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1. Introduction

Orthogonal polynomials play an important role for mathematical com-
putations. These polynomials are a useful tool for solving and inter-
preting typs of differential equations. Also, orthogonal polynomails are
used in least square approximations of a function, Fourier series and
error correcting. Some other applications of orthogonal polynomials are
matching polynomials of graphs and random matrix theory. Orthogonal
polynomials are used in extended Lagrange interpolation, constrained
least squares approximation and Gauss quadrature for rational func-
tions [10]. Legendre polynomials, Jaccobi polynomials, Bessel functions
and Zernike polynomials are well-known orthogonal polynomials. Le-
gendre polynomails are widely used in the determination of wave func-
tions of electrons in the orbits of an atom [1] and in the determination
of potential functions in the spherically symmetric geometry [22]. The
classical Jacobi polynomials have been used extensively in mathemati-
cal analysis and practical applications [11]. Also, Bessel functions have
wide applications in heat conduction in a cylindrical object, diffusion
problems on a lattice, frequency-dependent friction in circular pipelines
and signal processing [20]. Using generalized Bessel polynomials is ob-
tained optimal solution of nonlinear 2D variable-order fractional optimal
control problems [2] and the fractional hepatitis B treatment model is
solved using generalized Bessel polynomial [4]. The generalized Bessel
functions (GBF) of two-variable and one-parameter are obtained by or-
dinary Bessel functions which are used for solving the second partial
differential equations [6].

Zernike polynomials use in fields ranging from optics, vision sciences
and image processing [19]. Some other researchs are solving nonlinear
system of variable-order fractional PDEs using generalized Bernoulli-
Laguerre polynomials [12], solving fractional optimal control problems
by generalized shifted Chebyshev polynomials [13] and finding the op-
timal solution of fractional hematopoietic stem cells model with gen-
eralization of Bernoulli polynomials [3]. Also, the new classes of de-
generated generalized Apostol-Bernoulli, Apostol-Euler and Apostol-
Genocchi polynomials have been produced in [21] and Cesarano and et
al. are given the operational results on bi-orthogonal hermite functions
[7].

In this paper, we introduce some orthogonal polynomials and their
properties. We also investigate the relationship between these orthog-
onal polynomials. Some of the important results in this paper are as
follows:
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• Orthogonal polynomials have many applications in science and
engineering, such as wavefront analysis, random matrix theory,
least square approximations and etc.

• The radial polynomials in the Zernike functions are constructed
by the well-known orthogonal polynomials.

• The Pseudo-radial polynomials Rl
n(ρ) are obtained with radial

polynomials Rm
n (ρ). Therefore, Pseudo-radial polynomials are

also generated by famous orthogonal polynomials.
The rest of this paper is organized as follows. In Section 2, we provide
the Zernike polynomials and their properties. In Section 3, the well-
known Jaccobi, Legendre and Bessel orthogonal polynomials are intro-
duced. The relationship between the Zernike radial polynomials and the
orthogonal functions are given in Section 4. Finally, some conclusions
are presented in Section 5.

2. Zernike polynomials

Zernike polynomials introduced by Frits Zernike in 1934 [24]. These
polynomials are a sequence of continuous orthogonal functions over a
unit disk and are used to characterize the wavefront. Furthermore, the
Zernike polynomials are useful in defining the magnitude and character-
istics of the differences between the image formed by an optical system
and the original object [15]. The Cartesian coordinates (x, y) can be
converted to the polar coordinates (ρ, θ) using the functions

ρ =
√

x2 + y2, θ = arctan
(y
x

)
,

and conversely

x = ρ cos θ, y = ρ sin θ.

