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1. INTRODUCTION

Statistical convergence for real sequence was first introduced by Fast [4]
in 1951. Since then statistical convergence was investigated by more and
more researchers. The concept of Z-convergence, and interesting gener-
alization of statistical convergence [4], was first presented by Kostyrko et
al. [I7] with use of the ideal Z of subsets of the set of natural numbers N
and further studies done in [23]. The study of ideal convergence in triple
sequence has been initiated by Sahiner and Tripathy [34]. More analysis
in this field and more implications of these statistical convergence and
ideal convergence can be seen in [1], 2, [3] 13|, 24 25]
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Menger [18] introduced the notion of probabilistic metric spaces, which
is an interesting and important generalization of metric spaces, the study
of these spaces was under the name of statistical metric. The idea of
Menger was to use distribution function instead of non-negative real
numbers as values of the metric. In this theory, the notion of distance has
a probablistic nature. Namely, the distance between two points x and
y is represented by a distribution function F,; and for € > 0, the value
Fy (¢) is interpreted as the probability that the distance from x to y is
less than e. In fact the probabilistic theory has become an area of active
research for the last fourthly years. An important family of probabilistic
metric spaces are probabilistic normed spaces. The notion of probabilis-
tic normed spaces was introduced in [28] and [29] and since then several
generalizations and applications of this notion have been investigated
by various authors, namely [9 [10, 1T} 12}, 19} 20, 22| 26l 27, B30, 31 B3].
Further it was extended to random/probabilistic 2-normed spaces by
Golet [§] using the concept of 2-norm of Géhler [7].

In this article, we will give informations about triple sequences and
new results in the last section. New results are related to study the
concept of Z-cluster points and ordinary limit points for triple sequences
in random 2-normed spaces and their main properties.

2. PRELIMINARIES

In this section, we recall some basic definitions and notations which
form the background of the present work.

The notion of statistical convergence is based on the asymptotic den-
sity of the subsets of the set N of positive integers. In [5] an axiomatic
approach is given for introducing the notion of density of sets K C N.

Let K be a subset of the set of natural numbers N. We denote by
K, the number of elements of the set K which are less or equal to
n € N. Also |K,,| denotes the cardinality of the set K,. The natural
(asymptotic) density of K is defined by

5 (K) = lim %\Kny

whenever the limit exists. We recall also that § (N\ K) =1—-¢§(K). If
x is a sequence such that zj satisfies property P for all k except a set of
natural density zero, then we write that xj satisfies P for almost all k&
(a.a.k). It is said that a sequence & = (), is statistically convergent
to a point L if for every € > 0,

d({neN:|z, —L| >¢})=0.

In this case, we write st-limx, = L and S denotes the set of all statis-
tically convergent sequences.
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The notion of statistical convergence was further generalized in the
paper [I7] using the notion of an ideal of subsets of the set N. We
say that a non-empty family of sets Z C P (N) is an ideal on N if 7 is
hereditary (ie. B C A€ Z = B € T ) and additive (ie. A,B €7
implies AU B € 7). An ideal Z on N for which Z # P (N) is called a
non-trivial ideal. A non-trivial ideal Z is called admissible if Z contains
all finite subsets of N. If not otherwise stated in the sequel Z will denote
an admissible ideal. Let Z C P (N) be any ideal. A class F(Z) =
{M cN:3JA€Z: M =N\A} called the filter associated with the ideal
7, is a filter on N.

Definition 2.1. Let Z C 2N be a nontrivial ideal in N. Then a sequence
(%n),en in X is said to be Z-convergent to L € X, if for each € > 0 the
set A(e) ={n e N: |z, — L| > ¢} belongs to Z.

Take for 7 the class Zy of all finite subsets of N. Then Z; is a non-
trivial admissible ideal and Z¢-convergence coincides with the usual con-
vergence. For more information about Z-convergent, see the references
in [23].

We now recall the following basic concepts from [32] [34] which will be
needed throughout the paper.

A function z : Nx N x N — R (or C) is called a real (or complex)
triple sequence. A triple sequence (z ;1) is said to be convergent to L in
Pringsheim’s sense if for every € > 0, there exists ng (¢) € N such that
|zjr — L| < € whenever j,k,1 > ng. A triple sequence (zy;) is said to
be bounded if there exists M > 0 such that |x;i| < M for all j,k,1 € N.
We denote the space of all bounded triple sequences by £3_.

