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ABSTRACT. In this paper, weighted mean methods of summability
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1. INTRODUCTION

Many mathematicians from various branches have studied fuzzy sets,
which were given by Zadeh[I] in 1965 as a generalization of classical
sets. In classical sets, elements in the universal set are divided crisply
into two groups as members and nonmembers, and partial membership
is not allowed. By giving degrees of membership between 1 and 0, fuzzy
sets, unlike classical sets, allow partial membership and take into ac-
count all items in the universe. Fuzzy sets are used in many real-world
situations to deal with problems of ambiguity and indefiniteness because
of their ability to handle unclassifiable data. In 1983, Atanassov[2], [3],
inspired by fuzzy sets, considered partial non membership and expanded
fuzzy sets to intuitionistic fuzzy sets. Following Atanassov’s introduc-
tion, concepts of intuitionistic fuzzy metric[4] and intuitionistic fuzzy
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norm (I F-norm)[5l 6] are defined, and topics related to them are re-
searched. Convergence of sequences in IF'NS' is studied in particular,
and various forms of convergence (e.g., statistical and ideal convergence)
are applied to sequences in IF'NS to grasp the convergence[7, 8, 9, [10].

Talo and Yavuz[II] recently introduced Cesaro summability of se-
quences in I F'N S and provided Tauberian theorems for Cesaro summa-
bility process in IF'N.S, by which they initiated summability theory and
Tauberian theory in IFNS. They also described the definition of slow
oscillation in TF'NS and gave related theorems in their analysis. Af-
ter their study, the logarithmic summability of sequences in IF'NS is
defined and a Tauberian theorem for logarithmic summability method
is proved by Yavuz[24]. In this paper, we define the weighted mean
summability of sequences in /FNS and prove a Tauberian theorem for
the weigted mean summability method. Also, we give slowly oscillating
type Tauberian conditions for which weighted mean summability yields
convergence in [FNS.

Definition 1.1. [6] The triplicate (M, u, v) is said to be an I F'—normed
space if M is a real vector space, and u,v are fuzzy sets on M x R
satisfying the following conditions for every =,y € M and k,l € R:

(1) p(z, k) =0 for k <0,
w(z, k) =1 for all k € R if and only if x = 0

p(cx, k) = p (az, W) for all k € R* and ¢ # 0,

p(x+y, k +1) = min{u(z, k), u(y, 1)},

)
3)
)
; limg 00 (2, k) = 1 and limg_, ,u(a: k) =0,
)
)
)

4

v(z,k)=1for k <0,
v(z,k) =0 for all kK € RT if and only if z = 6

8) v(cx, k) = y(:ﬂ,H) for all k € Rt and ¢ # 0,

9) max{v(z,k),v(y,))} > v(z+y,k+1),
(10) limg_0o v(x, k) = 0 and limy_g v(z, k) = 1.

(2
(
(
(5
(6
(7
(
(

Indicate that we say (u,v) an [F—norm on M. Additionally, it is ob-
vious that the functions u(x,-) and v(x,-) are both non-increasing and
non-decreasing on R.

Example 1.2. Let (M, ||-||) be a normed space and g, v be fuzzy sets
on M x R defined by

0, k<0, L, k<0,
po(x, k) = { K N vo(z, k) = { I

=R B0 e F>0
Then (uo,vo) is IF—norm on M.

Definition 1.3. [6] A sequence (zy,) is said to be convergent to xz € M
in the I F—normed space (M, u,v) and denoted by z,, — x, if for each
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k > 0 and each € € (0,1) there exists ng € N such that
wlxy —x,k) >1—¢ and v(z, —x,k) <e
for all n > ny.

Definition 1.4. [6] A sequence (z,,) in an I F—normed space (M, u,v)
is said to be Cauchy if for each £ > 0 and each ¢ € (0,1) there exists
ng € N such that

w(xy — xm, k) >1—e and vz, —Tm, k) <€

for all n,m > nyg.

2. THEOREMS FOR THE WEIGHTED MEAN SUMMABILITY METHOD IN
INTUITIONISTIC FUZZY NORMED SPACES

In I F— normed space, we now give the weighted mean summability
and prove the related Tauberian theorems. Other work on weighted
mean summability and convergence approaches on fuzzy settings can be
found in [211 22| [16] 17, 18, [15] 14} 12, 19, 13], 20].

