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ABSTRACT. In this paper, using a fixed point method, we prove the
generalized Hyers-Ulam stability of random homomorphisms in ran-
dom C*-algebras and random Lie C*-algebras and of derivations on
Non-Archimedean random C*-algebras and Non-Archimedean ran-
dom Lie C*-algebras for the following m-variable additive functional
equation:
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1. INTRODUCTION AND PRELIMINARIES

The stability problem of functional equations was originated from a
question of Ulam [34] concerning about the stability of group homomor-
phisms: Let (G1,*) be a group and let (Ga,¢,d) be a metric group (a
metric which is defined on a set with group property) with the metric
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d(-,-). Given ¢ > 0, does there exist a d(e) > 0 such that if a map-
ping h : G — G satisfies the inequality d(h(z * y), h(z) o h(y)) < 6
for all x,y € G;, then there is a homomorphism H : G; — Go with
d(h(z), H(x)) < € for all x € G17? If the answer is affirmative, we would
say that the equation of homomorphism H (z*y) = H(x)oH (y) is stable
(see also [17, 22]).

The stability problems of several functional equations have been exten-
sively investigated by a number of authors and there are many interest-
ing results concerning this problem ([I]-[28]). By a non-Archimedean

field we mean a field K equipped with a function (valuation) | - | from
K into [0,00) such that |r| = 0 if and only if » = 0, |rs| = |r||s|, and
|r + s| < max{|r|,|s|} for all r,s € K. Clearly |1] = | — 1| = 1 and

|n| <1 for all n € N. By the trivial valuation we mean the mapping | - |
taking everything but 0 into 1 and |0| = 0. Let X be a vector space over
a field K with a non-Archimedean non-trivial valuation |- |. A function
| -] : X — [0,00) is called a non-Archimedean norm if it satisfies the
following conditions:

(i) ||lz|| = 0 if and only if z = 0; (ii) for any r € K,z € X, |rz| =
|7|||z]]; (iii) the strong triangle inequality (ultrametric) holds; namely,

2+ yll < max{|[z]], lyl[} (z,y € X).

Then (X, || -]|) is called a non-Archimedean normed space. From the
fact that
[0 — @nll < max{lag —ajl i m<j<n-1) (0> m),

holds, a sequence {x, } is Cauchy if and only if {x, 1 —z,} converges to
zero in a non-Archimedean normed space. By a complete non-Archimedean
normed space we mean one in which every Cauchy sequence is conver-
gent.

For any nonzero rational number z, there exists a unique integer n, €
Z such that x = £p"=, where a and b are integers not divisible by p. Then
||, := p~"* defines a non-Archimedean norm on Q. The completion of
Q with respect to the metric d(z,y) = |z — y|, is denoted by Q,, which
is called the p-adic number field.

A non-Archimedean Banach algebra is a complete non-Archimedaen
algebra A which satisfies |ab|| < ||all.|[b|| for all a,b € A. For more
detailed definitions of non-Archimedean Banach algebras, we provide
the following studied for further reading [11], 33].

If U is a non-Archimedean Banach algebra, then an involution on U
is a mapping ¢t — t* from U into U which satisfies

(i) t** =t for t € U; (ii) (as + Bt)* = @s* + Bt*; (iii) (st)* = t*s* for
s,teld.
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If, in addition ||[t*t|| = ||¢||* for t € U, then U is a non-Archimedean
C*—algebra.

We recall a fundamental result in a fixed point theory. Let 2 be a
set. A function d : Q x Q — [0, 00] is called a generalized metric on
if d satisfies

(1) d(z,y) = 0 if and only if z = y; (2) d(z,y) = d(y,x) for all
xz,y € (3) d(z,z) < d(z,y) + d(y, z) for all z,y,z € Q.

