗2

ds
= ω⃗ × b⃗3,

db⃗3

ds
= ω⃗ × b⃗3.

(2.12)

Since (b⃗1, b⃗2, b⃗3) comprise a basis for R3 we can write

ω⃗ = ω1b⃗1 + ω2b⃗2 + ω3b⃗3, (2.13)

thus equations 2.12 becomes

db⃗1

ds
= −ω2b⃗3 + ω3b⃗2,

db⃗2

ds
= ω1b⃗3 − ω3b⃗1,

db⃗3

ds
= −ω1b⃗2 + ω2b⃗1.

(2.14)

Comparing equations 2.14 with equations 2.9 we have

ω1 = κ2,

ω2 = 0,

ω3 = κ1.

(2.15)

thus the Darbuox vector for type-3 Bishop frame is given by

ω⃗ = κ2b⃗1 + κ1b⃗3. (2.16)

Thus when the triad evolves along the curve the (b⃗2, b⃗3)-couple ro-

tates around (b⃗1 with an angular velocity κ2 and the (b⃗2, b⃗1)-couple

rotates around (b⃗3 with an angular velocity κ1.

2.1. Example 1. In this subsection, first we show how to find type-3
Bishop trihedra for a space curve,

r⃗ = (s cos(s), s sin(s), s). (2.17)
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The Frenet frame and curvatures are calculated and given by



t⃗ = ( cos s−s sin s√
s2+2

, cos s+s sin s√
s2+2

, 1√
s2+2

)

n⃗ = (−(s2+4) sin s−(s3+3s) cos s√
(s2+2)(s4+5s2+8)

, (s
2+4) sin s−(s3+3s) cos s√

(s2+2)(s4+5s2+8)
, −s√

(s2+2)(s4+5s2+8)
)

b⃗ = ( s sin s−2s cos s
(s4+5s2+8)

, −2 sin s+2s cos s
(s4+5s2+8)

, s2+2
(s4+5s2+8)

)

κ =
√

8+5s2+s4

(2+s2)

τ = (6+s2)3/2

8+5s2+s4

(2.18)
Type-3 Bishop frame and curvatures are calculated and given by



b⃗1 = (( cos s−s sin s√
s2+2

) cos ρ+ ( s sin s−2s cos s
(s4+5s2+8)

) sin ρ,

( cos s+s sin s√
s2+2

) cos ρ+ (−2 sin s+2s cos s
(s4+5s2+8)

) sin ρ,

( 1√
s2+2

) cos ρ+ ( s2+2
(s4+5s2+8)

) sin ρ),

b⃗2 = ( cos s+s sin s√
s2+2

, − cos s+s sin s√
s2+2

, 0),

b⃗3 = ( s sin s−2s cos s
(s4+5s2+8)

) cos ρ+ ( cos s−s sin s√
s2+2

) sin ρ,

(−2 sin s+2s cos s
(s4+5s2+8)

) cos ρ+ ( cos s+s sin s√
s2+2

) sin ρ,

( s2+2
(s4+5s2+8)

) cos ρ+ ( 1√
s2+2

) sin ρ),

κ1 =
√

8+5s2+s4

(2+s2)
cos ρ+ (6+s2)3/2

8+5s2+s4
sin ρ,

κ2 =
√

8+5s2+s4

(2+s2)
sin ρ+ (6+s2)3/2

8+5s2+s4
cos ρ,

(2.19)

The geometric visualization for both Frenet frame and type-3 Bishop
frame are displayed in figure 1.
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Figure 1. Frenet frame and type-3 Bishop frame at two
point along the curve defended by the position vector
r⃗(s) = (s cos(s), s sin(s), s).

3. Evolution of a space curve with time by Bishop frame

In this section we study the evolution of a regular space curve using
Bishop frame. We derive time evolution equation for Bishop frame and
Bishop curvatures.

Let, the curve evolving in the space according to

∂r⃗

∂t
= µ1b⃗1 + µ2b⃗2 + µ3b⃗3, (3.1)
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where µ1, µ2, and µ3 are functions of s and t, correspond to the normal,
binormal and tangent projections of the velocity. Below we restrict our
attention to a purely local form for these velocities as in the form

µ1 = µ1(κ, κs, ..., τ, τs, ...),

µ2 = µ2(κ, κs, ..., τ, τs, ...),

µ3 = µ3(κ, κs, ..., τ, τs, ...).

