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ABSTRACT. Given a locally compact abelian group G and a quasi-inner product A-
module (M, ¢) with ¢ a positive sesquilinear map on M, we introduce the Fourier
transform for the Bochner integrable M-valued functions on G and investigate some
of its properties including a Parseval type equality.
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1. INTRODUCTION

The Fourier transform is an essential tool in mathematics. It gives a representation in
the frequency domain of a function expressed in the time or space domain. It forms
the core of harmonic analysis and can be applied to a diverse set of objects, from clas-
sical scalar valued functions to generalized distributions. Its extensions to structure
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such as abelian groups provide enhanced applications in differential equations the-
ory, signal processing and mathematical physics, as well as a powerful framework for
studying periodic and osciallatory phenomena.

Besides, positive sesquilinear maps on C*-modules generalize the notion of inner
products in Hilbert spaces. They are crucial in functional analysis and operator al-
gebras theory, providing a suitable toolkit for studying structures similar to those of
Hilbert spaces but in a more general context involving C*-algebras. Bellomonte et
al. introduced the quasi-inner product defined from a positive sesquilinear A-valued
map and generalized GNS-construction for a quasi *-algebra [I]. In this framework,
the linearity of the inner product with respect to the C*-algebra does not hold. It is
due to pertubations or additionnal terms in the inner product. The concept extends
the notion of A-valued inner product and is useful in operator algebras theory, non-
commutative geometry. For instance, in the study of physical systems, it catches the
interactions or external influences lost in the standard inner product. This paper ad-
dresses the goal to combine the harmonic analysis and the notion of the quasi-inner
product C*-module in investigating some results of [9].

The structure of the paper is as follows. The Section 2 reviews some details on C*-
modules with positive sesquilinear map not necessarely faithful and the characters of
locally compact abelian groups. We outline our main results in Section 3.

2. PRELIMINARIES

2.1. Quasi-inner product A-modules. Let Abe a C*-algebra with norm denoted ||-|| o
and involution denoted *. An element a of A is called self-adjoint if a = a* and posi-
tive if there is b € A such that a = b*b. Let A" be the subset of positive elements of A.
Let M be aright A-module. A map ¢: M x M — A s said to be positive sesquilinear if
the following statments hold for all x, y,ze€ M and a, f € C:
(i) ¢(x,x)e AT,

(i) ¢(x, ay+ Bz) = ap(x,y) + Po(x,z),

(i) ¢(x,y) =dy,x)".
The map ¢ is called faithful if ¢(x, x) = 0 = x = 0 and A-linear if ¢(x, ya) = ¢(x,y)a,
forall x,y € M and a € A. The map ¢ is called a quasi-inner product if it is faithful,
positive sesquilinear A-valued map such that

lp(xa, xa)lla < llp(x, x)ll allall. 2.1)

The couple (M, ¢) consisting of a right A-module and a quasi-inner product is called
a quasi-inner product A-module or a quasi-inner product C*-module. Let x € M, put

1
lxllgp = NlpCx, X)11- (2.2)
The map x — | x|l defines a quasi-norm on M, that is to say:

(i) Vxe M, |lxllp =0and |lxllp =0 < x=0,
(i) Vxe M,Ya eC, |laxlly = lallxllp,
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(i) Vx,yeM, llx+ylo<v2(lxly+ylep.

The following properties hold for || - . For allx,ye Mand ac A:
@) llxalg <llxlglalla,
(i) lpx, lla<2ixliplyle,
i) x+ylge <v2(xlg+lylge),
(iv) If ¢ is A-linear, then ¢(y, x)p(x, y) < [lp(x, )| ap(y, ).
If ¢ is a faithful positive sesquilinear A-valued map on M, then || - || is a norm on M.
More details on quasi-inner C*-modules can be found in [II].

Example 2.1. (i) Let A be a unital C*-algebra with unit 14, and M = C & A be the
direct sum of the complex numbers C and A. The action of A on M is defined
by

(z+a)-b=z+ab. (2.3)
The map
¢p:MxM—A, (uta,v+b)—uvlp+a*b (2.4)

is positive definite, conjugate symmetric and C-linear but not A-linear. Itis a
quasi-inner product on M.

(ii) Consider M, (C), the algebra of 2 x 2 matrices with complex entries. Set M =
A = M,(C). Let u be a unitary element of M,(C). The set M is an A-module
where the action of A on M is defined for all x € M and a € A by

x-a=x(uau®). (2.5)
Denote Tr(x) the trace of x € M (C) and I, the unit matrix of M>(C). The map
G:MxM—A, xN—Tr(x*Nh+xy —x"y (2.6)

is a quasi-inner product on the A-module M.
2.2. LCA groups, Pontryagin duality and Fourier transform. Let X be alocally com-
pact space with a Radon measure y. For any p > 0, LP(X, M) denotes the space of

Bochner p-integrable M-valued functions on X [d]. It is known that the map

1

I-llp: LP(X, M) = R, f = I fll = ( fX If () ||f;du(u)) ’ 2.7)

isanormon LP (X, M).

