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ABSTRACT. In this paper, we study the concept of 2g-auto Engel
groups. Among other results, we prove that for any group G, if ev-

ery element of GR Aut(G) is 2g-Engel group, then <(g ®a),(g® a)g,®a/>
is a nilpotent subgroup of class at most 2 in G ® Aut(G), for all
9,9 € G and a,a’ € Aut(G).

Keywords: Non-abelian tensor product, auto Engel element, au-
tocommutator subgroup.

2020 Mathematics subject classification: 20F28, 20F45.

1. INTRODUCTION AND PRELIMINARIES

Let G and H be groups equipped with the actions of G on H and H on
G (both from the right), written as k9 and g" for all g € G and h € H,
in such a way that

g = (0w = ()

for all g,¢' € G and h,h' € H (see |2, B] for more information).
Clearly, a group acts on itself by conjugation. By considering the above
compatibility of groups action, the non-abelian tensor product G ® H
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is the group generated by the symbols g ® h, satisfying the following
relations:

gg/ ® h = (gg/ ® hg’) (g/ ® h) ,
gehl = (gan) (¢ @),
for all g,¢' € G and h,h' € H.

Let G be a group and denote Aut(G) to be the automorphisms group
of G. For all elements ¢1,¢2,...,9, € G, we denote the commutator
of g and g; as [g,91] = g_lgflggl. The commutator of higher weight is
defined inductively, as follows:

[9791592) o 7.971717971] = [[9591)92 o 7gn71]7gn]-

If g1 =g2=--- = g, we have

[gaglagl, oo agl] = [[9791792 o ;gnfl],gn] = [g,ngl]
The element g € G is called right n-Engel element, if [g,, g1] = 1, for all

g1 € G. The set of all right n-Engel elements of the group G is defined
as follows:

R,(G)={9€G:lgmqn] =1, forallg € G}.

In [4], it is shown that Ry(G) is a characteristic subgroup of G. Note
that one has a similar set up for left n-Engel elements.

Moghaddam and Sadeghifard [6] introduced the concept of non-abelian
tensor product G ® Aut(G), with the action of G on Aut(G) given by
ad = a¥ = @, 1 0a0p, for any a € Aut(G) and ¢, € Inn(G), and
the action of Aut(G) on G, by g% = a(g).

We remind the auto-commutator subgroup (see[§], for more informa-
tion)

K(G)=<|g,a] :g € G,a € Aut(G) > .

Clearly, it is a characteristic subgroup of G.
Now, one may define 2-auto Engel subgroup of G, as follows:

AR?(G) - {g €G: [[g,a],a] = 1}7
and likewise right 2g-auto Engel sub group of G

ARY(G) ={g € G :[g9,a] ® a = 1g, for all a € Aut(G)},

which is a characteristic subgroup of G and contained in AR»(G).
Clearly [, g] = [9,a]~! and so by a similar way we define the set of left
2g-auto Engel elements of GG, as follows:
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ALY (G)={g € G:|a,g] @ vy = lg, for all a € Aut(G)},

which is contained in AL>(G) = {g € G : [[a, g], pg] = 1}. A group G is
an n-auto Engel group if [g,, @] =1 for all g € G and a € Aut(G) and
[9,n @] = [[gyn—1 @], a]. Similarly, the group G is called ng-auto Engel,
when [g,n—1 0] ® @ = 1g for all g € G and a € Aut(G). One can easily
check that every ng-auto Engel group is also n-auto Engel (see [2]).
In this paper, among results relation to 2g-auto Engel group, we prove
that if the normal closure of every element in G ® Aut(G) is a 2g-Engel
group, then <(g ®a),(g® a)gl®o‘l> is a nilpotent of class at most 2 in
G @ Aut(GQ), where g,¢’ € G and «a, o’ € Aut(G).

In the following, we list some basic and important results on non-
abelian tensor product G ® Aut(G), which will be need in the rest of the
paper.

