Caspian Journal of Mathematical Sciences (CJMS)
University of Mazandaran, Iran
http://cjms.journals.umz.ac.ir

ISSN: 2676-7260

CJMS. 11(2)(2022), 461-479 (RESEARCH PAPER)

Nonuniform Dual Wavelets Associated with the Linear
Canonical Transform

M. Younus Bhat [l and Aamir H. Dar 2
I'and 2 Department of Mathematical Sciences, Islamic University of
Science and Technology, Kashmir 192122, India.

ABSTRACT. A generalization of Mallatas classical multiresolution
analysis, based on the theory of spectral pairs, was considered in
two articles by Gabardo and Nashed. In this setting, the associated
translation set is no longer a discrete subgroup of R but a spectrum
associated with a certain one-dimensional spectral pair and the as-
sociated dilation is an even positive integer related to the given
spectral pair. In this paper, we are interested in the dual wavelets
whose construction depends on nonuniform multiresolution analysis
associated with linear canonical transform. Here we prove that if
the translates of the scaling functions of two multiresolution anal-
yses in linear canonical transform settings are biorthogonal, so are
the wavelet families which are associated with them. Under mild
assumptions on the scaling functions and the wavelets, we also show
that the wavelets generate Riesz bases.
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1. INTRODUCTION

Multiresolution analysis (MRA) is an important mathematical tool since
it provides a natural framework for understanding and constructing
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discrete wavelet systems. A multiresolution analysis is an increasing
family of closed subspaces {V; :j € Z} of L?(R) such that ez Vi =
{0}, Ujez V; is dense in L*(R) and which satisfies f € V; if and only
if f(2-) € Vj41. Furthermore, there exists an element ¢ € V4 such that
the collection of integer translates of function ¢, {¢(- — k) : k € Z} rep-
resents a complete orthonormal system for V4. The function ¢ is called
the scaling function or the father wavelet. The concept of multiresolu-
tion analysis has been extended in various ways in recent years. These
concepts are generalized to L? (]Rd), to lattices different from Z¢, allow-
ing the subspaces of multiresolution analysis to be generated by Riesz
basis instead of orthonormal basis, admitting a finite number of scaling
functions, replacing the dilation factor 2 by an integer M > 2 or by an ex-
pansive matrix A € GLy4(R) as long as A C AZ?. But in all these cases,
the translation set is always a group. Recently, Gabardo and Nashed
in[21l 22] defined a multiresolution analysis associated with a transla-
tion set {0,r/N} 4 2Z, where N > 1 is an integer, 1 <r < 2N — 1,r is
an odd integer and r, N are relatively prime, a discrete set which is not
necessarily a group. They call this an NUMRA. As, the case N =1 re-
duces to the standard definition of MRA with dyadic dilation. NUMRA
with multiplicity D, is called NUMRA-D that generalizes a particular
case of a result of Calogero and Garrigos [17] on biorthogonal MRA’s of
multiplicity D in nonstandard setup. A study with respect to NUMRA
has been done by many authors in the references [2), 3], 4, [5, [6l, 28], 29].

The concept of biorthogonal wavelets plays an important role in ap-
plications. We refer to [16] 17, [I8], 19, 25l 26] for various aspects of this
theory on R. For the higher dimensional situation on R", we refer to
the article [26].

In the early 1970s, a promising linear integral transform with three
free parameters, namely, linear canonical transform was independently
introduced by Collins [20] in paraxial optics, and Moshinsky, and Quesne
[27] in quantum mechanics, to study the conservation of information and
uncertainty under linear maps of phase space. The LCT provides a uni-
fied treatment of the generalized Fourier transforms in the sense that
it is an embodiment of several well-known integral transforms includ-
ing the Fourier transform, fractional Fourier transform, Fresnel trans-
form, scaling operations and so on [I, 23, 24, B0]. Over a couple of
decades, the application areas for LCT have been growing at an expo-
nential rate and is as such befitting for investigating deep problems in
time-frequency analysis, filter design, phase retrieval problems, pattern
recog- nition, radar analysis, holographic three-dimensional television,
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quantum physics, and many more. Apart from applications, the theo-
retical skeleton of LCT has likewise been extensively studied and inves-
tigated including the convolution theorems, sampling theorems, Pois-
son sum- mation formulae, uncertainty principles, shift-invariant theory
and so on. For more about LCT and their applications, we allude to
[7, 18, @, 10}, 11), 12}, 13], 14, 15]. In this article we construct dual wavelets
which depend on Nonuniform Multiresolution Analysis associated with
linear canonical transform. We show that if ¢ and ¢~> are the scaling
functions of two multiresolution analyses (LCT-MRAs) such that their
translates are biorthogonal, then the associated families of wavelets are
also biorthogonal. Under mild decay conditions on the scaling functions
and the wavelets, we also show that the wavelets generate Riesz bases
for L2(R).