Let us denote by Cy(X, M) (resp. C.(X, M)) the space of continuous M-valued func-
tions on X which vanish at infinity (resp. with compact support in X). Clearly, we
have C.(X, M) c Cy(X, M). They are both equipped with the norm of uniform conver-
gence

lgllco = suplig(w) . (2.8)
ueX
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Let f,g € L>(X, M). Set

o(f,8) =fX<l>(f(u),g(u))du(u). 2.9

Moreover, for f € L' (X, M) and a € A, define the map f - a as follows:
fra:X—-M, u— f(ua. (2.10)

Let G be a locally compact abelian group which is assumed to be Hausdorff in the
whole paper [6]. Let us denote by A its Haar measure. We call character of G, a con-
tinuous group morphism ¢ : G — T where T is the unit circle. Let G denote the group
of characters of G. It is called the dual group of G and is an abelian and Hausdorff
group [3, 6] with respect to the point-wise product

VExeGEN W) =Ewxw), ueG. (2.11)
The inverse of character ¢ € G is defined by
Elw=CEw) ' =Ew, ueG, (2.12)

There exists a Haar measure, denoted by A, on G since, it is a locally compact group

under the compact-open topology [5, B, B]. Again, let us denote by G the dual group of
G. By the Pontryagin duality [B], there exists a topological and canonical isomorphism

of groups between G and its bidual G defined by

5:G—G, u—=&, 2.13)
where
6u:G—C, =6, =¢w). (2.14)
From [2], for all ¢, y € G, we have
f(}é(u)mdl(u) =0¢y (2.15)
and for all u, v € G, we have
fééu(ﬁ)éy(é)dA(f) =0y (2.16)

where 6§ denotes the Kronecker delta.
Assume that K is a compact subset of G and let r be a positive real number. Set

U ={zeC:|1-z|<r} (2.17)
and
Nx(r)={eG:YueK,&(u e U,}. (2.18)

From [5, [@], the collection {Nk(r) : K compactin G and r > 0} can be taken as a basis
of neighbourhoods of the unit character of G. It defines the compact-open topology



On the Fourier analysis of quasi-inner product C*-module-valued maps on LCA groups 405

on G.
Let f € LY (G, M). Let us define the Fourier transform of f by

f(ff)=f(;f(u)md/1(u),£eé. (2.19)
Forge LY(G, M) n L2(G, M), the inverse Fourier transform is given by

s = fég(f)f(u)dA(rS),ueG. (2.20)

3. MAIN RESULTS

Proposition 3.1. Let X be a locally compact space with a Radon measure | and let
(M, ¢) be a quasi-inner product C* -module. The space L?>(X, M) with respect to ¢ is a
quasi-inner product C* -module.

Proof. (1) The map ¢ is well defined since forall f, g € L[2(X, M), we have

fX 1OCF (), gl adp(u) < 2 fX 1@l gl pdpao)

< 2([ irenduco) || 1swiddu) <co
X X

(2) Straightforward computations show that ¢ is positive and C-linear in the second
variable, and for all f, g € L*>(X, M), ¢(f,g) = p(g, [)*.
(3) The set L%(X, M) is an A-module. Indeed, let f,8¢ L2(X, M) and a € A. We have

J s punidu = | 100w+ gu, £+ guiladuw

A

f){ll(b(f(u),f(u))llAdu(u)+fX||gb(f(u),g(u))llAdu(u)

+

LII¢(g(u),f(u))llAdﬂ(u)+fXII¢(g(u),g(u))llAdu(u)

N

[ isaonano+ [ e
X X
4( fX I () IIfbdu(u))Z ( fX IIg(u)Ilidu(u))z

([ 1raoniana)+ ([ igaiautn)

Hence, f+ge L>(X,M) and | f+gl2 < V2(I fll2+lIgll2)-

+

N

2 < 00.
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Moreover,

f (- @ @5 duw f I f (wallyduw
X X

fX 16 a, fua)l aduw

N

fX 1p(F @), Falallald dutu)

lat? [ 1@l dptu <co.

Hence, f-a€ L?>(X,M) and || f - all» < ||all all f .. One can easily check that the action
is compatible with the operations on A. U

Let us denote by ® and W the respective A-valued quasi-inner products on L?(G, M)
and L?(G, M) with respect to Haar measures A and A respectively. The spaces L?(G, M)
and L?(G, M) are quasi-inner product A-modules.

Proposition 3.2. Let G be a locally compact abelian group and let (M, ) be a quasi-

inner product A-module. If f € L' (G, M), then sup || f (¢) o <Ilfll1 and f € Co(G, M).
&eG

Proof. (i) The estimation sup || f (¢) g <11 is immediate.

feé
(ii) Let g € C+(G, M), the map g is uniformly continuous on G. Indeed, let € > 0 and
¢, x € G. From the fact that, the Haar measure A is regular, there is a compact subset

K of G such that [A|(G~K) < ;. We have
4(1+118lloo)

II§(€)—§(7()I|¢<]G Kllg(u)ll¢|€(u)—x(u)ld/l(u)+lelg(u)II¢I1—é‘l(u)x(u)ld/l(u).