Lemma 1.1. Let g be a right 2-auto Engel element, and let o, 3, and ~y
be arbitrary automorphisms of a group G. Then

(1) gAME) = (g™ : a € Aut(Q)) is abelian,
(1) g, [, B]] = [g, v, BI?,
(iii) [g, 0, 8,7)* = 1.
Proof. See [9, Lemma 3.2]. O

Lemma 1.2 ([2]). Let g,¢' € G and let o, 5 € Aut(G). The following
relations are hold in G ® Aut(G):

(i) (57'®a) =(g@a) ! =(g@a )%
(it) (¢ ® B)l9=) = (g @ B)lo]
(iii) [g,0] ® B = (g® )" (g ® a)”;
(iv) ¢ @[g,0] = (g @ @)™ (g @ a);
(v) [g® a9 @ B] = [g9,a] @ [pg, B.
If A is a subset of Aut(G), then we may define the auto-tensor cen-
tralizer of A in G as follows:

CE(A)={geG:g0a=1g, foralla € A}.
It is easy to check that C& (A) is a subgroup of G.

Proposition 1.3 ([G]). Let G be a group. Then, for all a, B,y € Aut(G),
g€ AR?(G), and n € 7, the following assertions are hold:

() 19, ]®ﬁ (lg. Bl ® )™

(ii) [g,a)? a—%,
(iii) [g0]" ® B = (g, 0] ® B)"
@ng@a—@®a);
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(v) [9,0] @ [B,7] = 1g;
(vi) g @ e, B] = ([g, 2] ® B)*.

Theorem 1.4 ([6]). For a given group G, the set of all 2g-auto Engel
elements is a characteristic subgroup of G.

2. MAIN RESULT

In this section, we explain some properties and a generalization of

2x-auto Engel group. First, we start with some properties of two sets
ARY(G) and ALY (G).

Lemma 2.1. Let G be any group. Then the following conditions are
hold
(i) ARS(G) C ARs(C),
(ii) ALY (G) C ALy (G),
(#ii) ARS(G) C ALY (G).

Proof. (i) Let g € ARS(G) and let k : G ® Aut(G) — K(G) given by
k(g ®a) = [g, a] be the autocommutator map. Then 1 = k([g, o] @ @) =
[9,a,a], so g € ARy(G).

(7i) It is proved in a similar way.

(iii) To prove (iii), suppose that g € ARY(G) and that o € Aut(G).
Then 1lg = [g,940] ® pga = [g,a] @ pga = ([g,a] ® @4)*. Therefore
[, 9] ® g = 1g and so g € ALY (G). O

Theorem 2.2. Let G be a 2g-auto Engel group. Then Aut(G) is nilpo-
tent of class at most 2.

Proof. By applying Proposition @, we have

9®a, 8,7 = ([g, [, Bl @ 1) = (([9: 7] @ [, B]) 1) = 1

for all g € G and «, 3,7 € Aut(G). Therefore [, 3,7] = idg and so
Aut(G) is nilpotent of class at most 2. O

Safa et al [9] proved that if a given group G is a 2-auto Engel group,
then every maximal abelian subgroup of G is characteristic. Now, we
claim that if G is a 2g-auto Engel group, then every maximal abelian
subgroup of G is characteristic.

Theorem 2.3. Let G be a 2g-auto Engel group. Then every maximal
abelian subgroup of G that is inside the tensor center of that group of G,
is characteristic.

Proof. Let M be a maximal abelian subgroup of non-abelian group G.
Since the tensor center M of G is CE(M) = {g € G : g® m =
lg for all m € M}, the hypothesis implies that M < C&(M). Now,
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suppose g € Cg (M). Then M (g) is a subgroup of G and contained in
M. By the assumption, M = M (g), so M = C&(M). Now, we show
that for every a € Aut(G), the tensor centralizer of a in G defined by
C’g(a) ={9 € G:g®a = lg}, is a characteristic subgroup of G.
Let 8 be an_arbitrary automorphism of G and let h € C’g(a). Using
Proposition (vi), we have

Bh)®a)’ =hod? " =hoaa,f7Y = (ha] ) = 1s.

Therefore, 3(h) € C&(c). Hence C§(a) is a characteristic subgroup of
G. Let ¢4 be the inner automorphism produced by g. Then by using
the relations of the nonabelian tensor product, we have

M=Cg(M)= (] C&9) = [ C&lpy).
geEM geEM
Hence M is a characteristic subgroup of G. (]

The following proposition provides equivalent conditions for 2g-auto
Engel groups.