Generally, the Zernike polynomials are produced as follows [19]

Zj(ρ, θ) = Zm
n (ρ, θ) =


√

2(n+ 1)Rm
n (ρ) cos(mθ), m 6= 0, j is even,√

2(n+ 1)Rm
n (ρ) sin(mθ), m 6= 0, j is odd,√

2(n+ 1)Rm
n (ρ), m = 0,

(2.1)
in which Rm

n (ρ) is radial polynomials, n is the degree of the radial poly-
nomials, m is the azimuthal frequency describing the repetition of the
angular function, n and m are non-negative integers, n − m ≥ 0 and
n −m is even. The Zernike radial polynomials Rm

n (ρ) are computed in
several indexing scheme.
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• The Noll indexing scheme [5]

Rm
n (ρ) =

1(n−m

2

)
!ρm

[( d

dρ2

)n−m
2
(
(ρ2)

n+m
2 (ρ2 − 1)

n−m
2

)]

=

n−m
2∑

k=0

(−1)k(n− k)!

k!
(n+m

2
− k
)
!
(n−m

2
− k
)
!
ρn−2k. (2.2)

• The OSA/ANSI indexing scheme [19]

R|m|
n (ρ) =

n−|m|
2∑

k=0

(−1)k(n− k)!

k!
(n+ |m|

2
− k
)
!
(n− |m|

2
− k
)
!

ρn−2k, (2.3)

where n is a non-negative integer, m is an integer, n − |m| ≥ 0
and is even.

• Pseudo-radial indexing scheme [19]

Rl
n(ρ) =

n−|l|∑
k=0

(−1)k(2n+ 1− k)!

k!(n+ |l|+ 1− k)!(n− |l| − k)!
ρn−k, (2.4)

in which n is a non-negative integer, l is an integer and n−|l| ≥ 0.
Now, we use the following relationships to convert a given value j to n
and m [16]

n = b
√

2j − 1 + 0.5c − 1,

m =


2
⌊2j + 1− n(n+ 1)

4

⌋
, n is even,

2
⌊2(j + 1)− n(n+ 1)

4

⌋
− 1, n is odd.

Some of the Zernike radial polynomials are plotted in Figure 1. Zernike
orthogonal polynomials in Cartesian and polar coordinates for j = 1 to
j = 15 are given in Table 1 [19].

The most important properties of Zernike orthogonal polynomials are
presented in the following.

Theorem 2.1. [19] For the Zernike radial polynomials, we have Rn
n(ρ) =

ρn and Rn
n(1) = 1.

Theorem 2.2. [19] Let Zm
n (ρ, θ) be the Zernike orthogonal polynomials.

Then ∣∣∣Zm
n (ρ, θ)

∣∣∣ ≤
√

2(n+ 1)

1 + δm0
.



390 K. J. K. Al-Tamimi

Figure 1. Zernike radial polynomials: (left) m = 1, n =
1, 3, 5, 7, 9 (right) m = 2, n = 2, 4, 6, 8, 10.

Table 1. Zernike orthonormal polynomials in Noll in-
dices for j = 1 to j = 15.

j n m Zm
n (ρ, θ) Zm

n (x, y)
1 0 0 1 1
2 1 1 2ρ cos θ 2x
3 1 1 2ρ sin θ 2y

4 2 0
√
3(2ρ2 − 1)

√
3
(
2(x2 + y2)− 1

)
5 2 2

√
6ρ2 sin(2θ) 2

√
6xy

6 2 2
√
6ρ2 cos(2θ)

√
6(x2 − y2)

7 3 1
√
8
(
3ρ3 − 2ρ

)
sin θ

√
8y
(
3(x2 + y2)− 2

)
8 3 1

√
8
(
3ρ3 − 2ρ

)
cos θ

√
8x
(
3(x2 + y2)− 2

)
9 3 3

√
8ρ3 sin(3θ)

√
8y
(
3x2 − y2

)
10 3 3

√
8ρ3 cos(3θ)

√
8x
(
x2 − 3y2

)
11 4 0

√
5
(
6ρ4 − 6ρ2 + 1

) √
5
(
6(x2 + y2)2 − 6(x2 + y2) + 1

)
12 4 2

√
10
(
4ρ4 − 3ρ2

)
cos(2θ)

√
10(x2 − y2)