~

In first, we have

N ™

~

f IIg(u)IIqalf(u)—X(u)ldfl(u)<2f IgW)llpdA (1) <2/ gllool AI(G~K) <
G~K G~K

Secondly, let {1y € Ny ( ) We have

_°
2(1+1glh)

_¢-1 ¢ €
fKng(umu ¢ (u)x(undﬂt(u)s2(1+”g”1)fK||g(u)||¢dMu)<2.

Therefore, for all ¢, y € G such that 5‘1)( € N ( ), we have [|g(S) —g(¥)llg <

€
A 2(1+1iglh) R
€. Now, let f € L'(G,M). The map f is uniformly continuous on G. In fact, given
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that C.(G, M) is dense in L'(G, M) one can find a function g € C.(G, M) such that

€ ~
| f—glli < —=.Leté,ye Gbesuchthaté 'y e N, . We have
f-glh 575 X X € Nk

€
6v2(1 +ligllh)
IF&-Ffle < V2(IFO-8@ e+ 180 =W le+ 10 - &)
< V2(201f-glhi+18&) - &Wlg)
< 2V2lf-glh+ g <e.
It follows that f is continuous on G and there is a sequence (g,), which converges to
f inthe norm || - ||;. The uniform convergence holds since

1f = 8nlloo <sUp £ (&) = gn(Ollp < I f = nls — 0 as n— +oo.
éeG

Thus, there exists 19 € N such that || f — &, lleo < % on every compact subset of G, in
particular on K,,, = supp(gy,), the compact support of &,,. Let ¢ € G~ Ky,, we have
1@l < V2(I1F©E) = &ny@llg + 18, ©llp) = V2IFE) = ny Ol
< V20 f-gnllo <e.
Therefore, f € CM@,M). O

Proposition 3.3. Let G be a compact abelian group and M be a quasi-inner product
A-module. If f, g € L*(G, M), then

Y(f,8) =0(f,g). (3.1)
Proof. Let f,g¢€ L%(G, M). We have

¥(f,8 = deJ(f(é),g(f))dA(f)

fé¢( fG FaEw)dA(w), fG g(v)%duv))d/\(é)

f@ fG fcﬂb(f W), §)EWEW) AW dA(V)dA(E)

fcfctb(f(u),g(v)) (féf(u)md/\(f))d/l(u)dﬂ(v)

foGd)(f(u),g(v))éu,vd/l(u)d/l(v)

fG¢(f(u),g(u))d/1(u)
O(f,8).



408 Mawoussi Todjro, Essoyomewe Kieou and Yaogan Mensah

O

Proposition 3.4. Let G be a discret abelian group and let (M, ¢) be a quasi-inner prod-
uct A-module. The map L*>(G,M) — L*(G,M), f — f is a C-linear, A-linear and iso-
metric map.

Proof. The linearity is immediate. Let f € LY (G, M) N L?#(G, M). From the fact that Gis
compact set since G is discret and A(G) < oo, we have

[vionane = [ 1ede, fenadae
G G

N

fA ||</>( f F)E(wydA(w), f f(umdm) Il ad A &)
G G G

fA I f f o (f(w), f)) EWEW)AAWAAW) | 4d A
G GJG

N

fA( f f lp (f (), f(u))f(u)%||Aduu)duv))dA(g)
G\JGJIG

fA (f f lp (f (), f(v)) ||A|6(u)%|duu)duv)) NG
G\JGJIG

fc( fG fG 16 (£ (), f(0) ||Aduu)dA(v))dA(£)

= AG) fG fG Il (f (), f() I adAw)d A (v)

A

2A(C) fG fG 1@l F (D) lpd A dAW)

N

2AG) ( fG If ||¢,d7t(u)) ( fG 1) ||¢am<v))

2
- 2A<G)( fG ||f(u)||¢dﬂt(u)) < 0.

Hence, f € L2(G, M). Furthermore, given that L2(G, M)nL! (G, M) is dense in L2(G, M),
one can extend the Fourier transform to the map L2(G, M) — L2(G, M), f—f. And
forall f e L%(G, M) we have

1113

I (f, Plla = IDCf, Hlla
I£15.

O

Proposition 3.5. Let G be a loally compact abelian group and (M, ¢) be a quasi-inner
product A-module. If f € L2(G, M) and g€ L2(G, M), then

o(f,8) =Y(f, 8. (3.2)
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Proof. Let f € L2(G, M) and ge L%(G, M), we have

o(f,8) fG O (f (), §() dA(w)

[‘/’(f(u)»ﬁg(f)f(u)d/\(f)) dA(u)
G G
ffAﬁb(f(u)»g(f)f(u))d/\(f)dxl(u)
GJG

= fG[ééb(f(u)m,g(f))d/\(f)d/\(u)

ﬁd)( f f(u)mdm),g(a)dmf)
G G

deJ( F&),g@)dAE)
¥Y(f, 8.

4. CONCLUSION

In this paper, we have considered a locally compact abelian group G and a quasi-
inner product C*-module M. We have looked into a few important Fourier transform
properties for the Bochner integrable M-valued functions on G. After, we will examin
the compact groups framework.
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