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ABSTRACT. Let f be function that is analytic in the unit disk
D = {z: |z| < 1}, normalized such that f(0) = f’(0) — 1 =0, ie.,
of type f(z) =z+ > oo, anz". If additionally,

(i) o

then f belongs to the class U(XA), 0 < A < 1. In this paper we prove
sharp upper bound of the modulus of the fifth coefficient of f from
U(N) satistying

<A (z e D),

i) 1

z (14+2)1+Az2)’
(?<” is the usual subordination) in the case when 0.400436... <
A< 1.
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1. INTRODUCTION AND PRELIMINARIES

Let A consists of functions f that analytic in the open unit disc D =
{z 1 |z| < 1}, with expansion

f(z)=z+ag2* +azz®+ -+,

i.e., normalized such that f(0) = f’(0) — 1 = 0. The famous Bieberbach
conjecture from 1914 states that |a,| < n, n =2,3,..., for the univalent
functions from A. The proof of the conjecture due to de Branges in
1985 [1] is one of the most celebrated results of the twentieth century.
Although, the conjecture is closed it remains an intriguing question to
find upper bounds (preferably sharp) of the modulus of the coefficient for
functons in various sublasses of univalent functions. One such class, that
attracts significant attention in past decades is the class U(A), 0 < A < 1,

(ffz))Qf/(z) !

Functions from this class are proven to be univalent but not starlike
which makes them interesting since the class of starlike functions is very
wide. Overview of the most valuable results is given in Chapter 12 from
[9].

In [5], the authors conjectured |a,| <1+ A+ A2+ -+ A" for the
class () and n > 2. In the same paper they proved that the conjecture
is valid for n = 3 and n = 4, while for n = 2 the proof is given in [6].
For the fifth coefficient the conjecture was proven in [7] for the range
2/3 < XA < 1. The proofs for the third, fourth and the fifth coefficient
rely on the claim from [6] that for every function f from U(\),

f(2) 1

. 1.1

> A+ 21+ ) (L.1)

Here ” <" denotes the usual subordination, i.e., F(z) < G(z) for F' and

G analytic in D, means that there exists function w(z), also analytic in
D, such that w(0) = 0 and |w(z)| < 1 for all z € D.

U()\):{fEA:

<)\,z€]D)}.

Recently, in [2], by a counterexample, the authors showed that f €
U(A) does not imply subordination . So, the cited estimates of |ay|,
for n = 3,4 and 5, are correct only on the subclass of U()\) consisting of
functions satisfying the subordination .

The estimate |az] < 1+ A is correct and sharp on whole class U(\)
(see [6]).

In this paper we study functions f from U (\) satisfying subordination
(1.1) and we extend the conjectured estimate for n = 5 to the range
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Ao < A <1, where \g = 0.400436. .. is the unique positive solution of
the equation
I3+ AT+ 2X -1 =0.

For the proof we will use the following result for the class P of
Caratheodory functions, that are functions p analytic in D, of form
p(2) = 1+ p1z + p2z? + --- with positive real part, i.e., Rep(z) > 0
for z € D. The result is due to Leverenz ([3, Theorem 4(b)]).

Lemma 1.1. Function p(z) = 1+p1z+paz?+--- has positive real part
on the unit disk, if, and only if,

0 00 2 00 2
ST 4D prees| — D Prerzers| =0 (12)
J=0 k=1 k=0

for every sequence {2} of complex numbers that satisfy limy,_,eo |21|"/* <
1.

We will also need the following result by Prokhorov and Szynal [8]
Lemma 2, p.128].

Lemma 1.2. Let w(z) = c12 + c22% + ¢323 + - -+ be analytic in D with
lw(z)| <1 forallz € D. If u and v are real numbers such that 2 < |u| <
4 and v > & (p* +8), then |c3 + pcies + vl < v.

2. MAIN RESULT

If p(2) = 14 p1z + p2z? + - -+ is a function from P, then there exists

function w(z) = c1z + cp2z? + - -+, analytic in D, such that w(0) = 0,
lw(z)| < 1 for all z € D and
1+
p(z) = w(z) (=1+2w(z) + 2w (2) + ).

=1y
After comparing the coefficients we have

p1 = 2cy,

p2 = 2(ca + ),

p3 = 2(c3 + 2c100 + ¢3),

pa = 2(cq + 2c1¢3 + 3 + 33y + ¢f).

(2.1)

This will help us to prove the main result.
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Theorem 2.1. Let f(z) = z+agz?+- - belongs to the class U(N), where
Ao < A< 1, where Ay = 0.400436. .. is the unique positive solution of
the equation

IN = 3N+ AT 20— 1=0.
If, additionally, f satisfies subordination (1.1)), then
las| < T+ A+ A2+ 2% 424

and the result is sharp.

Proof. If f(z) = z+agz®+--- € U(N), 0 < A < 1, satisfies subordination
1), then

2 _ . - 1=
z (1-w(@)(1-w(z) 1+ (2), (2.2)

where w(z) = c12 + 2% + -+ - is analytic in D, |w(z)| < 1 for all z € D,

1B i =n+1forn=12,.... From (2.2)) we have

and “57

as = (14+ N)eg +2(1+ X+ A)eres + (1+ X+ A3

2.3
F3(L+ A+ A+ M) cFer + (L4 A+ A2+ X2+ 2 (23)

On the other side, if we choose z; = 0 for £ > 3 in , we have
1220 + p121 + paza + p3zal” — [p120 + paz1 + paza + pazsl®
+[221 + prza + pazs|® — [pra1 + P22 + p3zsl’
+]225 + p123|* — |prz2 + pazs|? + 223 — [p123|® > 0.