Theorem 1.1. [I0] Let (Q2,d) be a complete generalized metric space
and let J : Q — Q be a contractive mapping with Lipschitz constant
L < 1. Then for each given element x € Q, either d(J"z, J""z) =
for all nonnegative integers n or there exists a positive integer ng such
that

(1) d(J"x, J"z) < oo, Vn > ng; (2) the sequence {J"x} con-
verges to a fixed point y* of J; (3) y* is the unique fized point of J in
the set ' ={y € Q | d(J™z,y) < oo}; (4) d(y,y*) < ﬁd(y, Jy) for all
yel.

In this paper, using the fixed point method, we prove the general-
ized Hyers-Ulam stability of homomorphisms and derivations in non-
Archimedean random C*-algebras and non-Archimedean random Lie
C*-algebras for the following additive functional equation (see [?])

Zf(xi):% S fmait D a +f<zxi> (1.1)
=1 =1 =1

=1 i
2. RANDOM SPACES

In the section, we adopt the usual terminology, notations and conven-
tions of the theory of random normed spaces, as in [9, 31} 32]. Through-
out this paper, AT is the space of distribution functions, that is, the
space of all mappings F' : RU {—o00,00} — [0,1] such that F is left-
continuous and non-decreasing on R, F(0) = 0 and F(+occ) = 1. D" isa
subset of AT consisting of all functions F' € AT for which [~ F(4+00) = 1,
where [~ f(x) denotes the left limit of the function f at the point z,
that is, I~ f(z) = lim;_,,— f(t). The space AT is partially ordered by
the usual point-wise ordering of functions, i.e., F' < G if and only if
F(t) < G(t) for all t in R. The maximal element for AT in this order is
the distribution function &g given by

® 0, ift<0,
£ prnd
0 1, ift>o0.

Definition 2.1. ([3I]) A mapping 7" : [0,1] x [0,1] — [0,1] is a con-
tinuous triangular norm (briefly, a continuous ¢-norm) if 7" satisfies the
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following conditions:

(a) T is commutative and associative; (b) T" is continuous;

(¢c) T(a,1) = a for all a € [0,1]; (d) T(a,b) < T(c,d) whenever a < ¢
and b < d for all a,b,c,d € [0,1].

Typical examples of continuous t-norms are Tp(a,b) = ab, Ths(a,b) =
min(a, b) and T (a,b) = max(a+ b —1,0) (the Lukasiewicz ¢t-norm).

Definition 2.2. ([32]) A non- Archemidean random normed space (briefly,
NA-RN-space) is a triple (X, u,T), where X is a vector space, T is a
continuous t-norm and p is a mapping from X into DV such that the
following conditions hold:

(RN1) ps(t) = eo(t) for all ¢ > 0 if and only if z = 0; (RN2) pa.(t) =
,ux(ﬁ) for all x € X, a # 0; (RN3) proqy(t) > T(pa(t), uy(t)) for all
z,y € X and all ¢t > 0.

Every normed space (X, ||.|) defines a non- Archemidean random

normed space (X, u, Thr), where p,(t) = m for all ¢ > 0, and Ty is
the minimum ¢-norm. This space is called the induced random normed

space.

Definition 2.3. [32] A non- Archemidean random normed algebra
(X, u, T, T") is a non- Archemidean random normed space (X, u, T') with
algebraic structure such that

(RN-4) pigy(t) > T'(11a(t), py(t)) for all z,y € X and all ¢ > 0. in
which 7" is a continuous t-norm.

Every non- Archemidean normed algebra (X, || - ||) defines a non- Ar-
chemidean random normed algebra (X, u, Tys), where p,(t) for

all t > 0 iff

__t
t+[lz|

eyl < lzlllyll + tllyll + el (z,y € X5 > 0).
This space is called the induced non- Archemidean random normed al-

gebra.

Definition 2.4. (1) Let (X, p, Tas) and (Y, p, Tas) be non- Archemidean
random normed algebras. An R-linear mapping f : X — Y is called a
homomorphism if

flzy) = f(2)f(y)

for all z,y € X.
(2) An R-linear mapping f : X — X is called a derivation if

flay) = f(@)y +2f(y)
for all z,y € X.
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Definition 2.5. Let (U, u, T, T") be a non-Archimedean random Banach
algebra, then an involution on U is a mapping u — u* from U into U
which satisfies

(i) u*™ = u for u € U; (ii) (qu + Bv)* = au* + Bv*; (iii) (uwv)* = v*u*
for u,v € U.