The article is organized as follows. In section 2, we give a brief in-
troduction about LCT nonuniform wavelets on R. In section 3, we find
necessary and sufficient conditions for the translates of a function to
form a Riesz basis for its closed linear span. In the last section, we
prove that the wavelets associated with dual MRAs are biorthogonal
and generate Riesz bases for L2(R).

2. PRELIMINARIES

In mathematics, a unimodular matrix M is a square integer matrix
having determinant +1 or —1. For the sake of simplicity, we consider
the second order matrix Mayo = (A, B, C, D) with its transpose defined
by ML, = (A, B,C,D)T. Let us first introduce the definition of Linear
Canonical Transform.

Definition 2.1. The linear canonical transform of any f € L?(R) with
respect to the unimodular matrix Myxo = (A4, B, C, D)is defined by

Jr F(O)Kom(t, Q)dt B#0
LIA(C) = 2 (21)
VDexp “B<f(D¢)  B=0.
where ICop(t, () is the kernel of linear canonical transform and is given
by

1 At? — 2t¢ + D(¢?
exp{a( ¢+ C)}’ B+£0
V2mB 2B
It is here noted that for the case B = 0, the LCT defined by equa-
tion (2.1)) corresponds to a chirp multiplication operation and is there-
fore of no particular interest to us. As such, in the rest of the arti-

cle, we will keep our focus on the case when B # 0. It is here worth
noticing that the phase-space transform ([2.1f) is lossless if and only if

/Cm(t> C) =
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the matrix 9T is unimodular; that is, AD — BC = 1. Several spe-
cial transforms can be obtained from the linear canonical transform
(2.1). For example, for M = (1, B,0,1), gives the Fresnel transform,
for M = (cos#,sinf,—sinf,cosf) the LCT yields us the fractional
Fourier transform whereas for 9t = (0,1, —1,0), we reach at the classi-
cal Fourier transform. Moreover, Bi-lateral Laplace, Gauss-Weierstrass,
and Bargmann transform are also its special cases.

The inversion formula corresponding to linear canonical transform

(2.1) is defined by
(0 = [ £UAQORnE.

Morever the well known Parsevel’s formula of the linear canonical
transform ([2.1)) may be stated as

(L[f], Llgl) = (f.g), forall f g, L*R).

Definition 2.2. Given a real uni-modular matrix 9 = (A4, B,C, D) and
integers N > 1 and r odd with 1 < r < 2N — 1 such that » and N are
relatively prime, an associated linear canonical nonuniform multiresolu-
tion analysis (abbreviated LCT-NUMRA) is a collection {ij 1 j €LY}

of closed subspaces of L?(R) satisfying the following properties:

(1) VP c V2T for all j € Z;
(2) Ujez V; V™ is dense in L?(R);
3) Njez V] Vo {0};

(4) f(t) € ij if and only if f(2Nt) eiiﬂA(l*(QN)z)ﬁ/B e V™ forallje

J
Z;

(5) There exists a function ¢ in V3" such that {(Z)gjf)\(t) = ot —
A) e HEN) L) € A}, is a complete orthonormal basis for
Vet

Since ¢ € Vi C V™ and the collection {¢7", : A € A} is an orthonormal
basis in me, hence, the function ¢ € me has the Fourier expansion as

=) adia(t) = V2N Y arg(2Nt - ) eTHEN ] (22)
AEA Ae¢
where

o = /R () eI GR B dt and Y [aaP< oo, (23)

AEA
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Implementing the linear canonical transform on both sides of above
equation, we have,

enlo®)© =3 (5) =N (sn5) % (av) @9

1 .
AP <C> = — Z at e=2mN/ B, (2.5)
B 2N AEA

For each j € Z and real matrix M = (A, B,C, D), the LCT wavelet
subspace I/ij is defined as the orthogonal complement of ijm in ngfl,

so that W;m 1 V™ Tt is clear from the conditions (1), (2) and (3) of
the Definition ﬁ that
L*(R) =P w™.