Definition 2.2. A subset K of Nx N x N is said to have natural density
d3(K) if
]
03(K)=P— 1 —
3(K) ikimeo gkl
exists, where the vertical bars denote the number of (j,k,1) in K such
that p < j, ¢ < k, r < 1. Then, a real triple sequence x = (x;i) is
said to be statistically convergent to L in Pringsheim’s sense if for every
e >0,
03 ({(J, k,1) e Nx NxN: |zjy — L| > e}) =0.

As can be seen from the following example a st3-convergent sequence
does not need to be bounded.

Example 2.3. Let

(z0) = jkl , j,k,l are cubes
Takl) = 4 otherwise.
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Then stz-limx;,; = 4 but (1) is neither convergent in Pringsheim’s
sense nor bounded.

If (:Ejmknlo)m,n,oEN is a sub-sequence of the triple sequence z = (x 1) of
real numbers and M = {(j.k.i,) 1 m,n,0 € N}, we abbreviate
(Tjmknlo)mmoen PY (@)pg- Now 3 (M) = 0, then (z),, is said to be
a thin sub-sequence of the sequence x and (z),, is called a non-thin
sub-sequence of x if M does not have triple natural density zero i.e.,
either d3 (M) is a positive number or M fails to have triple natural
density.

Definition 2.4. Let Z3 be an admissible ideal on 28<NXN then a triple
sequence (xji) is said to be Zz-convergent to L in Pringsheim’s sense if
for every € > 0,

{(J,k,1) e NX NxN:|zjp — L| > e} €Ts.
In this case, one writes Z3-limxj;; = L.

Remark 2.5. (i) Let Z3 (f) be the family of all finite subsets of N x
N x N. Then Z3 (f) convergence coincides with the convergence of triple
sequences in [32].

(ii) Let Z3(6) = {ACNXNxN:6(A)=0}. Then Z3(d) conver-
gence coincides with the statistical convergence in [32].

Example 2.6. Let Z = 73 (6) . Define the triple sequence (z;x;) by

(z0) = 1 , j,k,1 are cubes
Tk = 4 , otherwise.

Then for every € > 0

m
S kD) € N x N x N: [y — 4 > £}) < lim YOV _ ¢
p.ar  pqr
This implies that Z-lim 2,y = 4. But, the triple sequence (z;j;) is not
convergent to 4.

Throughout the chapter we consider the ideals of 2N by Z; the ideals
of 2NN by 7, and the ideals of 2NVN<N by 7.

Definition 2.7. ([7]) Let X be a real vector space of dimension d, where
2 < d < 00. A 2-norm on X is a function [|-,-]] : X x X — R which
satisfies (i) ||z,y|| = 0 if and only if z and y are linearly dependent;
(i) 1z, yll = 1>l (i) flaz, yll = [l .yl @ € R (v) 2,y + 2] <
|z, y|| + ||z, z|| . The pair (X, ||-,-]|) is then called a 2-normed space.

As an example of a 2-normed space we may take X = R? being
equipped with the 2-norm ||z, y|| := the area of the parallelogram spanned
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by the vectors z and y, which may be given explicitly by the formula

lz,yll = |z1y2 — z201|, == (21,22), ¥ = (y1,92).

Observe that in any 2-normed space (X, ||-,-||) we have ||z,y|| > 0 and
|z, y +az| = ||z,y| for all z,y € X and a € R. Also, if z,y and z
are linearly dependent, then ||z,y + z|| = ||z, y|| + ||z, 2| or ||z,y — z|| =
|z, y|| + ||z, z||. Given a 2-normed space (X, ||-,-||), one can derive a
topology for it via the following definition of the limit of a sequence: a se-
quence (x,,) in X is said to be convergent to z in X if lim,, 0 ||z — =, y|| =
0 for every y € X.

All the concepts listed below are studied in depth in the fundamental
book by Schweizer and Sklar [29].

Definition 2.8. Let R denotes the set of real numbers,
Ry ={z €R:z >0} and S = [0, 1] the closed unit interval. A mapping
f:R — S is called a distribution function if it is nondecreasing and left
continuous with infycr f (£) = 0 and sup,cg f () =1

We denote the set of all distribution functions by DT such that f (0) =
0. If a € Ry, then H, € DT, where

1, ift>a,
Ha(t)_{ 0, ift<a.