(
4(x2 + y2)− 3

)
13 4 2

√
10
(
4ρ4 − 3ρ2

)
sin(2θ) 2

√
10xy

(
4(x2 + y2)− 3

)
14 4 4

√
10ρ4 cos(4θ)

√
10
(
(x2 + y2)2 − 8x2y2

)
15 4 4

√
10ρ4 sin(4θ) 4

√
10xy(x2 − y2)

Theorem 2.3. [19] The Zernike radial polynomials are orthogonal∫ 1

0
Rm

n (ρ)Rm
n′(ρ)ρdρ =


1

2(n+ 1)
, n = n′,

0, n 6= n′.
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Theorem 2.4. [19] The Zernike polynomials are orthogonal with the
weight function ρ.∫ 1

0

∫ 2π

0
Zm
n (ρ, θ)Zm′

n′ (ρ, θ)ρdθdρ =

{
π, n = n′, m = m′,

0, n 6= n′, m 6= m′.

Theorem 2.5. [19] The symmetry of Zernike orthogonal polynomials
can be expressed by

Zm
n (ρ, θ) = (−1)mZm

n (ρ, θ + π).

3. Some orthogonal polynomials

In this section, we introduce the well-known orthogonal polynomials
and present some the properties of them. In the next section, we prove
the relationship between these polynomials and the Zernike orthogonal
polynomials.

Definition 3.1. [17] The polynomials {πk} is called a system of or-
thonormal polynomials respect to the inner product (·, ·) where

πk(x) = bkx
k + ckx

k−1 + lower degree terms, bk > 0

and
(πn, πm) = δnm, n,m ≥ 0.

Definition 3.2. [17] The orthogonal polynomials {Qk} on (a, b) with
the inner product are called the classical orthogonal polynomials if their
weight functions x 7−→ w(x) satisfy the differential equation

d

dx

(
A(x)w(x)

)
= B(x)w(x),

where

A(x) =


1− x2, (a, b) = (−1, 1),

x, (a, b) = (0,+∞),

1, (a, b) = (−∞,+∞),

and B(x) is a polynomial of the first degree.

The classical orthogonal polynomials {Qk} on (a, b) can be specifi-
cated as follows:

• Jacobi polynomials J
(α,β)
n (x) for (a, b) = (−1, 1) and α, β > −1.

• Generalized Laguerre polynomials Ls
n(x) for (a, b) = (0,+∞)

and s > −1.
• Hermite polynomials Hn(x) for (a, b) = (−∞,+∞)
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3.1. Jaccobi polynomials. For Jacobi orthogonal polynomials w(x) =
(1− x)α(1 + x)β, A(x) = 1− x2 and B(x) = β − α− (α+ β + 2)x. The
Jacobi orthogonal polynomials are obtained by Rodrigues formula as
[23]

J (α,β)
n (x) =

(−1)n

2nn!(1− x)α(1 + x)β
dn

dxn

[
(1− x)n+α(1 + x)n+β

]
, (3.1)

in which α, β > −1. The explicit formula to compute the Jacobi poly-
nomials is

J (α,β)
n (x) =

(n+ α)!(n+ β)!

2n

n∑
k=0

1

k!(n+ α− k)!(n− k)!(β + k)!
(x−1)n−k(x+1)k.

(3.2)
The Jacobi polynomials are orthogonal with the weight function w(x) =
(1− x)α(1 + x)β in interval [−1, 1]. Hence

∫ 1

−1
(1−x)α(1+x)βJ (α,β)

n (x)J
(α,β)
n′ (x)dx =


2α+β+1

2n+ α+ β + 1

(n+ α)!(n+ β)!

n!(n+ α+ β)!
, n = n′,

0, n 6= n′.

(3.3)
Special cases of the Jacobi orthogonal polynomials are as follows [8, 9]:

• The Legendre polynomials Pn(x) for α = β = 0.
• The Chebyshev polynomials of the first kind Tn(x) for α = β =

−1

2
.

• The Chebyshev polynomials of the second kind Sn(x) for α =

β =
1

2
.