If the curve evolves in time t, then the general temporal evolution in

which the triad (b⃗1, b⃗2, b⃗3) remains orthonormal adopts the form [18]

∂

∂t

 b⃗1

b⃗2

b⃗3

 =

 0 γ1 0
−γ1 0 γ2
0 −γ2 0


 b⃗1

b⃗2

b⃗3

 , (3.2)

where γ1, γ2 and γ3 are geometric parameters which are in general func-
tions of s and t. These describe the evolution in t of the type-3 Bishop

Serret-Frenet frame (b⃗1, b⃗2, b⃗3) on the curve.
From section 2 the rate of change of type-3 Bishop Serret-Frenet

frame, is given by

∂

∂s

 b⃗1

b⃗2

b⃗3

 =

 0 κ1 0
−κ1 0 κ2
0 −κ2 0


 b⃗1

b⃗2

b⃗3

 . (3.3)

Applying the compatibility condition

∂

∂s

∂

∂t

 b⃗1

b⃗2

b⃗3

 =
∂

∂t

∂

∂s

 b⃗1

b⃗2

b⃗3

 , (3.4)

a short calculation using Eqs. 3.2, 3.3 and 3.4 leads to

∂κ1
∂t

=
∂γ1
∂s

,

∂κ2
∂t

=
∂γ2
∂s

,

0 = γ2κ1 − γ1κ2.

(3.5)

Applying the compatibility condition,

∂

∂s

∂

∂t
r⃗ =

∂

∂t

∂

∂s
r⃗ (3.6)
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yields,

∂µ1

∂s
= µ2κ1,

∂µ2

∂s
= γ1 − µ1κ1 + µ3κ2,

∂µ3

∂s
= κ2µ2.

(3.7)

For a given velocity vector (µ1, µ2, µ3), equations 3.5 and 3.7 form a set
of 6 nonlinear first order partial differential equations which governing
the evolution of the type-3 Bishop curvatures of the evolving curve in
the space.

Equation 3.5 together gives

∂κ1
∂t

=
∂γ1
∂s

,

∂κ2
∂t

= γ1
∂

∂s
(
κ2
κ1

) +
κ2
κ1

∂γ1
∂s

.
(3.8)

From equation 3.7 γ1 is given by

γ1 =
∂µ2

∂s
+ µ1κ1 − µ3κ2, (3.9)

∂γ1
∂s

=
∂2µ2

∂s2
+

∂µ1

∂s
κ1 + µ1

∂κ1
∂s

− ∂µ3

∂s
κ2 − µ3

∂κ2
∂s

, (3.10)

using first and third equation in the system 3.7 and substituting in 3.10,
we have

∂γ1
∂s

=
∂2µ2

∂s2
+ µ2κ

2
1 + µ1

∂κ1
∂s

− µ2κ
2
2 − µ3

∂κ2
∂s

. (3.11)

By substitution from 3.9 and 3.11 into 3.8 , the time evolution equation
of type-3 Bishop curvatures κ1 and κ2 are given by,

∂κ1
∂t

=
∂2µ2

∂s2
+ µ2κ

2
1 + µ1

∂κ1
∂s

− µ2κ
2
2 − µ3

∂κ2
∂s

,

∂κ2
∂t

= (
∂µ2

∂s
+ µ1κ1 − µ3κ2)

∂

∂s
(
κ2
κ1

) +
κ2
κ1

∂

∂s
(
∂2µ2

∂s2
+ µ2κ

2
1 + µ1

∂κ1
∂s

− µ2κ
2
2 − µ3

∂κ2
∂s

),

(3.12)
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while the time evolution of type-3 Bishop frame (b⃗1, b⃗2, b⃗3) on the curve
is given by,

∂b⃗1

∂t
= (

∂µ2

∂s
+ µ1κ1 − µ3κ2)b⃗2,

∂b⃗2

∂t
= −(

∂µ2

∂s
+ µ1κ1 − µ3κ2)b⃗1 +

κ2
κ1

(
∂µ2

∂s
+ µ1κ1 − µ3κ2)b⃗2,

∂b⃗3

∂t
= −κ2

κ1
(
∂µ2

∂s
+ µ1κ1 − µ3κ2)b⃗2.