It is obvious that Hy > f for all f € D*.

Definition 2.9. A triangular norm (¢-norm) is a continuous mapping
x 1 S xS — S such that (S, %) is an abelian monoid with unit one
and cxd < axbif ¢ < aand d < b for all a,b,c,d € S. A triangle
function 7 is a binary operation on DT which is commutive, associative
and 7 (f, Hy) = f for every f € DT.

Definition 2.10. Let X be a linear space of dimension greater than one,
7 is a triangle, and F' : X x X — DT. Then F is called a probabilis-
tic 2-norm and (X, F,7) a probabilistic 2-normed space if the following
conditions are satisfied:

(1) F(x,y;t) = Ho(t) if x and y are linearly dependent, where F'(x, y;t)
denotes the value of F(x,y) at t € R,

(2) F(x,y;t) # Ho(t) 1f x and y are linearly independent,
(3) F(x,y;t) = F(y,x;t) for all z,y € X,
(4) Flaz,y;t) = F(z, y,ki—‘) for every t > 0,0 # 0 and z,y € X,
( ) F(z+y,z;t) > 7(F(z,2;t), F(y, z;t)) whenever z,y,z € X.

If (2.2.5) is replaced by

(6) F(x+y,z;t1 +ta) > F(x,z;t1) % F(y, z; t2) for all z,y, 2 € X and
t1,12 € R+,
then (X, F, x) is called a random 2-normed space (for short, RTN space).
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Remark 2.11. Note that every 2-norm space (X, ||.,.||) can be made a
random 2-normed space in a natural way, by setting

(i) F(z,y;t) = Ho(t — ||z, y|]), for every z,y € X,t >0 and axb =
min {a,b},a,b € S;

(it) F(z,y;t) = m for every z,y € X,t > 0 and a xb = ab for
a,bes.

Let (X, F,*) be an RTN space. Since * is a continuous ¢-norm, the
system of (e, A)-neighborhoods of 6 (the null vector in X)

{Ng(g,\):e>0, Ae (0,1)},
where
No(e,\)={z e X :F,(e) >1—-\}.

determines a first countable Hausdorff topology on X, called the F-
topology. Thus, the F-topology can be completely specified by means
of F-convergence of sequences. It is clear that x —y € Ny means y € N,
and vice versa.

A triple sequence = (zj;) in X is said to be F-convergence to
L € X if for every € > 0, A € (0,1) and for each nonzero z € X there
exists a positive integer N such that

Tjp, 2 — L € Ny(e, \) for each n > N
or equivalently,
Tk, 2 € Np(e,\) for each n > N.

In this case we write F-limx,;,z = L.

3. THE MAIN RESULTS

In this section, we will examine the concept of Z3-cluster points and
Zs-limit points sets of a given triple sequences in the topology induced
by random 2-normed spaces.

Definition 3.1. Let (X, F,*) be an RTN space, Z3 be an admissible
ideal and « = (z;p) € X. An element L € X is said to be an Z3-limit
point of a triple sequence x with respect to the random 2-norm F' (or
73 (x)-limit point) if there is a set
M =A{Gm, km, ) 11 <Jo < k1 <ka<.;li <lp<..}
of Nx N x N such that M ¢ Z3 and F- lim z;, .
m—0o0

nonzero z in X.

z = L for each

lm >

The set of all Z}-limit points of z is denoted by Z (A3 (z)).
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Definition 3.2. Let (X, F,*) be an RTN space, and = (z;i) € X.
An element L € X is said to be an Z3-cluster point of x with respect to
the random 2-norm F (or Z3-cluster point) if for each € > 0, A € (0,1)
and nonzero z in X

{(j,k),l) eNxNxN: Tkl 2 € NL(&“,)\)} ¢ Is.
The set of all Z}-cluster points of z is denoted by Z (I'}. () .

Theorem 3.3. Let (X, F,*) be an RTN space and I3 be an admis-
sible ideal. Then for each triple sequence v = (xji) of X we have
T (A% (z)) CZ(T% (x)) and the set I (I (z)) is a closed set.