From here, we have that

L =: |p12o + p2z1 + p322 +p4Z3’2
<R =: (220 + p121 + p222 + p3z3|® — |p121 + paza + p3zs)?) (2.4)
+ (1221 + p122 + pazs|® — |p122 + p223)?) '

+ (1220 + przsl® — |pr1zsl®) + 223
If we choose p1, p2, p3s and p4 from and
20 =N*(1 = M),
21 =22y + (33 — 2022,
29 :2)\201,

z3 =1+ A,
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then, after some calculations and comparing with (2.3)), for L defined in
(2.4) we have that

L = 4|as|*. (2.5)

Also, if we use that |a+b|? — |b|?> = |a|? +2Re{a@b} (a and b are complex
numbers), then by (2.4)):

R = 4|z + 4Re{(p121 + pazo + p323)Z0} + 4|21 |* + 4Re{(p122 + p223)71}

+ 4)20|® + 4Re{(p123) 72} + 4| 23]%.
(2.6)

Considering each term of (2.6)) by choosing the same values for py, po,
3, P4, 20, 21, 22, 23 as before, we receive:

20> = X' (1 = A\)*ex |
Re{(p121 + p2z2 + p323)Z0} < |p121 + paza + p3z3| - |Z0]
=2/(1+ Neg + (3A2 + 20+ 2)crco + (BA3 + A+ DN (1 = A2 ey P

(242X P C L P
C3 1+)\ C1C9 1—|—A Cl

3\3
14+ A

=22%2(1 = A3 P14 N)

=222(1 = N2 P+ N) <1 + ) =22%2(1 = A)2BN + A+ D)’

since in this case 2 < |u| < 4 and v > (8 + 4?) is equivalent with

@ =0.356789... < X\ < 1. Further,

|21]? = [N2c2 + (323 — 202)2|? = M eo)? 4+ (3M3 — 20%)2|ey |4
+ 2Re{N%(3)% — 2\?) o2}
Re{(p122 + p223)z1}
= Re{(4\?c? +2(1 + N)(c2 + 1)) - (N*@ + (3N° — 2A%)e?)}
=Re{(2(1 + Neca + 220 + X + 1)) (Ve + (302 — 22D &)}
= Re{2X%(1 4+ \)|ca? + 2202 + XA + 1)(3A3 — 22%) ¢y |*
+ (222207 A 4 1) +2(1 + N (3N — 2X?)) o}
|20]? = 4M[er %
Re{(p123)Z2} = Re{2(1 + N)2X2|c1 |2} = 4X2(1 4+ N e |
lz3]% = (14 N)>.



Sharp estimate of the fifth coefficients for the class U/(\) 415

Using all previous facts and some transformations and calculations,

from we have
R<4 [(A2(1 AP 430 A+ 1) = (3A3 4 A+ 1)
FAZOAZ 42X 4+ 2)[ea? 4 (3A3 = 20%)(3A% + 207 42X + 2) ey |*
AN (A2 + A+ D)fer|® + 20%(3X% + 307 + 2) — 1) Re{coei”} + (1 + V)] .
Since 3A3 +3X2 42X —1 > 0 for 0.400436... = A9 < A < 1, then
222(30% 4+ 3X\2 + 2X — 1) Refeari?} < 2X2(30% + 302 + 2\ — 1)|ea]|c1 %
and using that |ca| < 1 — |e1]?, we have
R<4A[(NL =N e + 30 + A+ 12+ XA + 20+ 2)(1 — |1 [?)?
F(32% = 2X2) (323 4+ 202 + 20 4 2)[er [P F ANE (A2 + A+ 1) ey 2
F2X2(BN + 302 4+ 20 — 1)(L = [er )|+ (1 + A)2 = BA3 + A+ 1)7],
and after some calculations, finally,
R<4[NA =N el +3X3 + X+ 12+ F(\, e )],
where

F(\ 1) = 3N (BAZ =20 = 1) 222 2 (3N +4N2 420 = 1)t = A2 (9N 502440 —2),
(2.7)
t=|c1]?, 0<t < 1.
If A =1, then F(1,¢) = 16(t — 1) < 0.

If 0 < A < 1, then 302 — 2\ — 1 < 0 and the function F()\,t) attains
its maximal value for

. N2(3A3 +4X2 + 20— 1)
0 =

>1
M1 +20—3X2) —

since this is equivalent to ON —3A3HAZ420—1 > 0, which is true because
Ao < A < 1. Tt means that maxg<;<1 F(A, 1) = 0, i.e., F(\, |c1|?) <0 for
all \g < A<1land0<|¢|<1. Bywehave

R <41 =N elP+3X3 + X +1)?
<A1 = N2+ 303 A+ 1)2 (2.8)
= 4N H N F NN+ D)2
Finally, from , and we have
las| <1+ A+ A2+ 2%+ 24
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