• The Chebyshev polynomials of the third kind Un(x) for α =

−β = −1

2
.

• The Chebyshev polynomials of the fourth kind Vn(x) for α =

−β =
1

2
.

3.2. Legendre polynomials. Legendre polynomials, called Legendre
functions of the first type, are the solutions of the Legendre equation
(1 − x2)y′′ − 2xy′ + n(n + 1)y = 0. These polynomials are obtained
using α = β = 0 in Jacobi orthogonal polynomials (3.1). Hence, the
Rodrigues formula to compute the Legendre polynomials is

Pn(x) =
1

2nn!

dn

dxn

[
(x2 − 1)n

]
. (3.4)
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An explicit formula to obtain the Legendre polynomials is as follows [18]

Pn(x) =
1

2n

⌊n
2
⌋∑

k=0

(−1)k
(2n− 2k)!

k!(n− k)!(n− 2k)!
xn−2k. (3.5)

The Legendre polynomials are orthogonal respect to the weight function
w(x) = 1 in [−1, 1]. Hence

∫ 1

−1
Pn(x)Pn′(x)dx =


2

2n+ 1
, n = n′,

0, n 6= n′.
(3.6)

3.3. Bessel functions. The Bessel function of the first kind is defined
by [5]

Jn(x) =

∞∑
k=0

(−1)k

k!(n+ k)!

(x
2

)n+2k
. (3.7)

The Bessel function of the first kind satisfies in the Bessel differential
equation

x2y′′ + xy′ + (x2 − n2)y = 0.

For the integer value n, we have

J−n(x) = (−1)nJn(x).

4. The relations between Zernike and orthogonal
polynomials

In this section, we show the relationship between the Zernike radial
polynomials and the orthogonal functions.

Theorem 4.1. [23](The Zernike radial polynomials and the Jaccobi
polynomials)
The Zernike radial polynomials and the Jaccobi polynomials satisfy in

Rm
n (ρ) = (−1)

n−m
2 ρmJ

(m,0)
n−m

2

(1− 2ρ2). (4.1)
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Proof. By putting α = m, β = 0, n = n−m
2 and x = 1− 2ρ2 in (3.1), we

obtain

(−1)
n−m

2 ρmJ
(m,0)
n−m

2

(1− 2ρ2) = (−1)
n−m

2 ρm
(−1)

n−m
2

2
n−m

2

(
n−m
2

)
!(2ρ2)m

×
(

d

d(1− 2ρ2)

)n−m
2 [

(2ρ2)
n−m

2
+m(2− 2ρ2)

n−m
2

]
=

(−1)n−m

2
n+m

2

(
n−m
2

)
!ρm

(
d

d(1− 2ρ2)

)n−m
2 [

2nρn+m(1− ρ2)
n−m

2

]

=
(−1)

3(n−m)
2 2

n−m
2(

n−m
2

)
!ρm

(
d

d(1− 2ρ2)

)n−m
2 [

(ρ2)
n+m

2 (ρ2 − 1)
n−m

2

]

=
(−1)

3(n−m)
2 2

n−m
2(

n−m
2

)
!ρm(−1)

n−m
2 2

n−m
2

(
d

d(ρ2 − 1
2)

)n−m
2 [

(ρ2)
n+m

2 (ρ2 − 1)
n−m

2

]

=
1(

n−m
2

)
!ρm

[( d

dρ2

)n−m
2
(
(ρ2)

n+m
2 (ρ2 − 1)

n−m
2

)]
= Rm

n (ρ).

□

Therefore, the Zernike radial polynomials are a special case of the
Jacobi polynomials multiplied by ρm.

Theorem 4.2. [18](The Zernike radial polynomials and the Legendre
polynomials)
For the Zernike radial polynomials and the Legendre polynomials, we
have

R0
2n(ρ) = Pn(2ρ

2 − 1). (4.2)

Proof. By subsuitting m = 0 and 2n instead of n in (2.2), we get

R0
2n(ρ) =

1

n!