Definition 2.1. Let (z,,) be a sequence in I F'— normed space (M, p, v).
The weighted mean t,, of the sequence (x,) is defined by

n

1 n
tnzpnkz;opkxk where Pn:kz_:opk — 00 (n — o00).

(z,) is said to be weighted mean summable to = € M if

lim z,, = x.
n—o0

In order to show that the weighted mean method in IF— normed
space is regular, we give the following theorem.

Theorem 2.2. Let (x,) be a sequence in (M, pu,v). (z,) is weighted
mean summable to x, if (z,,) is convergent to x € M.
Proof. Let the sequence (x,,) converge to z € M. Fix t > 0. For e > 0
e There exists ng € N such that u (xn -, %) > l—cand v (a:n —x, %) <
e for n > ny.
e There exists n; € N such that

- Pt - Pt
u(%pk(mk—x),;> >1—¢ and V(Zpk(mk—m),;> <e

k=1
for n > nq, since we have

= Pt — Pyt
. n o . . n o
nhn;o,u (kglpk(xk —x), - ) =1 and nh_r}rgol/ (kglpk(:ck x), - ) =0.
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Hence we get

u(é};pk:ﬂk%t) - ”(ézpk(kava _M<Zpk($k$),Pnt>

) no P,,t n
Z mln{,u <Zpk(xk_x)7 2L Y Z pk('rk_x)a
k=1 k=no+1
no
. Pt
> min {u (Zpk(wk — ), 2) L (
k=1 k=ng+1
) o Pyt
> min {u ( pr(zk — ), ;) 1 Pro+1 (Tng1 — @),
k=1
. o Pyt
= mmqp Pk(xk_x)aT
k=1
> 1—¢
and
1 <& o Pt t
v (Pn Zpkxk — x7t> < max {V (Zpk(xk —x), 2) v (a:nﬁl — 5
k=1 k=1
< €
whenever n > max{ng,n;}, which completes the proof. O

However, as the following example shows, the weighted mean summa-
bility of a sequence does not mean convergence in IF— normed space

Example 2.3. Take (z,) = ((—1)""!) in IF—normed space (R, o, o)
where ug and vy are as in Example Sequence (z,,) is weighted mean
summable to 0 [I1), see Example 3.3], but it is not convergent.

Definition 2.4. [25] A nondecreasing sequence of positive numbers (P,)
is called regularly varying of index 6 > 0 in the sense of Karamata if,

P
lim —22 = A\ A > 1. (2.1)

n—oo n

We now give some Tauberian conditions in which weighted mean
summability leads to convergence in I F'— normed spaces.
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Theorem 2.5. Let (x,) be a sequence in (M, u,v). If the condition
(2.1) is satisfied and (xy,) is weighted mean summable to x € M , then
(zn) converges to z if and only if for each t > 0

An
> pk(xk—xn),t> =1 (2.2)

=n+1

sup lim inf _—
A e (PM — P,

and

A
e 1 ~
inf lim sup v (—P E pr(xy — xn),t> =0. (2.3)

A>1 P
n—oo An n k=n-+1

Proof. Necessity. Let (z,) converges to z. For all A > 1 and large
enough n, that is when Py, > P,, we can write (see [23] Lemma 5.5(i)])

An

Py, 1
Tp —lp = ﬁ(txn —tn) — P - P, Z pr(zr —xn)- (24)
" " " k=n+1

Since (t,,) is Cauchy, for each ¢ > 0 we have
lim p((tx, —tn),t) =1 and lim v ((ty, —tn),t) =0.
n—oo n—oQ

< 2\

< 577 Is satisfied, we

Hence, for sufficiently large n such that %
have

Py, t t

Py, — P, A1

and

Py, t t
12 (P)\—BL (t)\n — tn) ,t) =V t/\n — tn, Tn 2 14 (t)\n - tn, 2/\@> — 0 (TL — OO)

n P/\,L_Pn A0—1
revealing that PAPA_”Pn (t, — tn) — 0. So, by equation (2.4)), we conclude