JEZ
Definition 2.3. A set of functions {w?n, Y ,1/13?\,_1} in L? (}R) will
be called a set of basic wavelets associated with a given LCT-NUMRA if
the family of functions {W(t — )\)e_igA(tQ_AQ) 1<U<2N-1,)\€ A}
forms an orthonormal basis for W™.
Assume that there exists (2N — 1) functions {1/]21)3271/}3;7{7 .. .,ngfv_l} in

L?(R) such that their translates by the elements of A and dilations by
the integer powers of 2N form a Riesz basis of W]‘fm, ie.,

where

ij:Span{w%’)\:lgégQN—l,)\EA},jeZ (2.6)

where
UPA(8) = N2y (2N)t =) e F ) 1< <aN — 1A€A
(2.7)

Since the closed subspace Vi can be decomposed as Vi = V" @ Wi,
so we have wém(t) € Wém - me, for 1 < £ < 2N —1 and every fixed M =
(A, B,C, D), and as a consequence, there exist a sequence {b& )\} e With

Y oaeA ’%,\‘2 < oo such that

VI o(t) = VEN S by ¢(2Nt — A)e T (¥ (2.8)
AEA
which has an equivalent form in the LCT domain
where ¢ .
AT <B> = = P AT (2.10)

AEA
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A Schauder basis (z,,) for any Hilbert space H is a Riesz Basis if it is
equivalent to an orthonormal basis. Obviously any orthonormal basis
is a Riesz basis. Mathematically we can say that if H is a seperable
Hilbert space, then (z,) is a Riesz basis if and only if every z € H
can be uniquely expressed as = ) _ykn2, and there exists positive
constants A and B, which we call as Riesz constants, such that

AY kP < iknwn\\z <BY  |kaf?
n=1

neN neN

A kinder notion to the orthonormal basis is Riesz basis. When we sub-
stitute Riesz basis for orthonormal basis in the definition of an MRA,
we get Riesz MRA.

3. TRANSLATES OF RIESZ BASES

Let us begin this section with a necessary condition for the translates of
a function to be linearly independent

Lemma 3.1. Let ¢™, ¢™ € L%(R) be given. Then {gbgjf)\(t) = ot —
A) e~ H E) ¢ A}, is biorthogonal to{qzzgj’&(t) = (t—N) e F (=)
A€ A} if and only if

Z$<é+)\>q§<é+)\> =1 aeCeR.

A€A

Proof. For A\,o € A, it follows that <¢3&,¢~583}0> — (’\2_”2)5>\7U &
<¢m, ¢~533,20> = e%(‘#)éo,g. Now in LCT domain we have

_ L 5(89) 3 () et
=5 [2(5) 8 (5) FOac

L O\ 2 () _2rice
60,U—B/Rso<B><p<B>e 5 dc
2miCo B

Since {e_ B :0€ A} is an orthonormal basis of L? [O, 5),using this

fact we obtain the desired result. O

We now provide a sufficient condition for the translates of a function to
be linearly independent.
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Lemma 3.2. Let ¢™ € L?(R). Suppose there exists two constants
P, Q > 0 such that
(S
=4+ A
6(5+

2
P< Z <Q forae(eR (3.1)
Then {(j)%{g\(t) =¢(t— ) e H TN e A} ,is linearly independent.

AEA

Proof. For the proof of the Lemma, it is sufficient to find another func-
tion say gzﬁfm whose translates are biorthogonal to ¢™. Let us define the
function ¢™ by

ol

(o9 é(4)
N
D DI P

B
AEA
By equation 1) (;597{ is well defined. Now

o(

§$<é+a)$<é+0) - %éﬁ(éJra)Z (Z)((fg“’)
é(éJra)

2
$<é+u>

oc€EA
Applying Lemma it follows that{qbgjf)\(t) = o(t—N) e HEN) )€
A}is linearly independent. This completes the proof of the Lemma. [

2

2

veA
= 1.

Lemma 3.3. Suppose that the scaling function qb%{& satisfies inequality
(3.1). Alsolet f =3 \cp aro(t—2A) S ) , where f € span{¢(t—
)\)e—%(ﬁ—A?) A€ A} and {aA} s a finite sequence. Define

m(C)_ 1 M —2miN/B
Aj <B>—m2a>\e .