Proof. Let L €T (/\%) . Then there exists a set
M =A{Gm, km,lm) 1 J1 <jo< .k <ko<.;li<lp<..}CNxNxN
such that M ¢ T3 and

F- lim x;
m—00 Jmbm

z=1L (3.1)

Iy

for each nonzero z in X. Suppose € > 0 be arbitrary. According to
for each ¢ > 0, A € (0,1) and nonzero z in X there exists a positive
integer po such that for j,k,1 > po we have z;i; — L,z € Ni(g, ). Hence

{(j,k,1) e Nx Nx N:ajpy — L,z e Np(e,\)}
D {dpot1s Jpo+2s -+ kpo+1s Kpo+25 -3 lpo+1, lpg 25 -+ }
and so
{(4,k,1) e NX NXN:ajyy — L,z € Np(e,\)} ¢ s,
which means that L € Z (I'}. (z)) .

Let y € Z(I'%). Take ¢ > 0 and A € (0,1). There exists L €
T (% ()N (y, €, A) . Choose i > 0 such that Ny (L,m, ) C Ny (y,€,A) .
We obviously have

{(j,k,1) e NXx NxN:y— i,z € Ngl(e,\)}
O {(j,k, 1) e Nx NxN:L—uaj,zeNg(n,\)}.

Hence
{(jakvl) €ENXxNxN: Y — Tjkl, 2 €N9(87)‘)} ¢I3
and y € Z (I'}, (x)) . This completes the proof of the theorem. O

Definition 3.4. Let (X, F\ %) be an RTN space and @ = (%jx1), ;. jen €
X. An element L € X is said to be limit point of the triple sequence
x = (xj11) with respect to the random 2-norm F' if there is subsequence
of the sequence x which converges to L with respect to the random 2-
norm F. By L% (x), we denote the set of all limit points of the sequence
x = (x;) with respect to the random 2-norm F.
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It is obvious Z (A% (z)) C L% (z), Z (T (z)) C L% (z) : Take L €

T (T% (x)), then {(j,k,1) e Nx N x N: zjy,z € Np (e,A)} ¢ Zs for each
e >0, A € (0,1) and nonzero z in X. If L ¢ L3 (x), then there is
¢’ > 0 such that N (¢/,\) contains only a finite number of elements
of z in X. Then {(j,k,l) e NX NXxN: zi,z € N (¢/,\)} € I3, but it
contradicts to L € Z (I'% (z)) . Hence z € Z (I'}, (z)) . Thus z € L}, (2),
and so Z (T'%, (z)) C LY ().
Definition 3.5. Let Z3 be an admissible ideal in N x N x N and (X, F, )
be an RTN space. The triple sequence (xji;) in X is said to be Zg-
convergent to L € X with respect to the random 2-norm F' if for each
e >0, A € (0,1) and nonzero z in X

{(j,/{},l) € N x N x N:SUjkl,Z ¢NL (6,)\)} € Is.
Lemma 3.6. Let v = (x;u) be a triple sequence in an RTN space
(X, F,%). If © is Zp-convergent with respect to the random 2-norm F,

then I (A} (x)) and I (T% (x)) are both equal to the singleton set
{Zp-limz,, z} for each nonzero z in X.

Proof. Let Tp-lim,, x,,z = Ly, where L1 # Ls. Then there exist two
subsets A and A’, that is,

A=A{Gm, km,lm) 151 < Jo < k1 <ka<.;li <lp<..}
and
A ={(Pms Gy Tm) 1 p1 <P2 < it < @2 < i1 <72 < .}
of N x N x N such that
A¢ I3 and F — Tr}i_r}nooxjmkmlm, z= Lo (3.2)

A" ¢ Iy and F — lim xp,,q,rm, 2 = L1. (3.3)
m—00
By (3.3), given € > 0, A € (0,1) and nonzero z € X, there exists pp € N
such that for m > pg we have ;. q,.rm, 2 € N1, (€, A) . Hence,
A = {(jm,km,lm) eA :xp qmrms 2 & NIy (5,)\)}
C APmsgm,rm) € A p1 <p2 < o < Ppy;
Q<@ <..<Gp;r1 <re<..<Tp}-
Since Z3 is an admissible ideal we have A € Z3. If can choose the set
B = {(pm,qmﬂ’m) c A Tprgmrms 2 € N1, (€, )\)} ¢ Is.

On the other hand, B € Z3, then AU B = A’ € Z3, which contradicts
(3.3). Since Zp-lim, x,,2z = Lo, we have that for each ¢ > 0, X\ € (0,1)
and nonzero z € X,

C={(j, k1) e NxNxN:ay,z¢Np, (N} € Ts.
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Hence,
C={(j,k, 1) e NX NxN:zjp,z €N, (e,\)} € F(I3).