[( d

dρ2

)n
(ρ2)n(ρ2 − 1)n

]
=

1

n!

[( d

dρ2

)n
ρ2n(ρ2 − 1)n

]
.

(4.3)
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Now, the Rodrigues formula to Legendre polynomials leads to

Pn(2ρ
2 − 1) =

1

2nn!

[( d

d(2ρ2 − 1)

)n
(4ρ4 − 4ρ2)n

]
=

2n

n!

[( d

d(2ρ2 − 1)

)n
ρ2n(ρ2 − 1)n

]
=

2n

n!2n

[( d

d(ρ2 − 1
2)

)n
ρ2n(ρ2 − 1)n

]

=
1

n!

[( d

dρ2

)n
ρ2n(ρ2 − 1)n

]
. (4.4)

Therefore, from (4.3) and (4.4) result in

R0
2n(ρ) = Pn(2ρ

2 − 1).

□

For an even number n and m = 0, the radial polynomials are made
with Legendre polynomials.

Theorem 4.3. [5](The Zernike radial polynomials and the Bessel func-
tions)
The Zernike radial polynomials and the Bessel functions satisfy in∫ 1

0
Rm

n (ρ)Jm(xρ)ρdρ = (−1)
n−m

2
Jn+1(x)

x
. (4.5)

Proof. From (2.2) and (3.7), we have

∫ 1

0
Rm

n (ρ)Jm(xρ)ρdρ =

∫ 1

0

1(
n−m
2

)
!ρm

[( d

dρ2

)n−m
2
(
(ρ2)

n+m
2 (ρ2 − 1)

n−m
2

)]

×
∞∑
k=0

(−1)k

k!(m+ k)!

(xρ
2

)m+2k
ρdρ

=
1(

n−m
2

)
!

∞∑
k=0

(−1)k

k!(m+ k)!

(x
2

)m+2k

×
∫ 1

0

[( d

dρ2

)n−m
2
(
(ρ2)

n+m
2 (ρ2 − 1)

n−m
2

)]
ρ2k+1dρ.
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 By substitution u = ρ2 and du = 2ρdρ, we get∫ 1

0
Rm

n (ρ)Jm(xρ)ρdρ =
1

2
(
n−m
2

)
!

∞∑
k=0

(−1)k

k!(m+ k)!

(x
2

)m+2k

×
∫ 1

0
uk
[( d

du

)n−m
2
(
u

n+m
2 (u− 1)

n−m
2

)]
du.

Let

f(k, p, q, r) =

∫ 1

0
uk
( d

du

)p
uq(u− 1)rdu. (4.6)

So∫ 1

0
Rm

n (ρ)Jm(xρ)ρdρ =
1

2
(
n−m
2

)
!

∞∑
k=0

(−1)k

k!(m+ k)!

(x
2

)m+2k
f
(
k,

n−m

2
,
n+m

2
,
n−m

2

)
.

(4.7)
Integration by part of (4.6), gives us

f(k, p, q, r) =

[
uk
( d

du

)p−1
uq(u− 1)r

]1
0

−k

∫ 1

0
uk−1

( d

du

)p−1
uq(u−1)rdu.

(4.8)
The first term in (4.8) is zero. Hence

f(k, p, q, r) = −kf(k − 1, p− 1, q, r). (4.9)

Now, we consider the following two cases.
case 1: k ≥ p.
If we use the recursive relationship (4.9), p times, then

f(k, p, q, r) = −kf(k − 1, p− 1, q, r) = k(k − 1)f(k − 2, p− 2, q, r)

= · · · = (−1)pk(k − 1) · · · (k − p+ 1)f(k − p, 0, q, r)

=
(−1)pk(k − 1) · · · (k − p+ 1)(k − p)(k − p− 1) · · · 1

(k − p)(k − p− 1) · · · 1
f(k − p, 0, q, r)

=
(−1)p+rk!

(k − p)!

∫ 1

0
uk−p+q(1− u)rdu.

Finally, we will have with beta function [14]

f(k, p, q, r) =
(−1)p+rk!