1 o 1 o
nILH;oM (H Z (xp — xn)pk;t) =1 and nlgn;oy (H Z pr(zK — mn)7t> =0,
n k=n+1 n k=n+1

which means that (2.2]) and (2.3 are satisfied.
Sufficiency. Let conditions (2.2]) and (2.3|) be satisfied. Let ¢ > 0 be

fixed. For ¢ > 0 we have:
e There exist A > 1 and ng € N such that

A A
1 = t 1 - t
f (W > el —xn),g) >1-e and p (W > el _xn)73> <e

" k=n+1 " k=n+1
for n > nyg.
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e There exists n; € Nsuch that p (tn —, %) > l—cand v (tn —, %) <
e for n > ny.
e There exists ny € N such that

Py t P, "
— " (t\ — - 1— d M (b ¢t v
lu’ (P)\n _Pn ( )\n n)73) > & all 14 <PAn —P,n ( An TL)73> < 5,

. Py
for n > ng, since PP, (tr, —tn) — 0.

Hence, by equation ([2.4), we get

wxy, —x,t) = p(x, —ty +t, —x,t)
A
P, 1 n
= pl 5t ) D - ty— .t
=n

Y

n " k=n+1
> 1—¢

and

A
P t 1 ~ t
I/(l'n —$7t) < max{y <P)\n)\_nfjn (t/\n _tn)73> ,V (H Z pk(-rk _$n)73> ,V <tn -,

< €

for n > max{ng,n1,n2}, which completes the proof. O

Theorem 2.6. Let sequence (xy,) be in (M, p,v). If (z,) is weighted
mean summable to x € M, then it converges to x if and only if for each

t>0
1 n
sup liminfpu [ ———— pr(Ty —xp),t ] =1
0<a<1 n—o00 Pn_P)\n kz}\zn+1 ( n )
and
1 n
inf lims - ,t ] =0.
0r< msnal ¥ P, — Py Z Pi(an — 1)

" k=An+1

Proof. The proof is done similarly to that of Theorem [2.5] by using equa-
tion(see [23, Lemma 5.5(ii)])

=\ 1 .
——(ty — ¢ —_— — 0<Aa<l1
—Pn _ P)\n ( )\n)+Pn _ P)\n k:)\z+1pk(xn xk) ( < < )

instead of (2.4)). O

Tp—tn =

; L(t t)f 1% ( )f + z
min § [t Py — Py An )3 ) 1 P, P Pr(Tk LEnag s ln — X,
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Now, we introduce the concept of slow oscillation with respect to
weighted mean summability in TFFNS.

Definition 2.7. [I1] (z,) in (M, pu,v) is said to be slowly oscillating if

liminf mi —an,t) =1 2.5
suplimin in iz = n t) (2.5)

and

o e, vl =0 =0 >

for each ¢t > 0. supy~; in (2.5) and infys; in (2.6) can be replaced by

limA%ﬁ .

A sequence (z,) in (M, p,v) is slowly oscillating if for each ¢ > 0 and
for all € > 0 there exist A > 1 and ng € N such that

ey —xn,t) >1—¢e and v(zg —xp,t) <e
whenever ng <n < k < \,.

Theorem 2.8. Let sequence (xy,) be in (M, u,v). If (x,) is slowly os-
cillating then (2.2) and (2.3)) are satisfied.

Proof. Suppose that (z,) is slowly oscillating with respect to weighted
mean summability. Fix ¢ > 0. For € > 0 there exist A > 1 and ng € N
such that

wxy — xp,t) >1—¢ and v(xg —zp,t) <e

whenever ng < n < k < \,. Hence, we have

An A
. (P,\nlp Z pr(r — $n)at> = p ( Z pr(TE — xn), (P, — Po)t

n k=n-+1 k=n+1

> min {,u(pn+1(l‘n+1 - l’n)aanrlt)a s Hu(p)\n (x>\n
> 1—¢

and

An
1
v | —— Z (xp — zp)pk,t | < max{v(xps1 —zp,t),...,v(zx, —2n, 1)}
P)\ - Pn
n k=n+1

< €

for n > ng and this completes the proof. O

In view of Theorem [2.5] and Theorem [2.8 we give the following Taube-
rian theorem.

Theorem 2.9. Let sequence () be in (M, p,v) and the condition (2.1)
be satisfied. If (xy,) is weighted mean summable to x € M and slowly
oscillating, then (x,) converges to x.

)

- l‘n), P)\nt)}
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