Since for every L1 # Lo, we have BNC¢ = (), B C C. Since C € Z3 implies
B € Ts, this contradicts the fact that B ¢ Z3. Hence Z (A%, (z)) = Lo.

Suppose that Zp-lim, x,,,2 = L1, where L1 # Lo. By definition, for
each € > 0, A € (0,1) and nonzero z € X, we get

Ar = {(j, k1) ENx N X N:zjp,z €N, (6,0} ¢ T3
and
Ao ={(j,k,1) e Nx NXxN:xy,z €N, (,\)} ¢ Ts.

For Ly # Lg, we have A;NAg = () and so Ay C A§. Also, Zp-lim,, 2, 2z =
Lo implies that

A ={(j, k1) e N X Nx N: a2 ¢ N, (e,A)} € Ts.

Hence As € 73, which is a contradiction to As ¢ Z3.We have Z (A% (l’)) =
Z (I'%, (x)) = Lo. This completes the proof of the lemma. O

Theorem 3.7. Let (X, F,x) be an RTN space and x = (i) and y =
(yjr1) be triple sequences in X such that

A={(j,k,1) e NX NXN:zjp # yjm} € Is.
Then T (A} (z)) =T (A% (y)) and I (T () =T (T3 (y)).
Proof. Let A € Zs and € > 0 be given. If L € 7 (A% (:c)), then there is
a subset
M = {Gm km,lm) 11 < jo < ki <hkg < .;li <lp<..} CNxNxN
such that M ¢ Z3 and F — n%iinooxjmkmlm’

Given € > 0 and A € (0,1) there exists N € N such that ;.
N1 (g, \) for m > N and nonzero z € X. Since

By ={(j.k, 1) c NxNxN: (j,k,1) € MAxj; # yjm} € I3,
then
BQZ{(j,k,l) eENXxNxN: (j,k,l) EM/\xjkl:yjkl}géIg.

Indeed, if By € Z3, then B = By U By € I3, but B ¢ Z3. Hence the
subsequence (yjkl)(j,k,l)eb’z of the sequence y = (y;i;) is convergent to L
with respect to the random 2-norm F. This implies that L € Z (A% (y)).
Similarly we can show that Z (A% (y)) C Z (A} (x)). Hence Z (A3 (y)) =
Z (A% (z)). Now let L € Z (I'%, (z)). Then

61:{(j,k,l) GNXNXN:%‘J‘M,ZGNL(&“,)\)}QfIg

z = L for each nonzero z in X.

S

lm >
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for each e > 0, A € (0,1) and nonzero z € X and
Co={(,k,1) e Nx NxN: (4, k1) € Ct ANxjr = yju} & I3
Therefore, Co C {(j,k,1) € Nx N x N: yjp,z € N (g, A)} . It shows that
{(j,k, 1) e NXx NX N:yjp,z € N (e,\)} ¢ I3

i.e. L €Z(T% (y)). Similarly, we can show that Z (T'% (y)) C Z (T'% (z))
and hence Z (I'}, (z)) = Z ('} (y)) . This completes the proof of the
theorem. U

The next theorem proves a strong connection between I%—cluster and
limit points of a given triple sequence with respect to the random 2-norm
F.

Definition 3.8. Let (X, F,*) be an RTN space, Z3 be an admissible
ideal and (‘ijknlo)m,moEN be a sub-sequence of the triple sequence x =
(@jkt)j pien - U K = {(ukats) : m;n,0 € N} € I3, then the subsequence
T = (@), ku1,) in X is called Z3-thin subsequence of the triple sequence
r = (xji) in X. If € ¢ I3, then the subsequence zx in X is called

I%—nonthin subsequence of the triple sequence x = () in X.

It is clear that if L is a I%—limit point of x € X, then there is a
I%—nonthin subsequence zx that convergent to L with respect to the
random 2-norm F.

Definition 3.9. An admissible ideal Z3 € 2NN*N ig gaid to satisfy
the condition (AP) if for every sequence (As) . of pairwise disjoint
sets from 73 there are sets By C N, s € N, such that the symmetric
difference A;AB; is a finite set for every s € N and UgenBs € Zs.