AEA
(3 (3

then

2

2 B/2
dc < ||| < @ / ac.

P /
0
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Proof. Since f(t) = Y ycp axo(t — A) S )
Taking LCT on both sides we have,

Lu[f®)](©C) = f<é) = AP (é) g,(é)

Now by Parseval’s relation associated to LCT

[lswoPa = [ |7 (g)
L (5)
e

dg

2 2

dg

¢

()

Hence, using inequality (3.1)), we get the desired result. O

we are now ready to prove the main result of this section which shows
that how the translates of a biorthogonal function forms the Riesz basis.

Theorem 3.4. Let {gbgﬁ\(t) = ¢t — N) e~ B X)L\ e A}, be a

Riesz basis for its closed linear span. Assume that there exists a func-
~ ~ imA

tion {cﬁgjf)\(t) = ¢(t — N)e B (=X ) € A}, which is biorthogo-

nal to {gzﬁgji\(t) = ¢t — N) e HEN) L) e A},. Then for every

fe span{qb(t - ) e HEN) )\ e A}, we have

F=3 (ot =2 e FEND) o - n) e FHEN (39

AEA

and there exists constants P,Q > 0 such that

Pl < S [(r - )|

AEA
Proof. We first prove 1’ and 1’ for any f € span{qﬁ(t—)\) e~ H E-N)
A€ A} and then generalize it to spﬁ{gﬁ(t - ) e HEN) ) ¢ A}.
Assume that f € span{@(t —\) e H WXL )¢ A}, then there exists a

<Q| > (33)
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finite sequence {a,\ A E A} such that f =37 .5 axg(t—A) e A GEPON
Using biorthogonality, we obtain

(f,9(t — o) e B @)
_ <Z a)\gp(t . )\) e_i7rBA(t2_>\2’ Q;(t - 0’) e_iv}-BA(tQ_)\2)>

AEA

= > ar(@lt =N e FEN Gt — ) F )
AEA
= a).

This proves (3.2)). In order to prove (3.3)), we make use of Lemma to

get
a B/2 C
o< [ o (5)

Therefore, using the Plancherel formula associated with LCT and the
fact that a) = <f, q;g’f)\>, we have

B/2 gm( 2 2 -~ _image_ e
/0 AT ([P = 3 Janl” = D [(F bl — nem B E)

AEA AEA
This proves (3.3). We now generalize the results to
Span {(;S(t — )\)e_%(t{z—v) i€ A}. Let us first prove 1D For f €
span {QNS(t - )\)6_%({2_/\2) tAE A}, there exists a sequence {f, : m €
Z} in span {(;NS(t - )\)6_%(’52_)‘2) tAE A} such that || fp, — fll2 — 0 as
m — 00. Thus for each A € A, we have

2
d¢ < P7V|f]l5-

‘ 2

imA

<fm7 é(t —Ae B (tZ_A2)> — <f7 é(t — A)e_%(tz_vw as m — 0o.
So the result holds for each f,. Therefore,

irA

[0 = Ne FENN = ST b [(f bt — e FEN)

AEA AEA

= lim > ‘<fm’¢;(t_ Ne— BN

m—00
AEA

< Q lim | fmll;

m—00

= Q| fIl5-

)

’ 2
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Thus, the upper bound holds in (3.3). Further, we have

AeA
1/2
{Z’ — f,0(t—Ne “rA(t2)\2)>’2}

AEA

_ ) 1/2
+{Z\<f7¢3<t—x>e—“?‘“2‘”>>\ } -

AEA

As the upper bound in (3.3) holds for f,,, — f and lower bound for each
fm, we get

i A (12 2 1/2
P folly € QY2 o fl, + (z ot~ 2= T >>\2) ,

AEA

from which, it follows that
PISIE < 3 [( - ne Fe0)
AEA

This proves (3.3)). Similarly, we can prove (3.2)) for
f € span {d)(t - )\)e_l%A (=2 N e A} and the proof of the theorem is
complete. O

4. BIORTHOGONAL NONUNIFORM WAVELETS RELATED TO LCT

Let {V;m :J €7} and {f/;m : J € Z} be biorthogonal LCT-NUMRA’s
with scaling functions ¢™ and qgm Then there exists 1ntegral periodic
functlons Ao and Ag such that ¢( ) = AP ((/2NB) ¢ ((/2NB) and