(3.13)

3.1. model 1. If, the velocity vector µ⃗ = (µ1, µ2, µ3) is given by

µ1 = 0,

µ2 = 0,

µ3 = 1,

(3.14)

, then type-3 Bishop curvatures evolves according to

∂κ1
∂t

= −∂κ2
∂s

,

∂κ2
∂t

= −κ2
∂

∂s
(
κ2
κ1

)− κ2
κ1

− ∂κ2
∂s

(3.15)

On solution of the above system is given by

κ1(s, t) =
−c1
c2

(c4 + c5 tanh(c1s+ c2t+ c3)),

κ2(s, t) = c4 + c5 tanh(c1s+ c2t+ c3).
(3.16)

If we have the curvature and the torsion of a space curve as a func-
tions of arc-length parameter, then by integrating Serret-Frenet we can
reconstruct the curve up to its position in the space and this is an imme-
diate consequence of the of the fundamental existence theorem for space
curves[17]. Similarly, if we have the Bishob curvatures κ1 and κ2, then
we can reconstruct the curve in the space via the integration of type-3
Bishop frame.

The figure 2 represent curve evolving in the space determined by
κ1 = − tanh(s + t) and κ2 = +tanh(s + t) obtained by solving the
type-3 Bishop Serret Frenet equations 2.9 for a specified κ1 and κ1 using
Mathematica [22]. At every fixed t, we clearly have a representation of
the corresponding (static) space curve at that instant. The program [22]
generates static space curves corresponding to Serret-Frenet equations.
It was extended slightly to generate space curves corresponding to type-3
Bishop Serret Frenet equations.
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Figure 2. Curve evolving in the space determined by
κ1 = − tanh(s+ t), κ2 = +tanh(s+ t)

4. Differential geometry of surfaces

To meet the requirements in the next sections, here, the basic elements
of the theory of surfaces in the space E3 are briefly presented a more
complete elementary treatment can be found in [21].

We consider a surface imbedded in 3–dimensional Euclidean space
R3, we denote local coordinates of the surface by (u1, u2). The surface
is specified by the position vector r(u1, u2) where u1 = s, u2 = t. The
metric on the surface is given by,

gµν = r⃗µ · r⃗ν µ, ν = 1, 2, (4.1)

we use the Einstein’s convention for summation. Here r⃗ν is the tangent
vector to the surface,

r⃗µ =
∂x⃗

∂uµ
, µ = 1, 2. (4.2)

We denote the inverse of gµν by gµν . At regular points where the tangent
vectors x1,x2 are linearly independent, we can define the unit normal
vector N to the surface,

N =
x⃗1 ∧ x⃗2

|x⃗1 ∧ x⃗2|
. (4.3)
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These vectors are related by the Gauss–Weingerten equations [17],

∂

∂uν
x⃗µ = x⃗λΓ

λ
µν + N⃗Lµν ,

∂N⃗

∂uν
= −x⃗λg

λµLµν .

(4.4)

In the above, the Christoffel’s symbols Γλ
µν and the second fundamental

form are defined as

Γλ
µν =

1

2
gλρ(

∂

∂uµ
gρν +

∂

∂uν
gµρ −

∂

∂uρ
gµν), (4.5)

Lµν =
∂x⃗µ

∂uν
· N⃗. (4.6)

The Gaussian curvature κg and the mean curvature κm are given by

κg = det(gµνLνλ) =
L

g
=

L11L22 − L2
12

g11g22 − g212
, (4.7)

κm =
1

2
tr(gµνLνλ) =

L11g22 − 2L12g12 + L22g11
2(g11g22 − g212)

. (4.8)

We recall that a curve in E3 is uniquely determined by two quantities,
curvature and torsion, as functions of arc length. Similarly, a surface
in E3 is uniquely determined by certain local invariant quantities called
the first and second fundamental forms 4.1 and 4.1.