Theorem 3.10. Let (X, F,*) be an RTN space and I3 be an admissible
ideal with property (AP) and x = (xjx1) be a triple sequence in X. Then
there is a sequence y = (y;ji) € X such that L}, (y) = I (I}, (z)) and

{(j,k,l) eNxNxN: Tkl 75 yjkl} € 1s.

Proof. If I (I'}, (z)) = L% (z), then y = z and this case is trivial. Let
Z ('} (x)) is a proper subset of L% (z). Then L% (x)\Z (I} (z)) # 0
and for each L € L% (z) \Z (T'% (x)). There is an Z}-thin subsequence

(Zjmknlo)mmoen ©f  such that F — m,i}ggooxjmk"lo’z = L, i.e., given

e >0, A € (0,1) there exists a positive integer N such that x;, x,1,,2 ¢
N1 (g, \) for m,n,0 > N and nonzero z € X. Hence there is a N, (¢, \)
such that {(m,n,0) e NxNxN:z; 1.,z €N, =N (0,\)} € L3 for
each 0 > 0, A € (0,1) and nonzero z € X. It is obvious that the collection
of all Ny, ’s is an open cover of L} (2)\Z (I'} (z)). So by Covering
Theorem there is a countable and mutually disjoint subcover {Ns}ﬁl
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such that each N contains an Z3-thin subsequence of (k1) € X. Now
let

As ={(j,k,1) e Nx Nx N:ajp,z e Ny =N (4,\), se N}

for each 6 > 0, A € (0,1) and nonzero z € X. It is clear that A € Z3
(s=1,2,...) and A, N As = 0. Then by (AP) property of Z3 there is a
countable collection {Bs}5o ; of subsets of N such that B = U, B, € I3
and A\ B is a finite set for each s € N. Let M = NxNxN\B =
{(Gm>kn,1lo) :m,n,0 € N} C N x N x N. Now the sequence y = (yjx) €
X is defined by yju = 2j,,k,1, if (M, n,0) € B and yji = i if (4, k,1) €
M. Obviously, {(j, k,1) € Nx N x N:zy # yju} C B € I3, so by The-
orem 3.7, Z (T} (y)) = Z ('}, (x)). Since A,\B is finite set, the sequence

yg = (yﬂd)(jkl)eB has no limit point with respect to the random 2-

norm F' that is not also an Z3-limit point of y, i.e., L} (y) = Z (I'} (y)).
Therefore, we have proved L% (y) = Z (I'%, (z)). O

4. CONCLUSION

The theory of random normed (RN) spaces is important area of re-
search in functional analysis. Much work has been done in this theory
and it has many important applications in real world problems. This
study aims to find out the use of the notions of Zs-limt points, Z3-cluster
points and ordinary limit points of triple sequences for demonstrating
some results in the area of random 2-normed space. With the help of
its applications, we give the relationship between Zz-cluster points and
limit points in the topology induced by random 2-normed space (RTNS)
and acquired meaningful results for these notions. The results acquired
here are more common than corresponding results for normed spaces. It
is expected that new results will help to understand deeply the concept
of this new type of convergence on RTNS.

Acknowledgement. The authors thank to the referees for valuable
comments and fruitful suggestions which enhanced the readability of
the paper.

REFERENCES

[1] I. A. Demirci and M. Giirdal, Lacunary statistical convergence for sets
of triple sequences via Orlicz function, Theory Appl. Math. Comput. Sci.,
11(2021) 1-13.

[2] A. Esi, On some triple almost lacunary sequence spaces defined by Orlicz
functions, Research and Reviews: Discrete Mathematical Structures, 1(2)
(2014) 16-25.

[3] A. Esi and E. Savag, On lacunary statistically convergent triple sequences
in probabilistic normed space, Appl. Math. Inf. Sci. 9(2015) 2529-253/.

[4] H. Fast, Sur la convergence statistique, Collog. Math. 2(1951) 241-244.



408 Verda Giirdal

[5] A. R. Freedman and J. J. Sember, Densities and summability, Pasific J.
Math. 95(1981), 293-305.

[6] J. A. Fridy, On statistical convergence, Analysis (Munich) 5(1985), 301-
313.

[7] S. Géhler, 2-metrische Raume und ihre topologeische Struktur, Math.
Nachr. 26(1963), 115-148.

[8] I. Golet, On probabilistic 2-normed spaces, Novi Sad J. Math. 35(2006),
95-102.

[9] M. Giirdal and S. Pehlivan, The statistical convergence in 2-Banach spaces,
Thai J. Math. 2(2004), 107-113.