If, in addition puysy(t) = T (pu(t), o (t)) for w € U and ¢ > 0, then U
is a non-Archimedean random C*-algebra.

Definition 2.6. Let (X, i, T") be an NA-RN-space.

(1) A sequence {z,} in X is said to be convergent to = in X if, for
every € > 0 and A > 0, there exists a positive integer IV such that
Ha,—z(€) > 1 — X whenever n > N.

(2) A sequence {z,} in X is called a Cauchy sequence if, for every ¢ > 0
and A > 0, there exists a positive integer N such that piz, 5, (€) > 1—\
whenever n > m > N.

(3) An RN-space (X, p,T) is said to be complete if and only if every
Cauchy sequence in X is convergent to a point in X.

3. STABILITY OF HOMOMORPHISMS AND DERIVATIONS IN
NON-ARCHIMEDEAN RANDOM C*-ALGEBRAS

Throughout this section, assume that 4 is a non-Archimedean random
C*-algebra with norm p* and that B is a non-Archimedean random C*-
algebra with norm ,u?g .

Theorem 3.1. [35] Let V and W be real vector spaces. A mapping
f:V = W with f(0) = 0 satisfies in the following functional equation

Zf(%‘):% Zf m; + Z xj —i—f(in)
i=1 i=1 J=1 ,i#j i=1

if and only f f is additive.

For a given mapping f : A — B, we define

m 1 m m
Dyuf(1, .., ) ;:Z,uf(a:i)—%[Zf wmax; + Z xj
i=1 i=1 J=1 Ji#j

for a fixed positive integer m with m > 2 and for all 4 € T! := {\ €
C; |\ =1} and all zq, ..., 2, € A.
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Note that a C-linear mapping H : A — B is called a *—homomorphism
in non-Archimedean random C*-algebras if H satisfies

H(zy) = H(x)H(y) and H(z") = H(z)"

for all z,y € A.

We prove the generalized Hyers-Ulam stability of homomorphisms
in non-Archimedean random C*-algebras for the functional equation
D)\f(ajl, ...,Qjm) =0.

Theorem 3.2. Let f : A — B be a mapping with f(0) = 0 for which
there are functions ¢ : A™ — DV, 1) : A2 — Dt andn: A — DT such
that |m| < 1 is far from zero and

Hg/\f(a:la-nymrn)(t) Z SDill'lvna-r'rrL(t)? (31)

B
i) —1@) 1)) 2 Yay(t), (3.2)
Hf @)~ gy (8) = Ma(2), (3.3)

for all X € T, all z1, ..., xm,x,y € A and t > 0. If there exists an L < 1
such that

Pmay,...mam ([MILE) 2 0oy o (), (34)

Grma,my ([P LE) > (1), (3.5)

oo (L) = 1, (1), (3.6)

for all x,y,z1,...,Tm € A and t > 0, then there exists a unique random

*—homomorphism H : A — B such that

12— m1() (D) = @wo,..o((jm| — |m|L)t) (3.7)
forallz € A andt > 0.

Proof. Tt follows from (3.4), (3.5)), (3.6) and L < 1 that

lim @mnx1,~--,m”xm(|m|nt) =1, (3.8)
n—oo
i iy () = 1, (3.9)
n—oo

for all z,y,x1,...,xm € A and t > 0. Let us define 2 to be the set of
all mappings g : A — B and introduce a generalized metric on €) as
follows:

d(g,h) = inf{k € (0,00) : pl) e (kt) > duo, o(t), Vo € At > 0}.
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It is easy to show that (€2, d) is a generalized complete metric space (see
[8]). Now we consider the function J : Q@ — € defined by Jg(x) =
%g(mx) for all z € A and g € Q. Note that for all g, h € Q we have

d(g,h) <k = Mf(x) nw)(Kt) > @ap,..0(t) = st 1 g (ma)— %h(mx)(kt)