(C/B) AP (¢C/2NB) ¢ ((/2NB). Suppose there exists integral peri-
odic functions Agﬁ and Agﬁ, 1 < ¢ < 2N —1 such that

"(¢/B)A(C/B) = 1, (4.1)
where
) PR oG
= | M <ﬁ> AT (ﬁ + ﬁ) AT (ﬁ + 27& 1)
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and
_ . 1 - ¢ 2N — 1
im (L) i (S 7) A (7
0 \2NB o \anve TN o \ane t Tan
_ y 1 - ¢ 2N — 1
wom-| i) W) (R
AM((/B) = 1 \2NB vove Tan vonve T TN
- / ' 1 - ¢ aN-1
AP} S TN — ¢ — ... AR —
2N-1 <2NB meN-1\ 5N T an v\ o T Tan

For 1 </ < 2N — 1, define the associated wavelets as ¢2ﬁ and %m by
() = AP <anB) (/2N )

and

W (5) = B dc/D).

Definition 4.1. A pair of LCT-NUMRA’s {VJim :j € Z} and {‘N/;m :
j € Z} with scaling functions ¢ and o™ respectively are said to be

dual to each other if {¢™(- — X) : A € A} and {¢™(- — ) : A € A} are
biorthogonal.

Definition 4.2. Let ¢™ and ¢™ be scaling functions for dual LCT-
NUMRA’s. For each j € Z, define the operators P;m and P;m on L?(R)

by
PRE=S"(£,6%)eR and PPf =Y (f.67)6%,

AEA AEA
respectively. Here gbgﬁ)\ = §;¢6™(- — \) and gb;m)\ = 0;6™(- — \). Same
is the case with zp‘f& and 1;;”3 It is easy to verify that these operators
are uniformly bounded on L?(R) and both the series are convergent in

L?(R).
Remark 4.3. The operators P;-m and lf’;m satisfy the following properties.

(a) ~P;m f = fif and only if f € V™ and P™f = f if and only if
fevt

(b) lim ||PPf—f|,=0and lim [[P]"f|, =0 for every f € L*(R).
Jj—00 Jj——00

We now show that the wavelets associated with dual MR As are biorthog-

onal.

Theorem 4.4. Let ¢™ and &™ be the scaling functions for dual LCT-
NUMRA’s and wém and wém, 1 <0< 2N —1 be the associated wavelets
satisfying . Then, we have the following
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(a) {1&%7)\ A€ A} 1s biorthogonal to {1/;%70 10 € A},

(b) (P 00 ) = (T a B0y),  for all X0 € A

Proof. we have

s=0 p€Z
m(_ S P s\ ( S P, S
Ay (2NB+2+4N)¢<2NB+2+4N>}
2N—-1
_ m( S 8 Vim(_S L %
- Z {Af (2NB+4N>A€ (2NB+4 >}

Hence, by Lemma {1/1%7)\ A E A} is biorthogonal to {1;%7/\ A E
A}. This proves part (a). To prove part (b), we have for, \,o € A

W0 by = {(Wet—Ne™
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In LCT domain we have by Parseval’s identity,

6i7rg()\2—0'2)/1//}\<c>
- B = \B
LA
_ emB(AZ’_gz)/Am ¢ 3 ¢
B r ¢ \2NB 2NB
i (S V(S Yoo
Ao <2NB>¢<2NB)6 R
in4(\2—02) ,B/2
_ers m( ¢ P\s(_C P
- B /0 Z%{Af <2NB+4N>¢<2NB+4N>
am(_S PGS P\
o (2NB+4N>¢(2NB+4N ¢ P

ir4(A\2—0?) ,B/22N_1

e'"B ¢ P s
- - P Lo I T
B /0 ZZ{Z(QNB+2+4N>

s=0 p€eZ

in4(A\2—02) (B/22N-1 -
:63/ R LRI ¢ (ESLE
B 0 2NB 4N 2NB 4N

s=0
e~ 27rTBZC (A=0) dC
=0.