[10] M. Giirdal, On ideal convergent sequences in 2-normed spaces, Thai. J.
Math. 4(2006), 85-91.

[11] M. Giirdal and I. Agik, On Z-Cauchy sequences in 2-normed Spaces, Math.
Inequal. Appl. 11(2008), 349-354.

[12] M. Giirdal, A. Sahiner and I. Agik, Approximation theory in 2-Banach
spaces, Nonlinear Anal. 71(2009), 1654-1661.

[13] M. B. Huban and M. Giirdal, Wijsman lacunary invariant statistical con-
vergence for triple sequences via Orlicz function, J. Class. Anal. 17(2021),
119-128.

[14] O. Kisi, A generalized statistical convergence via ideals in 2-normed spaces,
Math. Eterna 8(2018), 257-268.

[15] O. Kisi, Ideal convergence of sequences in neutrosophic normed spaces, J.
Intell. Fuzzy Systems 41(2021), 2581-2590.

[16] O. Kisi and I. Tuzcuoglu, Fibonacci lacunary statistical convergence in
intuitionistic fuzzy n-normed linear space, Ann. Fuzzy Math. Inform.
20(2020), 207-222.

[17] P. Kostyrko, M. Macaj and T. Salat, Z-Convergence, Real Anal. Exchange
26(2000), 669-686.

(18] K. Menger, Statistical metrics, Proc. Nat. Acad. Sci., USA, 28(1942),
535-537.

[19] S. A. Mohiuddine and M. Aiyub, Lacunary statistical convergence in ran-
dom 2-normed spaces, Appl. Math. Inf. Sci. 6(2012), 581-585.

[20] M. Mursaleen, On statistical convergence in random 2-normed spaces, Acta
Sci. Math. (Szeged) 76(2010), 101-109.

[21] M. Mursaleen and S. A. Mohiuddine, On Ideal Convergence of double
Sequences in probabilistic normed spaces, Math. Reports 12(2010), 359-
371.

[22] M. Mursaleen and A. Alotaibi, On Z-Convergence in Random 2-normed
spaces, Math. Slovaca 61(2011), 933-940.

[23] A. Nabiev, S. Pehlivan and M. Giirdal, On Z-Cauchy sequences, Taiwanese
J. Math. 11(2007), 569-576.

[24] M. R. S. Rahmat and K. K. Harikrishnan, On Z-Convergence in the Topol-
ogy Induced by Probabilistic Norms, Fur. J. Pure Appl. Math. 2(2009),
195-212.

[25] E. Savag and M. Giirdal, Z-statistical convergence in probabilistic normed
spaces, Politehn. Univ. Bucharest Sci. Bull. Ser. A Appl. Math. Phys.
T7(2015), 195-204.

[26] E. Savag and M. Giirdal, Ideal convergent function sequences in random
2-normed spaces, Filomat 30(2016), 557-567.



On generalized statistical limit points 409

[27] E. Savag and M. Giirdal, Generalized statistical convergence for sequences
of function in random 2-normed spaces, International Conference on Math-
ematics and Computing (2018), 296-308.

[28] B. Schweizer and A. Sklar, Statistical metric spaces, Pacific J. Math.
10(1960), 313-83/.

[29] B. Schweizer and A. Sklar, Probabilistic metric spaces, Elsevier New York,
North Holland, 1983.

[30] A. Sahiner and M. Giirdal, New sequence spaces in n-normed spaces with
respect to an Orlicz function, Aligarh Bull. Math. 27(2008), 53-58.

[31] A. Sahiner, M. Giirdal, S. Saltan and H. Gunawan, Ideal Convergence in
2-normed Spaces, Taiwanese J. Math. 11(2007), 1477-1484.

[32] A. Sahiner, M. Giirdal and F. K. Diiden, Triple sequences and their sta-
tistical convergence, Selcuk J. Appl. Math. 8(2007), 49-55.

[33] A. Sahiner, M. Giirdal and T. Yigit, Ideal convergence characterization of
the completion of linear n-normed spaces, Comput. Math. Appl. 61(2011),
683-689.

[34] A. Sahiner and B. C. Tripathy, Some Z-related properties of triple se-
quences, Selcuk J. Appl. Math. 9(2008), 9-18.



	1.  Introduction
	2. Preliminaries
	3. The Main results
	4. Conclusion
	References