5. Surfaces generated by the evolution of a space curve
using Bishob frame

There are a catalog of surfaces that can be described by integrable
equations such as surfaces of constant negative Gaussian curvature, sur-
faces of constant mean curvature, minimal surfaces, affine spheres and
Hasimoto surfaces which generated by evolving a regular space curve
r⃗ = r⃗(s, t) by

∂r⃗

∂t
= κb⃗, (5.1)

this is an evolution of the curve in its binormal direction with velocity
equal to its curvature. Eq.5.1 Known as the vortex filament flow or local-
ized induction equation (LIE). Here, r⃗(s, t) is a position vector for a point
on the curve, t is the time, s is the arc-length parameter, κ is the curva-

ture of x⃗(s, t) , b⃗ is the unit binormal. The authors in [19] constructed
Hasimoto surfaces via integration for Frenet–Serret equations while the
authors in [20] constructed Hasimoto surface from fundamental form
coefficients via numerical integration of Gauss-Weingarten equations.

The present work continues the program by adding new surfaces to
this catalog. These surfaces are obtained by evolving a regular space
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curve r⃗(s, t) in R3 as it evolves over time according to the following
evolution equation:

∂r⃗

∂t
= µ1b⃗1 + µ2b⃗2 + µ3b⃗3 (5.2)

where the set {λ, µ, ν} is the velocities. This our motivation in this
paper.

The tangent space to S at an arbitrary point P = r⃗(s, t) of S is
spanned by

∂r⃗

∂s
= t⃗,

∂r⃗

∂t
= λ1b⃗1 + λ2b⃗2 + λ3b⃗3.

(5.3)

Thus the moving frame along the surface is calculated and given by

 ∂r⃗
∂s
∂r⃗
∂s

N⃗

 =

 1 0 0
µ1 µ2 µ3

0 − µ3√
µ2+µ2

3

µ2√
µ2+µ2

3


 b⃗1

b⃗2

b⃗3

 (5.4)

The coefficient of the first fundamental form and fundamental metric
are calculated and given by

g11 = 1,

g12 = µ1,

g22 = µ2
1 + µ2

2 + µ2
3,

g = µ2
2 + µ2

3.

(5.5)

A short calculation shows that the coefficients of the seconde fundamen-
tal form are given as

L11 =
−µ3κ1+µ2κ2√

µ2
2+µ2

3

,

L12 =
−γ1µ3√
µ2
2+µ2

3

,

L22 =
γ2µ2

2−γ1µ1µ3+γ2µ2
3−

∂µ2
∂t

µ3+µ2
∂µ3
∂t√

µ2
2+µ2

3

L = 1
µ2
2+µ32

(−γ21µ3
2 − γ22µ

2
2µ3κ1 + γ1µ1µ

2
3κ1 − γ2µ

3
3κ1 − γ2µ3κ1

+µ2
3κ1

∂µ2

∂t − µ2µ3κ1
∂µ2

∂t ).

(5.6)
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Figure 3. surface genrated by the curve evolving in
the space with the curvatures, κ1 = − tanh(s + t), κ2 =
tanh(s+ t) and fundamental forms 5.8

.

For the curve evolving in space by the velocity vector µ⃗ = (µ1, µ2, µ3)

µ1 = 0,

µ2 = 0,

µ3 = 1,

(5.7)

the coefficient of the first and seconde fundamental forms are given by,

g11 = 1,

g12 = 0,

g22 = 1,

L11 = tanh(s+ t),

L12 = − tanh(s+ t),

L22 = − tanh(s+ t).

(5.8)

Thus, the Gaussian curvature κg and the mean curvature κm are

κg = −2 tanh(s+ t)2,

κm = 0,
(5.9)
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and the principle curvatures are

κ11 =
√
2 tanh(s+ t) =

√
2κ2,

κ22 = −
√
2 tanh(s+ t) =

√
2κ1.

(5.10)

The surface in figure 3 is obtained via numerical integration of the
system of Gauss-Weingarten equation 4.4 with the coefficient 5.8 using
mathematica [23].

6. Main result

In this paper, Firstly, we introduce a new version of Bishop frame
using a common vector field as normal vector field of a regular curve
and call this frame as type-3 Bishop frame. Geometric visualization for
both Frenet frame and type-3 Bishop frame are plotted. Secondly, time
evolution equation for type-3 Bishop frame and type three bishop curva-
tures are obtained and we plotted the evolving curve via the numerical
integration of type-3 Bishop Serret Frenet equations. Finally, surfaces
generated by evolving a regular space curve in R3 as it evolves over time
with arbitrary velocities attached to type-3 Bishop frame are obtained.
We plotted these surfaces via numerical integration of Gauss-Weingarten
equations.
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