The dual one can also be shown equal to zero in a similar manner. This
proves part (b) and hence completes the proof of the theorem. O

we are now ready to construct the Riesz basis for L?(RR), which is evident
from the following results:

Theorem 4.5. Let ™ and (Em and l/Jém and @m’ 1</l <2N-—1beasin
Theorem . Let ' = ¢™ and @Zgn = @™ Then for every f € L*(R),
we have

2N-1

PRF=Pf+ > > (£ 0000000 (4.2)

{=1 \eA
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and
2N—1

PRF=Ff+ > > (£l (4.3)

{=1 XeA
where the series in and converges in L*(R).

Proof. For the sake of convenience, we will only prove (4.2)), as (4.3) is
an easy consequence. In particular, we will prove it in the weak sense
only. For this, let f,g € L?(R). Then, we have

2N—-1 -
S 3 (£ (o i)
/=0 €A
2N-1 ] o .A
- Z Z <f’ Yot — A) e TEA )> {(g,e(t — N) e‘Z”E(tQ—A2)>
/=0 XeA

Now in LCT domain after simplyfing above we have
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iG]
{&@%M@@%

qEZ

(¢ . q ¢ f € q
X29<B+2)Af (m+m>¢(m3+m>}d<

q€EZ

B/ﬂ“ ¢ P\ ¢ p\:{ ¢
/ {pez <B+2>AZJZ<ZNB+4N>¢<2NB+4N>

3/22N1 2N-1 . 7
/ ZZf( - N+ )Afm<2NB+4N+ >

r=0 p/'€Z

X2§IZ“ £+2/N+§ Am L"’i‘k /
INB ™2 2 )7 \oNB T AN

2N—-1

/szzz

r=0 p'€Z s=0 ¢'€Np
2N—-1

R (S Lt \am (S8
{KZ; Ag (2NB+4N>Af <2NB+4N>}

¢ 7 s ¢ roop ¢ ¢ s
> 4P N > N2
gtalN+t3)e 2NB+4N+ I\g TN *3

x$<c+8+ >d§

2 _¢ s P
)¢(m+4N+ )
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Moreover, proceeding in same way we have,

Z <f7 ng({nA> <9’¢?A>

AEA

Combing above expressions , we get the desired result. O

Theorem 4.6. Let ¢™ and ™ and %m and 1/;232, 1</<2N —1 be as
in Theorem 4.1. Then, for every f € L?>(R), we have
2N—-1 2N—-1

F= 3 Y (ATl = 2 Y (Al (44)

(=1 jEZ eA (=1 jEZ XeA
where the series converges in L*(R).

Proof. Using Remark [£.3]and Theorem proof of Theorem [4.6]follows.
U

Theorem 4.7. Let ¢™ and qgim be the scaling functions for dual LCT-
NUMRA’s and ngﬁ and @Z@m, 1 <V <2N —1 be the associated wavelets
satisfying the matriz condition . Then, the collection {T/J%,,\ 1<

(<2N —1,jeZXNeA} and {7}, : 1 <L <2N—1,j € Z,\ €A}
are biorthogonal
Proof. First we show that {¢2ﬁj)\ 1<l <2N—-1,5€Z,) € A} and

{@Z)g)})\ 1<l <2N—-1,5€Z,\ € A} are biorthogonal to each other.
For this, we will show that for each ¢, 1 </ < 2N — 1 and j € Z,

(WP R, = e g, (4.5)
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We have in fact already proved (4.5 for j = 0. For j # 0, we have

m o Tm om oM oM 7m m o Tm —in4 (A2 -2
(U050 V05.0) = (PT000 0 P00 o) = (V000 U70,0) = € TEN 7056
For fixed \,0 € A and j,j' € Z with j < j/, we claim that

m 79
(Vjn gr,0) = 0- (4.6)
As ¢%,>\ € V™, hence 1/12:3-7)\ = Pz{-w%)\ € fol - fon Therefore, it
is enough to show that wé’,nj, , is orthogonal to every element of Vﬁn

Let f € Vﬁﬁ Since {qbg:?)\ A E A} is a Riesz basis for Vﬁﬁ, hence there
exists an [?-sequence {dy : A € A} such that f =Y, dAgb%A in L?(R).
Using part (b) of Remark we have

(Vs g 87 0) = (PTthpl .00 PPor00,0) = 0.

Therefore,
Tom Tom Mm Tom M
(Voo f) = <W,J”,m > dk¢j',*> = {00y 850) =0.
AEA AEA
This completes the proof. O
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