> ¢mx,0,...,0(|m‘t) = /‘Lig(mm)—#h(mx) (kLt)

> ¢p0,..0(t) = d(Jg,Jh) < kL.
From this it is easy to see that d(Jg, Jk) < Ld(g, h) for all g, h € Q, that
is, J is a self-function of €2 with the Lipschitz constant L. Putting u = 1,

x=x1 and x3 = 23 = ... = Ty, = 0 in (3.1 we have 'u?(mx)—mf(a:)(t) >
¢20,.0(t) for all z € A and ¢t > 0. Then

M?@)—%f(mx)(t) > ¢z0,...0(|mlt)

for all z € A and ¢t > 0, that is, d(Jf, f) < ﬁ < 0o. Now, from the

fixed point alternative, it follows that there exists a fixed point H of J
in € such that
H(z)= lim |m|™"f(m"x) (3.11)
n—oo

for all z € A, since lim,,_,oo d(J" f, H) = 0. On the other hand, it follows

from , , and - that

/’LDAH (121, I ( ) - nll_)r{.loum f(mnzlj_“’mnxm)<t)

z nh_}m Pmnay,...mray, (IM|"t) =1

By a similar method noted above, we get AH (mx) = H(mAz) for all
A € T! and all € A. Thus one can show that the mapping H : A — B

is C-linear. It follows from (3.2)), (3.9) and (3.11]) that
B : B 2
Py ()~ H (@) H ) (8) = T L on oy fmna) f(mny) (IM17")
> i Yy () = 1

for all z,y € A. So H(zy) = H(x)H ()forallxyEA Thus H : A —

B is a homomorphism, satisfying (3.7)),intended. Also by (3.3 . -,
and by a similar method, we have H(z*) = H(z)*.

O

Corollary 3.3. Let r > 1 and 0 be nonnegative real numbers, and let
f:+ A— B be a mapping with f(0) =0 such that
t

B

KDy f (o)D) 2 o

Daf(ess msm) t40 - ([lzally + llz2llly + - 4 lzmll’y)

t t

B B
M:pfw (t>2 r r?lu’x*fw*(t)z r
fley)—f(2)f(y) t+0- (27 - lyl7) f*)—f(=@) t+0- |z
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for all X\ € T, all 21,...,2m,x,y € A and t > 0. Then there exists a
unique *—homomorphism H : A — B such that

(Im] = m|")t

B
t) >
s ) 2 =Tl + olml — [l

forallz € A andt > 0.
Proof. The proof follows from Theorem by taking

t
e () = ’
Py (1) t+0. (”3;1H7"A + ”.TQHTA +-+ meHT_A)
¢ t
17Z) , (t) = y 1 (t) B ST
ST 0 (el Dyliz)” T T e+ 0Tl

for all x1,...,xm, 2,y € A, L = |m|"~! and ¢t > 0, we get the desired
result. O

We prove the generalized Hyers-Ulam stability of derivations on non-
Archimedean random C*-algebras for the functional equation

Dyf(z1,...,xm) =0.
Theorem 3.4. Let f : A — A be a mapping with f(0) = 0 for which
there are functions ¢ : A™ — DV, ¢ : A> = Dt andn: A — D% such
that |m| < 1 is far from zero and

A
f

A
:U'D)\f(xl,...,xm)(t) 2 Pay, ---xm( )7M (zy)—f(z)y— :vf(y)(t) > w»’c,y(t)v

)y (8) = 1 (2),

for all X € T! and all xl, vy Ty &,y € A and t > 0. If there exists an
L < 1 such that (| , and (| . ) hold, then there exists a unique
derivation 0 : A — A such that

1) —s(@) () = @ro...o((jm] — [m|L)t)
forallxz € A andt > 0.

4. STABILITY OF HOMOMORPHISMS AND DERIVATIONS
IN NON-ARCHIMEDEAN LIE C*-ALGEBRAS

A non-Archimedean random C*-algebra C, endowed with the Lie
product [z,y] := #5¥ on C, is called a Lie non-Archimedean random
C*-algebra.