(k − p)!

Γ(k − p+ q + 1)Γ(r + 1)

Γ(k − p+ q + r + 2)
=

(−1)p+rk!(k − p+ q)!r!

(k − p)!(k − p+ q + r + 1)!
.

(4.10)
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case 2: k < p
We use the recursive relationship (4.9), k times

f(k, p, q, r) = −kf(k − 1, p− 1, q, r) = k(k − 1)f(k − 2, p− 2, q, r)

= · · · = (−1)kk(k − 1) · · · 1f(0, p− k, q, r)

= (−1)kk!

∫ 1

0

( d

du

)p−k
uq(u− 1)rdu

= (−1)kk!

[( d

du

)p−k−1
uq(u− 1)r

]1
0

= 0. (4.11)

By putting (4.10) and (4.11) in (4.7), we have∫ 1

0
Rm

n (ρ)Jm(xρ)ρdρ =
1

2
(
n−m
2

)
!

∞∑
k=0

(−1)k

k!(m+ k)!

(x
2

)m+2k

×
(−1)n−mk!

(
k − n−m

2 + n+m
2

)
!
(
n−m
2

)
!(

k − n−m
2

)
!
(
k − n−m

2 + n+m
2 + n−m

2 + 1
)
!

=
1

x

∞∑
k=0

(−1)n−m+k(
k − n−m

2

)
!
(
k + n+m

2 + 1
)
!

(x
2

)m+2k+1
.

By changing index l = k − n−m
2 , we obtain∫ 1

0
Rm

n (ρ)Jm(xρ)ρdρ =
1

x

∞∑
l=0

(−1)n−m+l+n−m
2

l!
(
l + n−m

2 + n+m
2 + 1

)
!

(x
2

)m+2l+n−m+1

=
(−1)

3(n−m)
2

x

∞∑
l=0

(−1)l

l!(n+ l + 1)!

(x
2

)n+2l+1

= (−1)
n−m

2
Jn+1(x)

x
.

□

Theorem 4.4. [19](The Zernike radial polynomials and the pseudo
Zernike radial polynomials)
For the Zernike radial polynomials in OSA/ANSI indexing scheme and
the pseudo radial polynomials, we have

1

ρ
R2l+1

2n+1(ρ) = Rl
n(ρ

2). (4.12)
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Proof. Using (2.3), we have

1

ρ
R2l+1

2n+1(ρ) =
1

ρ

2n+1−2|l|−1
2∑

k=0

(−1)k(2n+ 1− k)!

k!
(2n+ 1 + 2|l|+ 1

2
− k
)
!
(2n+ 1− 2|l| − 1

2
− k
)
!

ρ2n+1−2k

=

n−|l|∑
k=0

(−1)k(2n+ 1− k)!

k!
(
n+ |l|+ 1− k

)
!
(
n− |l| − k

)
!
ρ2n−2k. (4.13)

Now, (2.4) gives us

Rl
n(ρ

2) =

n−|l|∑
k=0

(−1)k(2n+ 1− k)!

k!
(
n+ |l|+ 1− k

)
!
(
n− |l| − k

)
!
ρ2n−2k. (4.14)

Finally, from (4.13) and (4.14), we obtain
1

ρ
R2l+1

2n+1(ρ) = Rl
n(ρ

2).

□
Theorem 4.4 show that for odd numbers m and n, radial polynomials

are calculated with pseudo Zernike radial polynomials.

5. Conclusion

Orthogonal polynomials have many applications in science, medical
and engineering. In this paper, we proved the relations between the
Zernike radial polynomials with the Jaccobi polynomials, the Legendre
polynomials, the Bessel functions and the pseudo Zernike radial poly-
nomials. The radial polynomials for Zernike functions are computed
using the well-known orthogonal polynomials. The obtained results are
used in solving differential equations. These polynomials have several
applications in engineering and medical sciences. In the future, we can
investigate the relationship between the radial Zernike polynomials and
other orthogonal polynomials.
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