Proposition 2.4. The following statements for a group G are equiva-
lent:
(1) G is 2g-auto Engel;
(ii) [g,0] ® B = ([g, 8] ® a)~L for any g € G and a, B € Aut(G);
(iii) g @ [, B] = ([g, ] ® B)? for any g € G and «, B € Aut(G).

Proof. By Proposition @, parts (i), (i7), and (iii) are equivalent. As
g ® o, 8] = ([g,a] ® B)? for any g € G and «,B € Aut(G), so by
considering o = 3, the parts (i7) and (7i7) gives (7). O

Proposition 2.5. If G is a 2g-auto Engel group, then Cg(a) <G for
any a € Aut(G).

Proof. Let G be a 2g-auto Engel group, let h € G, let o € Aut(G), and
let g € C@(a) < Ca(a). Then g"®a = glg, hj®@a = [g,h]@a = ([g,a]®
én)"! = 1g. Therefore g" € Cg (), which completes the proof. O

As Cg () does not necessarily contain «, the converse of Proposition
does not hold, in general.

Lemma 2.6. Let G be a group, let o, 5,y € Aut(G), and let g €
AR (G). Then the following assertions are hold:

(i) [a,B,9] @ v = 1g;
(@) 9,0, Bl @ [v,7] = 1e-

Proof. (i): By parts (iv) and (v) of Proposition @, we have
0. .01 © 5 = (fg. o, 8] © 1) 99] = ([g.2] ® o B)I49) = 1,
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(i1): According to [6], we know that ARS (G) is always a character-
istic subgroup of G. Therefore [g,a] € ARY(G). Thus, part (v) of
Proposition @ implies that (i7) is hold. O

For a given group G, we define the 2g-auto Engel margins analogues of
the subgroups 2g-Engel margins (see [[7]) as

AEP(G) ={g € G : [gh,a]®a = [h,a]®a forallh € G and o€ Aut(G)}.

Moravec [7] showed that EY(G) = {g € G : [gh,h] @ V' = [h,N] ®
R'  for all h,h' € G} is a characteristic subgroup of G. Now, we want
to show that AEY(G) is also a characteristic subgroup of G.

Theorem 2.7. Let G be a group. Then, the set of 2g-auto Engel margins
is a subgroup of the group G.

Proof. Obviously, AEY(G) is a characteristic set. Now, using [6, Lemma
3.3] and the commutator properties, we have

97", alwa = [g7"a) b, a@a = (g7, o) @) ([h, a]oa) = [h,a]@a,

which implies that ¢! € AEY(G). Using [, Lemma 3.3] and the rules
of non-abelian tensor product, we obtain

[gah, o] © o = ([ga, o]”" @ a)([h, o] ® a)
= (g, a)7" © @)/*I™" ([a,a]™ ® a)([h,a] ® a) = [h,a] ® v,
for all g,a € AEY(G) and o € Aut(G). Therefore, this completes the

proof.
O

Clearly, AEY(G) < ARY(G). Indeed the inverse of the previous rela-
tion holds when o commutes with inner automorphism ¢, for all g € G.
The following corollary shows the properties of nilpotency for 2g-auto
Engel groups.

Corollary 2.8. For a given group G, if the normal closure of every
element in G @ Aut(G) is a 2g-Engel group, then for g,9' € G and
a,a’ € Aut(Q), the group

<(g ®a),(g® a)9/®o‘,> is nilpotent of class at most 2.
Proof. From Lemma @ parts (ii) and (v), we have

[(g®)®) g2 a,(g®a)] =[lg, )", [g,a] ® [g,0] = Le.
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Again, by using parts (ii) and (v) of Lemma @, we have

[(9© )9 g @ a, (g a)d @)

(lpg, @], g, @] ® [pg, @]

(lpg ], lpg, @]l 1™ ® g, @]l

([[pgs 0l g, a1 @ [125, ]9y ~lem b legsedl ")
(llpg: o], g, o] @ [ipg, )~ Miemllion 1
1

®.

—1

Hence [(g2a)9'®) goa] € Z(<g R a,(g® a)(9/®a/)>), as required. [
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