Definition 4.1. Let A and B be random Lie C*-algebras. A C-linear
mapping H : A — B is called a non-Archimedean Lie C*-algebra homo-
morphism if H([z,y]) = [H(x), H(y)] for all z,y € A.
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Throughout this section, assume that A is a non-Archimedean random
Lie C*-algebra with norm p and that B is a non-Archimedean random
Lie C*-algebra with norm ;5.

We prove the generalized Hyers-Ulam stability of homomorphisms in
non-Archimedean random Lie C*-algebras for the functional equation
D)\f(azl, ...,xm) =0.

Theorem 4.2. Let f : A — B be a mapping with f(0) = 0 for which
there are functions ¢ : A™ — DV and ¢ : A> — DV such that (3.1) and

(3.3]) hold and
B
i ()~ [£ (@), f @) (D) = Py (2) (4.1)

for all X € T, all z,y € A and t > 0. If there exists an L < 1 and

(13.4), (3.5) and (3.6) hold, then there exists a unique homomorphism
H: A — B such that (3.7)) hold.

Proof. By the same reasoning as in the proof of Theorem we can
find the mapping H : A — B given by

H(z) = ILm |m|™" f(m"x) (4.2)
for all x € A. It follows from (3.5 and (4.2)) that
B _ . B 2n
P ()~ () ) (D = 0l o) mna), fmny) (727F)

n—oo
: 2n4\
> nl;rgowmnz7mny(\m| t)=1
forall z,y € Aand t > 0, then H([z,y]) = [H(x), H(y)] for all z,y € A.

Thus H : A — B is a Lie C*-algebra homomorphism satisfying (3.7)), as
intended. U

Corollary 4.3. Let r > 1 and 0 be nonnegative real numbers, and let
f:+ A— B be a mapping with f(0) =0 such that

t

B

'LL x x (t) 2 T T T ’
Daf(@.mm) t+ 0zl + w2l + - 4 llemll7)

Hi(lza) 11 @). s\ = 770 Ears Hi@n—t@) ) =30y 2|7

for all X\ € TY, all z1,...,xm,x,y € A and t > 0. Then there exists a
unique homomorphism H : A — B such that

(Im| — |m[")t
[m| —[m[")t + 0]|[|’y

forallz € A andt > 0.

Proof. The proof follows from Theorem and a method similar to
Corollary [3.3] O
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Definition 4.4. Let A be a non-Archimedean random Lie C*-algebra.
A C-linear mapping 6 : A — A is called a Lie derivation if 6([z,y]) =
[0(z),y] + [x,d(y)] for all z,y € A.

We prove the generalized Hyers-Ulam stability of derivations on non-
Archimedean random Lie C*-algebras for the functional equation

Dyf(z1,...,zm) =0.

Theorem 4.5. Let f : A — A be a mapping with f(0) = 0 for which
there are functions ¢ : A™ — DV and v : A2 — D7 such that (3.1) and

(3.3]) hold and
A
Pi(laa) 1 @ai—lef@) () 2 Yay(t), (4.3)
for all z,y € A. If there exists an L < 1 and (3.4), (3.5) and (3.6) hold,

then there exists a unique Lie derivation § : A — A such that such that

hold.

Proof. By the same reasoning as the proof of Theorem there exists
a unique C-linear mapping § : A — A satisfying (3.7); the mapping
0:A— Ais given by

o(x) = li_>m |m|™" f(m"x) (4.4)
for all x € A. It follows from (3.5 and (4.4]) that

A
H5( L) 5 () )5 ()] ()

1 A 2n
= 1M 0 on o y)— [ (mna), mng]—fmra, g (mngy] ([72]°7F)
> i n n 2’!’L =

> m Wy ey (|m|™t) = 1

for all z,y € A and t > 0, then d([z,y]) = [0(z),y] + [z,(y)] for all
z,y € A. Thus § : A — A is a Lie derivation satisfying (3.7]). O
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